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ABSTRACT
In this venture, the challenge to study the mathematical model
and its approximate solution for boundary layer thermosolutal
Marangoni convection on a permeable flat surface with ther-
mophoretic velocity and aligned magnetic field has been under-
taken. Using a special type of transformation, governing PDEs are
converted into ODEs. A semi-analytical method known as optimal
homotopy analysis method(OHAM) has been used to develop solu-
tions for proposed mathematical model. The novelty of the study
is in the exploration of simultaneous impacts of thermophoretic
velocity and inclined magnetic field on flow and heat-mass trans-
port whilemass suction/injection is using OHAM. Solutions obtained
by OHAM are compared with other published literature and it is
revealed that our numerical values are improved by approximately
up to 7%. The obtained solutions for various important parameters
are displayed in the form of graphs and tables. The study explores
the variable behaviors of velocity, temperature, and concentration
for growths of Marangoni number, magnetic parameter, and ther-
mophoretic parameter, while there exists mass suction or injection.
It reveals that in both cases, i.e. suction and injection cases, veloc-
ity grows and temperature and concentration reducewith increasing
magnetic parameters and inclination angle of alignedmagnetic field
and these variations are more prominent in case injection. If the
magnetic field is orthogonal to the flat surface, then correspond-
ing Lorentz force produces maximum resistance for the transport
phenomenon. The spreading effect of induced surface velocity due
to Marangoni convection is observed in the entire boundary layer
region in case of mass suction, while for injection case it is witnessed
only near the surface. Whereas, for higher value of thermophoretic
velocity, the concentration exhibits a reducing trend. For rising
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2 A. K. GAUTAM ET AL.

values of Marangoni number, wall velocity, Nusselt number, and
Sherwood number significantly grow, while magnetic field has con-
trary impacts.

Nomenclature

A, A∗ Positive constants
B0 Applied magnetic field
C Volumetric concentration of the fluid
C1, C2 Coefficient involve in special transformation
Cw Variable wall concentration
C∞ Fixed concentration away from the plate
DB Mass diffusivity
f Dimensionless velocity
k Thermophoretic coefficient
L Characteristic length
M Magnetic parameter
Ma Thermosolutal surface tension ratio (Marangoni number)
Nux Local Nusselt number
Pr Prandtl number
pw Mass flux
qw Heat flux at the wall
Sc Schmidt number
Shx Local Sherwood number
T Temperature of the fluid
Tr Reference temperature
Tw Variable wall temperature
T∞ Fixed temperature away from the plate
(u, v) Velocity components along x-axis and y-axis respectively
Vc Suction/injection parameter
VT Thermophoretic coefficient
vw Suction or injection velocity
(x, y) Space coordinates

Greek symbols

α∗ Angle with the surface
β Thermal diffusivity
γT Temperature coefficient
γC Concentration coefficient
�T ,�C Characteristic temperature and concentration, respectively
υ Kinematic viscosity
μ Dynamic viscosity
δ0 Electrical conductivity
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WAVES IN RANDOM AND COMPLEX MEDIA 3

ρ Density
σ Surface tension
σ ∗ Minimum surface tension
τ Thermophoretic parameter
κ Thermal conductivity
φ Volumetric concentration
θ Temperature distribution
ψ Stream function
η Dimensionless variable

1. Introduction

Inquiry of interconnections of heat transfer and mass transfer and their endorsements on
flow behavior is crucial and their interconnections need to be explored by conceptual and
exploratory investigations due to their extensive applications in geothermal systems, evap-
oration of liquid in a product system, for storage of energy in different forms, reactors of
catalytic type, management of different types of nuclear waste, etc.

In 1904, Prandtl presented an interesting and amazing theory, named boundary layer
theory. Using the asset of Prandtl’s boundary layer investigation, many other researchers
also included some wings on this established theory with various types of physical model-
ing. Tsou et al. [1] investigated theboundary layer over amoving surfacewith the transfer of
heat. Aydin and Kaya [2] reported the variation analysis of boundary layer over a flat plate
that is permeable. In addition, Hussain et al. [3] focused on variable surface temperature,
species concentration on the permeability of a flat surface in the appearance of natural
convection. Aziz [4] discussed the similarity approach for flat plate flow with convective
boundary condition.

The area ofmechanics inwhich the analysis ofmagnetic field and behavior of electricity-
conducting fluid are characterized is identified asmagnetohydrodynamics(MHD). The phe-
nomenon, MHD is influential due to its wide implementations in different types of fluid
flow problems, as well as, its extraordinary role in engineering contexts. The applications
of MHD flow are found in the process of energy conversion, in some biomedical prob-
lems, like targeted drug delivery and balancing blood circulation. Glauert [5] contributed
a remarkable investigation on a flat plate with the MHD effect. Pop and Na [6] explained
the consequences of the permeability parameter over an expanding plate in the context of
MHD flow.

The term convection is used for the transfer of some liquid-type material from one front
to another front. Marangoni convection is a different kind of convection that is instigated
by influences in surface tension across a liquid. In the meaning of boundary layer, the
Marangoni layers are the dissipative layers and those may happen across the combination
of liquidwith liquid or liquidwith gas. In a situation, when the heat source and temperature
gradient are responsible for the thermal inequality between two or more than two consec-
utive layers of fluid, thenMarangoni thermal effect has occurred, whereas the beginning of
the Marangoni solutal effect is seen, when the imbalance of the interfacial region, chemi-
cal reactionwith concentration gradient are responsible. Marangoni convection plays a key
role in the zone of chemical engineering and Levich [7] explained it. Magyari and Chamkha
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4 A. K. GAUTAM ET AL.

[8,9] revealed that the important factor for Marangoni convection is surface tension gra-
dient and they described MHD Marangoni effect using an analytical approach. Pascal and
D’Alessio [10] investigated stability analysis of thermosolutal effects with binary-type liq-
uid. The reason for continuous interest in the field of thermosolutal effect with Marangoni
convection is that it has several types of applications in many engineering as well as non-
engineering sectors. Some of them are materials processing, the techniques of growing
crystal and the process of coating the materials. The initial establishments in the context
of Marangoni boundary layers were fixed by Napolitano and Golia [11] and the mixed con-
vection analysis was stated by Chamkha et al. [12]. Tadmor [13] reported a survey on the
Marangoni effect. In the last few years, scientists and researchers gave much attention to
MHD flowand thermosolutal effect on it. ZhangandZheng [14] investigatedMHD flowwith
thermosolutal Marangoni convection with the existence of a chemical reaction. Heat gen-
eration/absorption in MHDMarangoni convection was clarified by Al-Mudhaf and Chamka
[15]. Mahdy and Ahmed [16] looked at the consequences of Soret and Dufour on MHD
flow with Marangoni consideration. The thermosolutal Marangoni convection with chemi-
cal reaction in porousmediawas exposed byMahabaleshwar et al. [17]. Al-Mdallal et al. [18]
and Hakeem et al. [19] consideredMarangoni convection of various hybrid nanofluids on a
permeable flat plate with the existence of an alignedmagnetic field and thermal radiation.
Nanofluids have a remarkable impact on the heat transfer character of flow dynamics. So,
mathematical and numerical modeling of convection flows with nanofluids under consid-
eration accompanied by Marangoni convection is impactful because of engineering and
industrial usages. Several important studies on nanofluids and its influence on several flow
characteristics are available in the literature [20–35] having excellent findings.

Thermophoresis is a phenomenon in which temperature gradient causes the enhance-
ment of movement of small particles in the hot region and dispersion of those to the
cold region, and the velocity induced in this process is recognized as thermophoretic
velocity. The effect of this thermophoretic velocity has a vital role in different engineer-
ing sectors, such as in combustion devices. Also, small particles in a moving fluid may be
removed by thermophoretic velocity. For industrial purposes, the process of heat trans-
fer consists of both thermophoresis and hydromagnetic flow, e.g. MHD energy systems.
Initiative study in the context of thermophoresis of suspended particles in the boundary
layer concept was discussed by Talbot et al. [36]. The time-dependent behavior of ther-
mophoretic velocity was investigated by Uddin and Ali [37]. Bakier and Gorla [38] explored
the impression of thermophoresis on flow along with a vertical plate. Influences of ther-
mophoresis particle sublimation in porousmediawere dealt with by Postelnicu [39]. Kundu
et al. [40] looked at the consequence of thermophoretic velocity and chemical reaction
of mixed convective MHD flow. Parida et al. [41] investigated the impact of thermal radi-
ation and thermophoresis variations on MHD flow with the presence of slip. Selim et al.
[42] discussed the consequences of thermophoresis onmixed convective flow on a vertical
permeable flat plate. Chamkha and Issa [43] reported the heat and mass transfer anal-
ysis with thermophoresis and heat generation/absorption on a flat surface. Alam et al.
[44–46] considered the thermophoresis effect over a permeable flat surface with different
flow geometry and showed the importance of the permeability of the surface as well as
thermophoretic velocity on heat and mass transfer analysis.

Motivated by aforementioned facts on the impacts of Marangoni convection and ther-
mophoresis on MHD flows and due to a keen interest to understand their influence when
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WAVES IN RANDOM AND COMPLEX MEDIA 5

the magnetic field is aligned and when the flow happens on a porous flat surface, here we
modeled a problem to search simultaneous impacts of suction/injection, Marangoni effect,
thermophoretic velocity and aligned magnetic field on MHD flow over a permeable flat
surface. To achieve solutions, a strong semi-analytical method, optimal homotopy analysis
method (OHAM), is implemented. The novelty of the present investigation is to obtain the
outcomes of concurrent impacts of the thermophoretic phenomenon and inclined mag-
netic field on the flow field and heat-mass transport in presence of suction/injection with
the help of a semi-analytical approach. Furthermore, We shall try to address the following
interesting research issues:

(a) How suction/injection will affect the impact of magnetic field and its alignment?
(b) To know the interaction of Marangoni effect and suction/injection
(c) To understand the dependency of effect of thermophoresis on suction/injection
(d) To disclose the simultaneous influences of thermosolutal Marangoni convec-

tion and aligned magnetic field on heat and mass transfer in presence of suc-
tion/injection.

We strongly feel that the proposed modeled investigation will contribute to the litera-
ture with its originality and novelty.

2. Mathematical formulation

Consider boundary layer thermosolutal Marangoni convection over a permeable flat sur-
face in presence of aligned magnetic field and thermophoretic velocity. Two coordinate
axes x and y are supposed along and perpendicular to the surface. So, the fundamental
governing convection equations are [14,16,18]:

∂u

∂x
+ ∂v

∂y
= 0, (1)

u
∂u

∂x
+ v

∂u

∂y
− υ

∂2u

∂y2
+ δ0B02u

ρ
sin2α = 0, (2)

u
∂T

∂x
+ v

∂T

∂y
− β

∂2T

∂y2
= 0, (3)

u
∂C

∂x
+ v

∂C

∂y
− DB

∂2C

∂y2
+ ∂

∂y
(VT (C − C∞)) = 0. (4)

Here u and v are assumed as velocity components along x- and y-axes, respectively,
T and C are temperature and concentration, respectively, υ and δ0 are kinematic viscosity
and electrical conductivity, respectively. We supposed that B0 is a uniform aligned mag-
netic field, applied in the direction having angle α with the surface. A physical sketch of the
mathematical model is exhibited in Figure 1.

The VT is thermophoretic velocity. It is explained by Talbot et al. [36] and defined as

VT = −kυ

Tr

∂T

∂y
. (5)
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6 A. K. GAUTAM ET AL.

Figure 1. Physical sketch of the mathematical model.

In Equation (5), Tr and k are reference temperature and thermophoretic coefficient, respec-
tively. The thermophoretic parameter is defined as τ = − k(Tw−T∞)

Tr
.

Now, the dependency of surface tension at the combination of temperature and con-
centration can be defined by the linear relation as [14]:

σ = σ ∗ − γT (T − T∞)− γC(C − C∞),

where σ ∗ is the minimum surface tension with γT = (∂σ/∂T)|C and γC = (∂σ/∂C)|T being
respectively the temperature coefficient and concentration coefficient of surface tension.

The boundary conditions for constructed physical model are [47,48,14,15]

μ

(
∂u

∂y

)
= γT

(
∂T

∂x

)
+ γC

(
∂C

∂x

)
, v = vw ,

T = Tw = T∞ + Ax2, C = Cw = C∞ + A∗x2

⎫⎪⎬
⎪⎭ at y → 0, (6)

u = 0, T = T∞, C = C∞ at y → ∞, (7)

where Tw and Cw are variable wall temperature and concentration, respectively, T∞ and
C∞ are fixed temperature and concentration away from the plate, respectively,A = �T

L2
and

A∗ = �C
L2

are positive constants with �T , �C and L being characteristic temperature, con-
centration and length [49,50], respectively, andmass transfer velocity is vw (vw < 0/vw > 0
for suction/injection).
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The special type of transformations are defined as [14]

η = C1y, ψ(x, y) = xf (η)

C2
, θ(η) = T − T∞

Tw − T∞
, φ(η) = C − C∞

Cw − C∞
(8)

where C1 = 3
√
ρAγT
μ2 and C2 = 3

√
ρ2

μAγT
are constants andψ is the stream function defined as

u = ∂ψ

∂y
and v = −∂ψ

∂x
. (9)

Using Equations (8) and (9) in Equations (2)–(4), we get resulting forms of Equations
(2)–(4) as

f ′′′ − Mf ′sin2α − f ′2 + ff ′′ = 0, (10)

θ ′′ − 2 Pr f ′θ + Pr θ ′f = 0, (11)

φ′′ − 2f ′φSc + fφ′Sc − τSc(θ ′φ′ + φθ ′′) = 0 (12)

with

f (0) = Vc, f ′(∞) = 0, f ′′(0) = −2(1 + Ma),

θ(0) = 1, θ(∞) = 0, φ(0) = 1, φ(∞) = 0.

}
(13)

The symbols involved in the above equations have the following meanings:
M = δ0B02

ρ
3
√

ρμ

A2[γT ]2
is the magnetic parameter, Pr = υ

β
is the Prandtl number, Sc = υ

DB
is the

Schmidt number, Vc = −vw
3
√

ρ2

μAγT
is the suction/injection parameter, andMa = A∗γC

AγT
is the

thermosolutal Marangoni number.
Now, we may develop the surface velocity u(x, 0) as [15]

u(x, 0) = C1
C2

xf ′(0). (14)

For an engineering point of view, the physical quantities related to heat andmass transfer,
local Nusselt number, and local Sherwood number are expressed as

Nux = xqw
κ(Tw − T∞)

,

Shx = xpw
DB(Cw − C∞)

,

⎫⎪⎪⎬
⎪⎪⎭ (15)

where the heat flux and mass flux at the surface are

qw = −κ
(
∂T

∂y

)
y=0

and pw = −DB

(
∂C

∂y

)
y=0

. (16)

With the implementation of relations in (8), the resulting forms for the local Nusselt number
and local Sherwood number are obtained as [15]

Nux = −C1xθ
′(0) and Shx = −C1xφ

′(0). (17)
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8 A. K. GAUTAM ET AL.

3. Solutionmethodology

The optimal homotopy analysis method(OHAM) is one of the few popular semi-analytical
methods to get solutions to many mathematical and engineering problems. The whole
credit of the establishment and application of the OHAMmethod to the differential equa-
tions goes to Liao [51]. Some of the basic terminologies in this method are

The initial guesses for OHAM solutions as

f0(η) = Vc + 2(1 + Ma)(1 − e−η), θ0(η) = e−η , φ0(η) = e−η (18)

and the defined linear operators as

Lf = d3

dη3
− d

dη
, Lθ = d2

dη2
− 1, Lφ = d2

dη2
− 1, (19)

with

Lf [c0 + c1e
η + c2e

−η] = 0, Lθ [c3eη + c4e
−η] = 0, Lφ [c5eη + c6e

−η] = 0, (20)

where c0, c1, c2, c3, c4, c5, and c6 are arbitrary constant.
We choose the auxiliary parameters or convergence control parameters hf , hθ , and hφ

and the embedding variable p for exploring zeroth-order and mth-order deformations in
the context of the present problem.

3.1. Zeroth-order deformation

(1 − p)Lf [F̄(η; p)− f0(η)] = phf RfNf [F̄(η; p)] (21)

(1 − p)Lθ [�̄(η; p)− θ0(η)] = phθRθNθ [F̄(η; p), �̄(η; p)], (22)

(1 − p)Lφ [�̄(η; p)− φ0(η)] = phφRφNφ [F̄(η; p), �̄(η; p), �̄(η; p)], (23)

F̄(0; p) = Vc, F̄′(∞; p) = 0, F̄′′(0; p) = −2(1 + Ma), (24)

�̄(0; p) = 1, �̄(∞; p) = 0, (25)

�̄(0; p) = 1, �̄(∞; p) = 0. (26)

The definitions of operators are

Nf [F(η; p)] = ∂3F(η; p)
∂η3

+ F(η; p)
∂2F(η; p)
∂η2

− M
∂F(η; p)
∂η

sin2α

−
[
∂F(η; p)
∂η

]2
, (27)

Nθ [F(η; p),�(η; p)] = ∂2�(η; p)
∂η3

− 2 Pr�(η; p)
∂F(η; p)
∂η

+ Pr
∂�(η; p)
∂η

F(η; p),

(28)

Nφ [F(η; p),�(η; p),�(η; p)] = ∂2�(η; p)
∂η2

− 2Sc
(
�(η; p)

∂F(η; p)
∂η

+ ∂�(η; p)
∂η

F(η; p)
)

− τSc

(
∂�(η; p)
∂η

∂�(η; p)
∂η

+�
∂2�(η; p)
∂η2

)
(29)
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WAVES IN RANDOM AND COMPLEX MEDIA 9

and Rf , Rθ , and Rφ are the non-zero auxiliary functions. In particular, Rf = Rθ = Rφ = 1.

3.2. Mth-order deformation

To get the deformation equation ofmth order, we have to differentiatem times the zeroth-
order deformation equation (18) w.r.t. p at p = 0 and then have to divide the resulting
expression bym!. Thus we have

Lf [fm(η)− χmfm−1(η)] = hf Rm
f (η), (30)

Lθ [θm(η)− χmθm−1(η)] = hθRm
θ (η), (31)

Lφ [φm(η)− χmφm−1(η)] = hφRm
φ(η) (32)

with boundary conditions

f ′′m(0) = 0, fm(0) = 0, fm(∞) = 0, (33)

θ ′
m(0) = φ′

m(0) = 0, θ ′
m(∞) = φ′

m(0) = 0, (34)

where

Rm
f = f ′′′m−1 − Mf ′m−1sin

2α +
m−1∑
k=0

fm−1−kf
′′
k −

m−1∑
k=0

f ′m−1−kf
′
k , (35)

Rm
θ = θ ′′

m−1 + Pr

[
m−1∑
k=0

fkθ
′
m−1−k−2

m−1∑
k=0

θkf
′
m−1−k

]
, (36)

Rm
φ = φ′′

m−1 + Sc
m−1∑
k=0

[fkφ
′
m−1−k − 2f ′m−1−kφk] − τSc

m−1∑
k=0

[θ ′
kφ

′
m−1−k + θ ′′

m−1−kφk]

(37)

with χm =
{

1,m > 1
0,m ≤ 1.

For p = 0 and for p = 1, we have

F(η; 0) = f0(η), F(η; 1) = f (η) (38)

�(η; 0) = θ0(η), �(η; 1) = θ(η), (39)

�(η; 0) = φ0(η), �(η; 1) = φ(η) (40)

and when p varies from 0 to 1, F(η; p),�(η; p) and �(η; p) vary from the initial guesses
f0(η), θ0(η) and φ0(η) to the final solutions f (η), θ(η), and φ(η), respectively.
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10 A. K. GAUTAM ET AL.

By means of Taylor’s series, we have

F(η; p) = f0(η)+
∞∑

m=1

fm(η)p
m, fm(η) = 1

m!

(
∂mF(η; p)
∂ηm

)
p=0

�(η; p) = θ0(η)+
∞∑

m=1

θm(η)p
m, θm(η) = 1

m!

(
∂m�(η; p)
∂ηm

)
p=0

�(η; p) = φ0(η)+
∞∑

m=1

φm(η)p
m,φm(η) = 1

m!

(
∂m�(η; p)
∂ηm

)
p=0

⎫⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎬
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎭

(41)

Now, at p = 1,

f (η) = f0(η)+
∞∑

m=1

fm(η),

θ(η) = θ0(η)+
∞∑

m=1

θm(η),

φ(η) = φ0(η)+
∞∑

m=1

φm(η),

⎫⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎬
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎭

(42)

where

fm(η) = fm
∗(η)+ c0 + c1e

η + c2e
−η ,

θm(η) = θm
∗(η)+ c3e

η + c4e
−η ,

φm(η) = φm
∗(η)+ c5e

η + c6e
−η

⎫⎪⎪⎬
⎪⎪⎭ (43)

are general solutions of Equations (30)–(32).

4. Convergence analysis

Liao [31] developed the average square residual errors as

εm
f = 1

k + 1

k∑
i=0

⎡
⎣Nf

⎛
⎝ m∑

j=0

f (η)

⎞
⎠
η=iδη

⎤
⎦
2

εm
θ = 1

k + 1

k∑
i=0

⎡
⎣Nθ

⎛
⎝ m∑

j=0

f (η),
m∑
j=0

θ(η),

⎞
⎠
η=iδη

⎤
⎦
2

εm
φ = 1

k + 1

k∑
i=0

⎡
⎣Nφ

⎛
⎝ m∑

j=0

f (η),
m∑
j=0

θ(η),
m∑
j=0

φ(η),

⎞
⎠
η=iδη

⎤
⎦
2

.

⎫⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎬
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎭

(44)

The total residual error εmt is the sumof all individual residual errors, i.e. εmt = εm
f + εm

θ +
εm

φ .
In the presentmethod, one of the key factors is the convergence rate of the solution. This

convergence rate can be controlled by using different parameters in BVPh 2.0. The values
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Figure 2. The total residual error.

Table 1. The choice of convergence control parameter when M = 1.0, Pr =
0.71, Vc = −1.5, Sc = 0.22,Ma = 0.2, τ = 0.5, α = 45θ .

k hf hθ hφ Total error CPU time

2 −0.307824 −0.654505 −1.34441 0.000467209 7.5629
4 −0.336042 −0.674788 −1.45105 0.000100105 41.4121
6 −0.356933 −0.702997 −1.51847 0.000039653 102.0410
8 −0.370781 −0.714897 −1.57082 0.000020084 259.8300

Table 2. The total estimated residual error when M = 1.0,
Pr = 0.71,Vc = −1.5, Sc = 0.22,Ma = 0.2, τ = 0.5α = 45θ

gained at k = 8.

k εk
f εk

θ εk
φ

2 0.000266103 0.000269534 0.000361419
6 1.19419× 10−6 6.48936× 10−6 0.0000340312
14 4.43612× 10−10 4.36748× 10−7 4.97827× 10−6

22 4.36111× 10−13 8.29876× 10−8 1.62157× 10−6

30 6.28147× 10−16 2.18746× 10−8 6.85102× 10−7

of those parameters can be obtained by minimizing the error in BVPh 2.0. In Table 1, we
have presented the convergence control parameters for different iterations. From Table 1,
it is clear that the choice of convergence control parameters is in decreasing manner, and
hence,we calculate the estimated residual errors shown in Table 2 assuming control param-
eters as achieved at the eighth iteration level of Table 1. Figure 2 shows the combined total
estimated residual error for 30th order of approximation in OHAM technique. To show the
convergence of solutions of converted governing equations, the values of f ′(0), −θ ′(0),
and −φ′(0) are obtained for different orders of approximation. These convergent results
by OHAM up to 30th-order approximation for convergence analysis of f ′(0), −θ ′(0), and
−φ′(0) are described in Table 3. Farooq et al. [52] gave detailed explanations about the
Mathematica package BVPh 2.0 and optimal convergence control parameters. Some other
important contributions where OHAM is used via BVPh 2.0 may be found in the literature
[53–55].
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Figure 3. Impacts ofM on (a) velocity, (b) temperature, and (c) concentrationwith suction and injection.
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Figure 4. Impacts ofα on (a) velocity, (b) temperature, and (c) concentrationwith suction and injection.
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5. Results and discussion

Semi-analytical OHAMsolutions for velocity, temperature, and concentration and their vari-
ations with thermophoretic velocity, aligned magnetic field, Marangoni convection are
obtained and presented in some figures and tables. For the calculation purpose, we have
chosen some fixed values of involved parameters when those are not in varying state and
those are M = 1, Ma = 0.2, Pr = 0.71, Sc = 0.22, τ = 0.5, α = 0.45◦, Vc = 1.5 and −1.5.
While the parameters are considered as variables to demonstrate the consequences of
above-mentionedheat transfer,mass transfer, and flowproperties forMHDboundary layer.

For validity as well as the correctness of the used semi-analytical approach, we have
compared our calculated values of f ′(0)with the data provided by Mahdy and Ahmed [16]
obtained using the fourth-order RKmethod, Zhang and Zheng [14] obtained using the per-
turbation expansion method (with Pade approximation) and Das et al. [47] obtained using
MATLAB inbuilt ‘bvp4c’ technique for various value of magnetic parameter in Table 4. In
the comparison table, it may be witnessed that those sets of results are nicely agreed with
the results of the present investigation and consequently, it may be confidently concluded
that the obtained OHAM solutions are pretty correct.

Figure 3 explores the influences of the magnetic field on velocity distribution, temper-
ature, and concentration, while both suction and injection are considered separately. For
a stronger magnetic field velocity reduces, whereas temperature and concentration rise.
Physically, the existence of a magnetic field produces a resisting type force called ‘Lorentz
force’. The nature of the Lorentz force is to reduce the movement of fluid and also it is
responsible for enhancements in temperature as well as concentration distribution. But, it
is interestingly notable that in presence of injection the influences of magnetic parameter
M are more prominent. Whereas the changes in velocity, temperature, and concentration
for variation in the inclination angle of the aligned magnetic field are exhibited in Figure 4
with imposed suction and injection in the flow field. It shows that in both cases, for the
growth of inclination angle velocity decreases, while temperature and concentration are

Table 3. Convergence table for f ′(0),−θ ′(0), and−φ′(0)
for the different order of approximations.

Order of approximation f ′(0) −θ ′(0) −φ′(0)

2 2.2585 1.2021 0.8144
8 2.2458 1.2171 0.7783
18 2.2455 1.2168 0.7488
24 2.2455 1.2166 0.7467
26 2.2455 1.2166 0.7462
28 2.2455 1.2166 0.7457
30 2.2455 1.2166 0.7457

Table 4. Comparison of f ′(0) with previously published result for α = 90◦
(sinα = 1), τ = 0, Pr = 0.78, Sc = 0.6, Vc = 0,Ma = 1.

f ′(0)

M Zhang and Zheng [14] Das et al.[37] Mahdy and Ahmed [16] Present study

0 2.4569 2.45557 2.519945 2.5199881
1 2.1572 2.15688 2.226772 2.2267723
4 1.6240 1.62511 1.6785735 1.6786231
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showing increasing status and in the case ofmass injection the impacts of inclination angle
are intensified. It means that if the magnetic field is orthogonal to the flat surface then the
Lorentz force has its maximum impact.

Figure 5 illustrated the nature of the boundary layer flow properties with positive sub-
mission of thermosolutal ratioMa. The figure discloses that an increment inMa the velocity
near surface significantly enhances and opposite nature is observed away from the plate
for mass injection case. Physically, by growing the Marangoni convection parameter, addi-
tional induced flow occurs and it initiates at the surface. For mass injection, the spread of
induced flow is unable to occur in thewhole boundary layer, i.e. it causes the acute velocity
gained near the wall, but velocity away from the plate shows a decreasing nature. For the
mass suction case, the aforesaid impact of Marangoni convection on velocity has been wit-
nessed in the whole boundary layer region. Whereas thermosolutal Marangoni convection
causes diminutions of temperature and concentration inside the boundary layer.

Now, to know the impressions of suction/injection parameter on velocity, temperature,
and concentration separately, computeddata are presented in Figure 6. The existencemass
suction through tiny pores in the heated flat surface originates reductions of velocity, tem-
perature, and concentration, whereas mass injection causes reverse impacts. As a result of
raising suction (Vc > 0) fluid layers away from the plate come closer, which is the reason for
declines in velocity, temperature, and concentration with suction and contrastingly, these
observations are found to be in a reverse manner in the positive exposition of injection
(Vc < 0). Figure 7 shows that the positive submission in the value of Pr number reduces the
temperature, whereas the incremental value of Sc produces diminution in the concentra-
tion. With increments of Pr and Sc, there exist respective growths of thermal conductivity
andmass diffusivity and consequently, the decays of thermal and concentration boundary
layer thicknesses along with temperature and concentration are witnessed. For both suc-
tion and injection, concentration reduces with the thermophoretic effect. These declines
in concentration are similar for suction and injection and it confirms the independency of
thermophoresis on suction/injection for the case of thermosolutal Marangoni convection.
Physically, when thermophoresis occurs the suspended solute particles are attracted away
from a hot flat plate towards a cooler place and which results this reduction.

For several values of magnetic and suction/injection parameters and Marangoni num-
ber, variations in f ′(0), −θ ′(0) and −φ′(0) which are directly related to surface velocity,
Nusselt and Sherwood numbers are explained in Figure 8. It is noticed that in the pres-
ence of suction/injection, wall velocity declines with magnetic parameter (due to Lorentz
force) and it increases forMarangoni number (for induced velocity near the plate).Whereas,
Nusselt and Sherwood numbers show improving character with increasing Marangoni
number, but Nusselt number reduces with raising value of magnetic parameter for both
suction and injection. For a smaller value of magnetic parameter, Sherwood number dis-
plays reducing nature with suction/injection parameter and for a higher value of M, it
exhibits contradictory character, i.e. higher Lorentz force completely changes the influence
of suction/injection. The above facts may be re-verified from Tables 5 and 6.

6. Conclusion

Thermosolutal Marangoni convection on a permeable flat surface with an aligned mag-
netic field and thermophoretic velocity is investigated. In the whole analysis, influences of
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Figure 5. Impacts of Ma on (a) velocity, (b) temperature, and (c) concentration with suction and
injection.
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Figure 6. Impacts of Vc on (a) velocity, (b) temperature, and (c) concentration.
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Figure 7. Impacts of (a) Pr on temperature, (b) Sc on concentration, and (c) τ on concentration with
suction and injection.

Downloaded from https://iranpaper.ir
https://www.tarjomano.com https://www.tarjomano.com



WAVES IN RANDOM AND COMPLEX MEDIA 19

Figure 8. Impacts of Ma and M on (a) surface velocity, (b) Nusselt number, and (c) Sherwood number
with suction and injection.
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Table 5. Variation in f ′(0) and−θ ′(0) for different parameters.

Values of different parameters f ′(0) −θ ′(0)

M Ma α Vc = –1.5 Vc = 1.5 Vc = 1.5 Vc = 1.5

0 0.2 45θ 2.4412599 1.17437066 1.324900 1.7394153
1 2.2456259 1.09441018 1.217174 1.6805585
2 2.0743615 1.03313325 1.116141 1.6236013
1 0.2 2.2456259 1.09441018 1.217174 1.6805585

0.6 2.6937485 1.41502573 1.368711 1.8150276
1 3.1020812 1.72532463 1.496992 1.9575860
0.2 30θ 2.3402494 1.13337724 1.270441 1.7082173

45θ 2.2456259 1.09441018 1.217174 1.6805585
60θ 2.1570983 1.06321794 1.165687 1.6543074

Table 6. Calculated values of−φ′(0) for different parameters.

Values of different parameters −φ′(0)

M Ma α τ Vc = −1.5 Vc = 1.5

0 0.2 45θ 0.8326645 0.8126390
1 0.7550794 0.7766225
2 0.6855907 0.7505730
1 0.2 0.7550794 0.7766225

0.6 0.8386411 0.8515201
1 0.9126470 0.9173194
0.2 30θ 0.7929431 0.7937333

45θ 0.7550794 0.7766225
60θ 0.7192704 0.7617858
45θ 0.5 0.7550794 0.7766225

1.2 0.8939349 1.0197334
1.9 1.0349270 1.2658398

suction and injection both are considered simultaneously. The nonlinear system of PDEs is
executed by a suitable transformation and after that, the semi-analytical OHAM solutions
have been obtained from convertedODEs. Themajor findings of the study have been listed
below:

• In both cases, i.e. for suction and injection, larger values of the magnetic parameter
and inclination angle produce a reduction effect on velocity, while opposite impacts
on temperature and concentration are noticed. Interestingly, these impacts display
dominancy for injection in the flow field.

• For an orthogonal magnetic field to the flat surface, the generated Lorentz force
shows maximum resistance for the transport phenomenon.

• In presence of injection, with the rising value of Marangoni parameter, there is an
enhancement in velocity near the plate, while for suction velocity enhancement is
witnessed in the entire boundary layer region. Whereas, decreasing characters are
found in temperature and concentration for Marangoni convection.

• Mass suction(injection) originates reductions(rises) in temperature, velocity, and
concentration.

• Larger Prandtl number produces smaller thermal boundary layer thickness, similar
impact on concentration is witnessed for higher Schimdt number.

• For growth in thermophoretic velocity, concentration is driven towards a decrement.
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• For increment in magnetic parameter, wall velocity declines and it rises with
Marangoni number. Similar trends are experienced in Nusselt number, i.e. heat trans-
fer rate.

• For smallmagnetic parameter,mass transfer rate dropswith suction/injection param-
eter, whereas for higher magnetic parameter it augments.
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