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ABSTRACT
The passive feature of natural convection encourages continuous
investigation on this field. This research work studies the natural con-
vection inside a cavity of wavy vertical surfaces, including a heat
source block standing on the base of cavity. The employed liquid is
a hybrid water–Cu–Al2O3 nanofluid. The vertical wavy surfaces are
fixed at low temperature, while the heat source remains constant at
a higher temperature. The Galerkin finite element method is applied
to obtain the numerical solutions. Besides the common visualization
tools, the heatlines tool is used in this paper as well. It is found from
the outcomes that the Nusselt number is purely proportional to the
length of the heat source. In addition, the hybrid water–Cu–Al2O3
nanofluid exhibits a higher Nusselt number than that corresponding
to a pure water and as well as other regular nanofluids. The percent-
ages of the average heat transfer gained by the hybrid nanofluid at
φ = 0.02 are 13.7% and 5% higher than those for pure water and
other nanofluids.
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Nomenclature

A amplitude
B dimensionless heat source position, B = b/L
Cp specific heat capacity
D dimensionless length of heat source, D = d/L
g gravitational acceleration
H dimensionless heatfunction
k thermal conductivity
Kr solid wall to nanofluid thermal conductivity ratio, Kr = kw/knf

L width and height of the square cavity
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N number of oscillations
Nu average Nusselt number
Pr Prandtl number
Ra Rayleigh number
ReB Brownian motion Reynolds number
T temperature
T0 reference temperature (310 K)
Tfr freezing point of the base fluid (273.15 K)
u, v velocity components in the x-direction and y-direction
U, V dimensionless velocity components in the X-direction and Y-direction
uB Brownian velocity of the nanoparticle
x, y & X, Y space coordinates dimensionless space coordinates
W total length of the heat source

Greek symbols

α thermal diffusivity
β thermal expansion coefficient
ε dimensionless width of heat source, ε = ε/L
θ dimensionless temperature
μ dynamic viscosity
ν kinematic viscosity
ρ density
φ solid volume fraction of hybrid nanofluid

Subscript

Al2O3 solid nanoparticles of Al2O3

c cold
Cu solid nanoparticles of Cu
f base fluid
h hot
hnf hybrid nanofluid
i interface
nf nanofluid
p solid nanoparticles

1. Introduction

The phenomenon of natural convection within a wavy or corrugated enclosure has received
considerable consideration during the recent years due to the wide range of industrial and
technological purposes concerning such geometries. These applications can be seen in
solar energy systems, electric machinery, cooling of electronic circuits, crystal growth and
geothermal reservoir [1]. Despite these important applications of this geometry, limited
work has been reported in the literature dealing with it compared to that of regular shaped
geometries like rectangular, circle and square [2–9]. This is because of its complex geometry
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which makes the computational solution more difficult to achieve. [10] conducted numeri-
cal research concerning laminar flow natural convection within various types of tilted wavy
cavities having a discrete isoflux heating at the left surface and saturated with Ag–water
and Al2O3–water nanofluids. The outcomes were performed toward various amounts of
the number of undulations, the wave amplitude, Rayleigh number, solid volume fraction,
the cavity inclination angle and the ratio of heating length to the height of the cavity. Their
outcomes explained that the geometry of the wavy enclosure owns a notable influence
on the flow field and heat transfer features. Among the considered types of horizontal
wavy enclosure, the rate of heat transfer did increase via rising both wave amplitude and
solid volume fraction. [11] analysed the natural convection into a wavy enclosure filled
by Al2O3–water nanofluids by adopting the finite element method. Outcomes concluded
that improvement within the number of undulations results in growth toward the average
Nusselt number and a substantial intensification of convection flows due to the raised tem-
perature gradient by the wavy troughs. Exciting studies on the effect from the wavy surface
geometry parameters toward the natural convection nanofluid flow can be observed in the
references [12–16].

A literature survey reveals that the heatline visualization method has been widely used
by many researchers, particularly for natural convection problems, such as in references
[17–23]. This is because it is a very efficient method giving sufficient understanding for the
natural convection path inside enclosures compared to the classical method of isotherms.
It is well established and can be added in software packages, as an important tool for visu-
alization and analysis, for the prediction of heat transfer and fluid flow [24]. A mathematical
representation of the heatlines concept by heatfunctions was first performed by [25]. This
representation was related to Nusselt Number depending on some non-dimensional forms.
[26] introduced a comprehensive review on the origins and evolution of the heatlines as
visualization and analysis tool. [27] discussed the advantages and drawbacks of different
visualization techniques for convective heat transfer problems. The authors found that
heatlines approach is the best tool to visualize 2-D steady situations. However, for 3-D tran-
sient flow, proper orthogonal decomposition (POD) or Lagrangain approach can be used.
[28] investigate numerically magnetohydrodynamics (MHD) natural convection inside a
tilted wavy porous enclosure by the use of the heatline visualization technique. The out-
comes obtained using streamlines, heatfunctions and isotherms. The authors concluded
that the use of the heatfunction or heatline technique gives a better explanation of the
flow physics compared to the use of the classical isothermal lines. [29] provided out a
comprehensive analysis concerning the performance of energy flux vectors and heatlines
toward natural convection visualization within various cavities. Three classes of cavities
were considered as test cases namely class 1 (parallelogram, square and tilted square),
class 2 (triangle, trapezoidal kind 1 and trapezoidal kind 2) and class 3 (triangle with curved
hypotenuse, concave and convex). The results showed that implementing energy flux vec-
tors is simple compared to heatlines, but the latter shows better thermal management in
various regions of the cavity.

Recently, researchers have pursued the use of hybrid nanofluid as an original type of
nanofluid engineered through dispersing various nanoparticles or composite nanoparti-
cles into the working liquid. The use of hybrid nanofluids results in enhancing the thermal
conductivity and obtaining proper and acceptable stability of nanofluids. This is based on
selecting a suitable combination of the nanoparticles by the tradeoff between the positive
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features and the drawbacks of utilizing them individually [30]. [31] examined the convec-
tive heat transfer numerically inside a sinusoidal ridged cavity having discrete heat cause
mounted at the bottom surface and filled with a hybrid nanofluid of Al2O3 –Cu/water and
a single nanofluid of Al2O3/water. It was concluded that employing the hybrid nanofluid
results in better improvement within the rate of heat transfer compared to that of the
single nanofluid. [32] analysed the unsteady conjugate natural convection within a semi-
circular enclosure filled with Al2O3Cu/water hybrid nanofluid. Results showed that the
impact of using the hybrid nanofluid held further pronounced through high values of ther-
mal conductivity ratio and Rayleigh number. Some experimental studies on the use of
the new technology of hybrid nanofluids have been performed in the referenced papers
[33–37]. [38] experimented the natural convection and fluid flow using AluminaCopper
hybrid nanofluid showing an improvement of 13.56% within the average Nusselt number.
Additional published researches on free convection using hybrid nanofluids based on their
scope and applications can be found in references [39–43].

As recognized through the above literature survey and to the best of the authors’ aware-
ness, no investigation dealing with the natural convection visualization using the heatlines
approach into a wavy enclosure filled with a hybrid nanofluid and heated through various
heat source lengths has been published. Thus this work introduces an understanding of the
impacts of the amplitude and the heat source length of a wavy enclosure toward the fluid
flow and heat transfer characteristics. Additionally, the enhancement level in heat trans-
fer, due to the use of regular nanofluids (Cu/water and Al2O3/water) and hybrid nanofluid
(Al2O3 –Cu/water), is compared.

2. Mathematical formulation

A two-dimensional natural convection phenomenon within a wavy cavity with length L and
holding a prominent isothermal heater on the base with a length d and a width ε is shown in
Figure 1. This prominent isothermal heater is kept at a fixed temperature (Th), and the wavy
vertical surfaces remain preserved toward a steady cold temperature (Tc). The rest of the
below base surface together with the top surface are kept thermally adiabatic. The edges
of the region remain impermeable, and the liquid inside the cavity holds a water-based
hybrid nanofluid that carries Cu–Al2O3 nanoparticles. Moreover, the Boussinesq approxi-
mation remains applicable. Regarding the hypotheses as discussed briefly, the continuity,
momentum and energy equations for a Newtonian fluid with laminar and steady-state flow
are addressed as follows [4, 9]:

∂u

∂x
+ ∂v

∂y
= 0, (1)

u
∂u

∂x
+ v

∂u

∂y
= − 1

ρhnf

∂p

∂x
+ νhnf

(
∂2u

∂x2 + ∂2u

∂y2

)
, (2)

u
∂v

∂x
+ v

∂v

∂y
= − 1

ρhnf

∂p

∂y
+ νhnf

(
∂2v

∂x2 + ∂2v

∂y2

)
+ (ρβ)hnf

ρhnf
g(T − T0), (3)

u
∂T

∂x
+ v

∂T

∂y
= αhnf

(
∂2T

∂x2 + ∂2T

∂y2

)
, (4)
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Figure 1. Schematic diagram of the physical model together with the coordinate system.

where x and y hold the Cartesian coordinates corresponding to the horizontal and vertical
paths, respectively. g , ρhnf , νhnf and T0 are the acceleration due to gravity, hybrid nanofluid
density, hybrid nanofluid kinematic viscosity and the reference temperature, sequentially.

The dimensional boundary conditions of Equations (1)–(4) can be written as follows:

u = v = 0 and T = Th along the three hot segments

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎩

x = b − ε

2
, 0 ≤ y ≤ d

b − ε

2
≤ x ≤ b + ε

2
, y = d

x = b + ε

2
, 0 ≤ y ≤ d

(5)

u = v = 0 and
∂T

∂y
= 0 along the adiabatic walls

⎧⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎩

0 ≤ x ≤ L, y = L

0 ≤ x ≤ b − ε

2
, y = 0

b + ε

2
≤ x ≤ L, y = 0

(6)

u = v = 0 and T = Tc along the left wavy wall x = a (1 − cos 2Nπy) (7)

u = v = 0 and T = Tc along the right wavy wall x = L − a (1 − cos 2Nπy) . (8)

The dynamic physical characteristics concerning the hybrid nanofluid can be written as:
Hybrid nanofluid heat capacitance (ρCp)hnf is given as(

ρCp
)
hnf = φCu

(
ρCp

)
Cu + φAl2O3

(
ρCp

)
Al2O3

+ (
1 − φCu − φAl2O3

) (
ρCp

)
f . (9)

Hybrid nanofluid density ρhnf is given as

ρhnf = φCuρCu + φAl2O3ρAl2O3 + (
1 − φCu − φAl2O3

)
ρf . (10)



WAVES IN RANDOM AND COMPLEX MEDIA 1065

Hybrid nanofluid buoyancy coefficient (ρβ)hnf can be determined by

(ρβ)hnf = φCu(ρβ)Cu + φAl2O3(ρβ)Al2O3
+ (

1 − φCu − φAl2O3

)
(ρβ)f . (11)

The dynamic viscosity ratio of nanofluids was given in [44] as

μnf

μf
= 1

1 − 34.87
(

dp
df

)−0.3
φ1.03

, (12)

and the thermal conductivity ratio of nanofluids was calculated by the Corcione et al. model
[44] as

knf

kf
= 1 + 4.4Re0.4

B Pr0.66
(

T

Tfr

)10 (
kp

kf

)0.03

φ0.66. (13)

Based on these models, we determine the dynamic viscosity ratio and the thermal con-
ductivity ratio of water–Cu –Al2O3 hybrid nanofluid for 33 and 29 nm particle-size in the
ambient condition as the following:

μhnf

μf
= 1

1 − 34.87 (df )
0.3

[
(dCu)−0.3 (φCu)1.03 + (

dAl2O3

)−0.3 (
φAl2O3

)1.03
] , (14)

khnf

kf
= 1 + 4.4Re0.4

B Pr0.66
(

T

Tfr

)10

(kf )
−0.03

[
(kCu)0.03 (φCu)0.66 + (

kAl2O3

)0.03 (
φAl2O3

)0.66
]

,

(15)
where ReB of the hybrid nanofluid is defined as

ReB = ρf uB
(
dCu + dAl2O3

)
μf

, uB = 2kbT

πμf
(
dCu + dAl2O3

)2 . (16)

Here kb = 1.380648 × 10−23(J/K) is the Boltzmann constant, lf = 0.17nm is the mean path
of fluid particles, df is the molecular diameter of water given as [44]

df = 0.1
[

6M

N∗πρf

] 1
3

, (17)

where M implies the molecular mass of the working liquid, N∗ holds the Avogadro number
and ρf signifies working liquid density through regular temperature (310K).

Presently the following applied non-dimensional variables are introduced as

X = x

L
, Y = y

L
, U = uL

αf
, V = vL

αf
, θ = T − Tc

Th − Tc
, D = d

L
,

Pr = νf

αf
, Ra = gβf (Th − Tc) L3

νf αf
, P = pL2

ρf α
2
f

, ε = ε

L
. (18)
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Then, the resulting dimensionless governing equations do receive as

∂U

∂X
+ ∂V

∂Y
= 0, (19)

U
∂U

∂X
+ V

∂U

∂Y
= − ∂P

∂X
+ Pr

ρf

ρhnf

μhnf

μf

(
∂2U

∂x2 + ∂2U

∂Y2

)
, (20)

U
∂V

∂X
+ V

∂V

∂Y
= − ∂P

∂Y
+ Pr

ρf

ρhnf

μhnf

μf

(
∂2V

∂X2 + ∂2V

∂Y2

)
+ (ρβ)hnf

ρhnf βf
Ra Pr θ , (21)

U
∂θ

∂X
+ V

∂θ

∂Y
= αhnf

αf

(
∂2θ

∂X2 + ∂2θ

∂Y2

)
. (22)

The dimensionless boundary conditions of Equations (19)–(22) are:

At the heated part of the upper surface of the source :

U = V = 0, θ = 1, Y = D,
B − ε

2
≤ X ≤ B + ε

2
, (23)

At the heated part of the left surface of the source :

U = V = 0, θ = 1, X = B − ε

2
, 0 ≤ Y ≤ D, (24)

At the heated part of the right surface of the source :

U = V = 0, θ = 1, X = B + ε

2
, 0 ≤ Y ≤ D, (25)

At the adiabatic portions of the bottom surface :

U = V = 0,
∂θ

∂Y
= 0, Y = 0, 0 ≤ X ≤ B − ε

2
and

B + ε

2
≤ X ≤ 1, (26)

At the left wavy surface :

U = V = 0, θ = 0, A(1 − cos(2NπY)), 0 ≤ Y ≤ 1, (27)

At the right wavy surface :

U = V = 0, θ = 0, 1 − A(1 − cos(2NπY)), 0 ≤ Y ≤ 1, (28)

An the adiabatic top surface :

U = V = 0,
∂θ

∂Y
= 0, 0 ≤ X ≤ 1, Y = 1. (29)

The local Nusselt numbers are evaluated at the heated left, right and upper surfaces of the
source as follows:

Nul = −
(

∂θ

∂X

)
X=B− ε

2

, (30)

Nur = −
(

∂θ

∂X

)
X=B+ ε

2

, (31)

Nut = −
(

∂θ

∂Y

)
Y=D

, (32)
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and the total local Nusselt number is given by

(Nu, Nuhnf ) = khnf

kf
Nul + Nur + Nut . (33)

Lastly, through integration of the local Nu at the heated vertical surfaces of the source, the
average Nusselt numbers are evaluated as

Nul,r =
∫ D

0
(Nu, Nuhnf )dY , (34)

while the average Nusselt number at the upper surface of the heat source is determined
from

Nut =
∫ B+(0.5ε)

B−(0.5ε)

(Nu, Nuhnf )dX , (35)

which leads to the following total average Nusselt number:

(Nu, Nuhnf ) = Nul,r + Nut . (36)

Furthermore, the dimensionless parameter regarding the heatfunction (H) of the existing
investigation is obtained as [45, 46]

∂H

∂Y
= Uθ − αhnf

αf

∂θ

∂X
, −∂H

∂X
= Vθ − αhnf

αf

∂θ

∂Y
, (37)

which generates a single equation

∂2H

∂X2 + ∂2H

∂Y2 = ∂

∂Y
(Uθ) − ∂

∂X
(Vθ). (38)

The Neumann boundary condition concerning the heatfunction according to Equation (38)
and the standard derivatives (n · ∇H) is given as

n · ∇H = 0 (toward heated/cooled surface). (39)

The Dirichlet boundary conditions toward the adiabatic surfaces (top and remaining por-
tions of the bottom base) are determined as ∂H

∂Y . A reference scale of H subsists to remain
zero within Y = 0, Y = 1 and therefore, H = 0 remains sufficient as Y = 0, 1 and ∀X .
This designates that the particular solution of Equation (39) remains pointed to the non-
homogeneous Dirichlet state. The boundary conditions toward the bottom heat source, left
and right wavy cold surfaces are employed for accomplishing the solution of Equation (38),

H(ε, D) = khnf

kf
NuW , (On the heat source surfaces) (40)

H[(0, 0), (1, 0)] = −khnf

kf
Nu. (On the left and right wavy surfaces) (41)
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3. Numerical method and validation

Both the Galerkin weighted residual and the finite element techniques are applied for
examining the dimensionless control equations Equations (19)–(22) and (38) controlled
with the boundary conditions Equations (23)–(29) and (39)–(41). The finite element outline
concerning the momentum equations of Equations (20) and (21) is shown by the following
procedure:

(1) Applying the penalty parameter (λ) regarding the finite element method for exclud-
ing the pressure (P) as the following:

P = −λ

(
∂U

∂X
+ ∂V

∂Y

)
. (42)

which directs into the next momentum equations toward the X and Y-directions:

U
∂U

∂X
+ V

∂U

∂Y
= ∂λ

∂X

(
∂U

∂X
+ ∂V

∂Y

)
+ Pr

ρf

ρhnf

μhnf

μf

(
∂2U

∂X2 + ∂2U

∂Y2

)
, (43)

U
∂V

∂X
+ V

∂V

∂Y
= ∂λ

∂Y

(
∂U

∂X
+ ∂V

∂Y

)
+ Pr

ρf

ρhnf

μhnf

μf

(
∂2V

∂X2 + ∂2V

∂Y2

)

+ (ρβ)hnf

ρhnf βf
Ra Pr θ . (44)

(2) Obtaining the weak formulation about the momentum equations by multiplying
the previous equation with an interior region of (
) and integrating the outcome
across the computational area that discretized toward small triangular components
as reported in Figure 2.

∫
�

(

iU

k ∂Uk

∂X
+ 
iV

k ∂Uk

∂Y

)
dXdY = λ

∫
�

∂
i

∂X

(
∂Uk

∂X
+ ∂Vk

∂Y

)
dXdY

+ Pr
ρf

ρhnf

μhnf

μf

∫
�


i

(
∂2Uk

∂X2 + ∂2Uk

∂Y2

)
dXdY, (45)

∫
�

(

iV

k ∂Vk

∂X
+ 
iV

k ∂Vk

∂Y

)
dXdY = λ

∫
�

∂
i

∂Y

(
∂Uk

∂X
+ ∂Vk

∂Y

)
dXdY

+ Pr
ρf

ρhnf

μhnf

μf

∫
�


i

(
∂2Vk

∂X2 + ∂2Vk

∂Y2

)
dXdY

+ (ρβ)hnf

ρhnf βf
Ra Pr

∫
�


iθ
kdXdY. (46)

(3) Choosing the interpolation roles and achieving an approximation toward the veloc-
ity distribution (U, V) and the temperature distribution (θ ) as the following form:

U ≈
m∑

j=1

Uj
j(X , Y), V ≈
m∑

j=1

Vj
j(X , Y), θ ≈
m∑

j=1

θj
j(X , Y). (47)
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Figure 2. Grid-points configuration toward the grid size about (a) 2487 and (b) 12666 components.

(4) Producing the nonlinear residual equations from the Galerkin weighted residual
approach for the momentum equations as follows:

R(1)i =
m∑

j=1

Uj

∫
�

⎡
⎣

⎛
⎝ m∑

j=1

Uj
j

⎞
⎠ ∂
j

∂X
+

⎛
⎝ m∑

j=1

Vj
j

⎞
⎠ ∂
j

∂Y

⎤
⎦ 
idXdY

+ λ

⎡
⎣ m∑

j=1

Uj

∫
�

∂
i

∂X

∂
j

∂X
dXdY +

m∑
j=1

Vj

∫
�

∂
i

∂X

∂
j

∂Y
dXdY

⎤
⎦

+ Pr
ρf

ρhnf

μhnf

μf

m∑
j=1

Uj

∫
�

[
∂
i

∂X

∂
j

∂X
+ ∂
i

∂Y

∂
j

∂Y

]
dXdY, (48)

R(2)i =
m∑

j=1

Vj

∫
�

⎡
⎣

⎛
⎝ m∑

j=1

Uj
j

⎞
⎠ ∂
j

∂X
+

⎛
⎝ m∑

j=1

Vj
j

⎞
⎠ ∂
j

∂Y

⎤
⎦ 
idXdY

+ λ

⎡
⎣ m∑

j=1

Uj

∫
�

∂
i

∂Y

∂
j

∂X
dXdY +

m∑
j=1

Vj

∫
�

∂
i

∂Y

∂
j
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(5) For simplifying the nonlinear expressions into the momentum equations, the New-
ton–Raphson iteration algorithm remains involved. The convergence about the
solution exists if the relative error of the variables satisfies the resulting convergence
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Figure 3. streamlines (left), isotherms (middle), and heatlines (right) for (a) [45] and (b) existing out-
come at Ra = 105, Pr = 0.7 and φ = 0.

criterion:

∣∣∣∣�m+1 − �m

�m

∣∣∣∣ ≤ η. (50)

For the intention of validating the data, comparisons are performed for the resulting out-
comes and the one given by [45] for natural convection and heatline concept inside a
square cavity having a heated bottom surface and cold vertical surfaces, as depicted in
Figure 3. Besides, validations are reported for the numerical data of the current work and
the experimental and numerical achievements of [47] for natural convection heat trans-
fer in a square cavity with an inserted hot source from below and cold vertical surfaces, as
revealed in Figure 4. More importantly, for confirming the efficacy concerning the adopted
most two effected features of the nanofluid (the thermal conductivity and the dynamic vis-
cosity), comparisons are carried with the experimental data and the established standards
as displayed in Figure 5. From the above outcomes, important confidence is obtained for
the accuracy of the existing numerical approach.

4. Results and discussion

The current part visualizes numerical outcomes via streamlines, isotherms, heatlines and
Nusselt numbers for four parameters. These parameters are the Rayleigh number (103 ≤
Ra ≤ 106), solid volume fraction of hybrid nanofluid (0 ≤ φ ≤ 0.04), dimensionless heat
source length (0.1 ≤ D ≤ 0.5) and the amplitude of waviness (0 ≤ A ≤ 0.175). The values of
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Figure 4. [47] (top) and existing numerical outcome (bottom); experimental streamlines (left), numeri-
cal streamlines (middle) and experimental isotherms (right) at Ra = 1.78 × 105, φ = 0, D = 0.5, A = 0
and Pr = 0.71.

Figure 5. Validations of (a) thermal conductivity ratio between the existing numerical outcome, Chon
et al. [48] (experimental) and [49] (numerical); and (b) dynamic viscosity ratio of the existing numerical
outcome with Ho et al. [50] (experimental) and [49] (numerical) at Ra = 3.37 × 105, φ = 0 and A = 0.

the Prandtl number, number of oscillations, heat source position and the heat source thick-
ness are fixed at Pr = 4.623, N = 3, B = 0.5, ε = 0.15, respectively. The outcomes of the
local Nusselt number and the dimensionless temperature, as well as the average Nusselt
numbers, are further determined. The thermophysical features of the base liquid (water),
Cu nanoparticles and Al2O3 nanoparticles phases remain listed in Table 1. Sorted results
are display as follows for the sake of clarity.



1072 A. I. ALSABERY ET AL.

Table 1. Thermo-physical properties of water, Cu nanoparti-
cles and Al2O3 nanoparticles at T = 310K [51].

Physical properties Fluid phase (water) Cu Al2O3

k (Wm−1K−1) 0.628 400 40
μ × 106 (kg/ms) 695 – –

ρ (kg/m3) 993 8933 3970

Cp (J/kgK) 4178 385 765

β × 10−5 (1/K) 36.2 1.67 0.85

dp (nm) 0.385 29 33

4.1. Impact of Rayleigh number

The effect of the Rayleigh number (Ra) on the contours of streamlines, isotherms and heat-
lines is exhibited in Figure 6 for φ = 0.02, D = 0.4 and A = 0.1. The streamlines (left maps)
depict two main circulations and two secondary circulations underneath for most stud-
ied Ra values. The number and strength of circulations refer to the modes of convective
and conductive heat exchange, where at relatively low Ra (Figure 6 a–b), the streamlines
are weak while for higher Ra (Figure 6 c–d), the streamlines are markedly strengthened. At
Ra = 106, the significant buoyancy effect is stronger than viscous effect in such a way the
secondary circulations merge with the primary ones due to the significant rising fluid. The
isotherms (middle maps) show mostly vertical lines for Ra ≤ 104 as an indication to the sig-
nificant conduction while for Ra ≥ 105, the stratification behavior are observed especially at
Ra = 106 implying significant convection. Steep temperature gradients along the bound-
aries of the heat source reveal the high thermal dissipation there, even the zones trapped
between the undulations manifest noticeable temperature gradients which imply to heat
collection. Like the streamlines, the magnitude and the sign of the heatlines imply amount
of heat transfer (conductive and convective) and the path of heat, respectively. Particularly,
the negative heatlines refer to clockwise path of heat and vice versa. Moreover, there is no
heat transfer across the heatline. Hence, the right maps of Figure 6 show the initiation of
heat from the boundaries of the heat source and end on the wavy cold walls. Four heat rolls
are observed for Ra ≤ 104, while for Ra ≥ 106 the enhanced heat transfer can be recog-
nized even in the lower part of the cavity where the rolls of heat are absent. The magnitude
of the heat function is rapidly increased at Ra = 106, and this illustrates the importance of
the heatlines in discovering the physics by which the heat is transferred.

The distribution of the local Nusselt number along the boundary of the heat source
(interface boundary) is shown in Figure 7(a), where for Ra ≤ 104, the Nusselt number shows
equivalent amount of heat transfer from the vertical and horizontal sides. The middle spikes
reflect the end effect of the heat source. On the other hand, the pattern of the local Nusselt
number is quite different for higher Ra values, where the vertical sides of the heat source
demonstrate the maximal local Nusselt number while the horizontal side shows a minimal
one. It is because at high Ra values, the rising fluid circulates strongly above the horizontal
surface and hence, restricts the heat transfer there leading to suppressing the Nusselt num-
ber there. The distribution of the local temperature (θ ) along the horizontal line at Y = 0.5
(middle of the cavity) is presented in Figure 7(b) that shows a parabolic distribution of the
temperature at lower Ra values due to the smoothness of the isotherms, while at higher Ra,
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Figure 6. Variation of the streamlines (left), isotherms (middle), and heatlines (right) evolution by
different Rayleigh numbers for hybrid nanofluids, φ = 0.02, D = 0.4 and A = 0.1.

the plume-behavior incorporating the dominance convection is reflected on the distribu-
tion of the temperature. Generally, this figure reveals that the fluid through the above half
of the cavity becomes hotter with Ra.
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Figure 7. Variations of (a) local Nusselt number interfaces with W and (b) local dimensionless temper-
ature on the horizontal centerline (Y = 0.5) with different Ra for hybrid nanofluids, φ = 0.02, D = 0.4
and A = 0.1.

4.2. Impact of length of heat source

The impact of the length of the heat source D on the flow and thermal maps is shown in
Figure 8 for Ra = 105, φ = 0.02 and A = 0.1. Indeed the length of the heat source governs
two aspects; namely the size of heating element and the free space of fluid flow. Lowering
D reduces the amount of heat submitted to the fluid but on the other hand provides more
space for fluid circulation and hence momentum exchange. Increasing D leads to higher
thermal dissipation close to the boundaries of the heat source but also shrinks the space of
fluid circulation. However, the left maps of Figure 8 reveal that the heat sources of D = 0.3
and D = 0.4 provide the strongest fluid circulation. The isotherms of different heat sources
of Figure 8 can solely be distinguished by the plume behavior above the heat source, while
sharp gradients in temperature around the boundaries of the heat source of D = 0.2 are
observed. The heatlines of Figure 8 demonstrate that the maximum heat transfer can be
obtained when D = 0.4 where the heat function is 3.27. It is deduced that with this case,
the size of the heating boundary is harmonic with space at which the heat exchange takes
place.

The distribution of the local Nusselt number for different lengths of the heat source
shown in Figure 9(a) portrays concave pattern along its horizontal side resulting in a mini-
mal Nusselt value at the center of this side. It is because the plume behavior of the isotherms
protruding from this side. It is clear from this figure that the trends are the same but the
peaks decline with increasing the length of the heat source. It should be mentioned that
this result coincides with the results of the Nusselt number on the upper surface of the
heat source reported by [47]. Figure 9(b) reveals that the fluid in the middle of the cavity
and particularly above the horizontal side of the heat source gets hotter as D increases.
Note that the straight segment of θ = 1 existing with D = 0.5 refers to the interface
boundary.
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Figure 8. Variation of the streamlines (left), isotherms (middle), and heatlines (right) evolution by
different dimensionless heat source length (D) for hybrid nanofluids, Ra = 105, φ = 0.02 and A = 0.1.
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Figure 9. Variations of (a) local Nusselt number interfaces with W and (b) local dimensionless temper-
ature on the horizontal centerline (Y = 0.5) with different D for hybrid nanofluids, Ra = 105, φ = 0.02
and A = 0.1.

4.3. Impact of the amplitude of the wavy walls

By fixing φ at 0.02, Ra at 105 and D at 0.4, the effect of the amplitude of the wavy walls reveals
that the strength of the streamlines and the heat function decline markedly with increas-
ing the amplitude as shown in Figure 10. This result can be elucidated due to the restriction
resulting from corrugating walls which disturb the space of fluid recirculation and the path
of heat transfer. Moreover, with increasing the amplitude, the protruding peaks of the wavy
wall approach to the vertical sides of the heat source thus, a multi-cellular pattern of the
streamlines is observed as in the left maps of Figure 10, and also multi-rolls of heat lines
can be observed in the right maps of the same figure. More precisely, for higher amplitude
A = 0.175, the thermal boundary layer looks having a notch-like thermal boundary layer as
it becomes thinner at the mid-length of the heat sources. This is because of the closeness of
the hot and cold surfaces. As a result, the distribution of the local Nusselt number displays
additional peaks corresponding to the mid-length of the vertical sides of the heat source as
depicted in Figure 11(a). The figure shows also the augmentation of the local Nusselt num-
ber with the heat source amplitude. The temperature distribution along Y = 0.5 exhibits
the effect of the restriction imposed by the undulations of the wavy walls, where increas-
ing its amplitude, changes the temperature distribution from plume to parabolic behaviors
one with noticeable decrease in the fluid temperature.

4.4. Evaluation by the average nusselt number

Although the streamlines, isotherms and the heatlines give readable explanation to the
physical phenomena occurring in natural convection, but the overall heat transfer still
needs the decisive tool namely, the average Nusselt number. This section examines the vari-
ations of the average Nusselt number with different nanoparticles and other parameters.
The importance of hybrid nanofluids is displayed in Figure 12(a)–(b) for amplitude of 0.1 and
different other parameters. Promising results can be deduced from these figures, where
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Figure 10. Variation of the streamlines (left), isotherms (middle), and heatlines (right) evolution by
different amplitude (A) for hybrid nanofluids, Ra = 105, φ = 0.02 and D = 0.4.
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Figure 11. Variations of (a) local Nusselt number interfaces with W and (b) local dimensionless temper-
ature on the horizontal centerline (Y = 0.5) with different A for hybrid nanofluids, Ra = 105, φ = 0.02
and D = 0.4.

Figure 12. Variations of average Nusselt number (Nu) with (a) Rayleigh number (Ra), (b) solid volume
fraction (φ) and (c) dimensionless length of heat source (D) for different types of particles at A = 0.1.

the hybrid water–Cu–Al2O3 nanofluid manifests the higher Nusselt number than that of
a pure water and even than other regular nanofluids. From Figure 12(a), the percentage
increase of hybrid nanofluid (φ = 0.02) in the Nusselt number at Ra = 103 is 13.7% higher
than pure water and about 5% higher than other nanofluids. Although the percentage
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Figure 13. Variations of average Nusselt number (Nu) with (a) Ra, (b) D, (c) A and different φ for hybrid
nanofluids.

increase is relatively low, another benefit is gained from the economic standpoint. That is,
for a given nanoparticles volume fraction, the hybrid nanofluid uses one half of the copper
quantity and gives higher Nusselt number than totally copper quantity used in water–Cu
nanofluid, where the price of Cu nanoparticle is much higher than alumina nanoparticles
[52]. In Figure 12(b), the drawn percentages increase of hybrid nanofluid at φ = 0.04 are
6% and 2.5% higher than water–Cu and water Al2O3 nanofluids, respectively. However, the
figure shows an adverse action of the nanofluids, hybrid and regular, on the Nusselt num-
ber at Ra − 105. This phenomenon has been discussed previously in [53] which attribute
the reason to the dominance of the viscous and inertial effects on the thermal conductivity
effect. The role of hybrid nanofluids still holds in all studied lengths of the heat source as
shown in Figure 12(c).

More precisely, the volume fraction of the hybrid nanofluid is extensively studied with
all parameters as shown in Figure 13 which portrays the positive action of φ for Ra < 105

(Figure 13a) and an adverse action beyond this Rayleigh number (Figure 13(a) and (b)). Dis-
tinct effect of φ is observed with the amplitude of the wavy wall (Figure 13c) that is a critical
amplitude is observed where the nanoparticles volume fraction declines the Nusselt num-
ber when A < 0.1 (quasi flat sides) and augments the Nusselt number when A > 0.1 (highly
undulated sides).

The effects of D and A are studied in Figures 14 and 15 respectively. The effect of D is obvi-
ously declared in Figure 14 that is the Nusselt number is purely proportional with the length
of the heat source. It is because the provision of substantial boundaries of high temperature
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Figure 14. Variations of average Nusselt number (Nu) with (a) Ra, (b) φ and different D for hybrid
nanofluids and A = 0.1.

Figure 15. Variations of average Nusselt number (Nu) with (a) Ra, (b) φ, (c) D and different A for hybrid
nanofluids.

difference. The effect of amplitude shown in Figure 15 demonstrates an increase in the Nus-
selt number with A when Ra < 105, while for Ra ≥ 105, the effect of A becomes marginal as
shown in Figure 15(a). This is because the strong buoyancy force rising the fluid up regard-
less of the protruding peaks of the wavy side walls. Making a close image on this marginal
effect, Figure 15(b) reveals random variations of the Nusselt number with A at Ra = 105.
This can be attributed to the multi-cellular behavior of the streamlines at this situation. This
multi-cellular fashion still acts at all D’s as shown in Figure 15(c). Nevertheless, with this
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random effect of A in a multi-cellular behavior, the maximal studied amplitude (A = 0.175)
gives the highest Nusselt number.

5. Conclusion

Impacts of geometrical and physical characteristics on natural convection within a wavy
complex walled cavity that is filled with hybrid nanofluids and including a heat source have
been inspected in this study. In addition to the common tools of results visualizing, heat-
lines have been adopted also to address the results. From the numerical results, we have
the following summary is obtained.

1. The strength of the streamlines and the heat function decline markedly with increas-
ing values of the amplitude of the wavy wall. However, there is critical amplitude at
which, the Nusselt number declines, it is 0.1 of the cavity side length.

2. A multi-cellular pattern of the streamlines and multi-rolls of heatlines are perceived
when the protruding peaks of the wavy surface approach to the vertical surfaces of
the heat source.

3. The average Nusselt number is purely proportional with the length of the heat
source.

4. Hybrid water–Cu–Al2O3 nanofluid exhibits higher Nusselt number than that cor-
responding pure water and even than other regular nanofluids. For instance, the
percentages increase in the average Nusselt number gained by the hybrid nanofluid
at φ = 0.02 and low Rayleigh number are 13.7% and 5% higher than those of pure
water and other regular nanofluids, respectively.

5. The volume fraction of the hybrid nanofluid exhibits positive action when Ra is less
than 105 and an adverse action beyond this Rayleigh number occurs.

Promising results of hybrid nanofluids have opened the mind for future works like using
other types of nanofluids having contrasting thermophysical properties. This may serve in
getting better enhancement of heat transfer with a lower cost. Sophisticated relations of
hybrid nanofluid properties can be investigated in future works.
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