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A B S T R A C T   

The flow of thermomicropolar binary nanofluid upon a perpendicular permeable shrinking sheet 
with the mixed convective effects in attendance of a lateral magnetic field is numerically 
explored. The framework and novelty of this work is a one-phase hybrid nanofluid model (Tiwari- 
Das model) using a unique mass-based technique that proposes base liquid masse, first and second 
solid-particle masses as essential inputs to acquire the main thermophysical characteristics of 
hybrid nanofluid. The alumina and copper solid-particles are dispersed in water as the base liquid 
and have a spherical form. The dominating dimensional PDEs are changed using the similarity 
transformation approach to a system of non-dimensional ODEs. This system is solved by utilizing 
bvp4c in the Matlab package. The values of the shear stress, the microrotation gradient, and heat 
transfer for three cases (i.e. pure thermomicropolar fluid, thermomicropolar nanofluid, and 
thermomicropolar binary nanofluid) are gained and analyzed with formerly reported cases to 
validate our computational method. The influence of the emerging parameters on the velocity, 
angular velocity, temperature distribution, shear stress, the microrotation gradient, and the heat 
transfer of the thermomicropolar binary nanofluid is reported and analyzed by the tabular and 
graphical results. It is found that heat transfer, shear stress, and microrotation gradient firstly 
augment and then reduce with the enhancement of the shrinking parameter. Adding the second 
nanoparticle has a positive effect on heat transfer; although its increasing effect (unfavorable) 
also on skin friction should be considered in engineering applications. The reliable imple
mentation of the mass-based model for the thermomicropolar binary nanofluid flow and the heat 
transfer is a significant accomplishment of the current research while the specific findings have 
been provided and argued in the body of the article.   

1. Introduction 

Water, ethylene glycol, refrigerants, biofluids, polymeric solutions oils, and lubricants are common base liquids that have signif
icant limitations in increasing the effectiveness of several technical devices, including heat exchangers and electrical equipment [1–4]. 
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Choi introduced the concept of using solid-particles in fluids in 1995, with the goal of increasing the thermal conductivity of the base 
liquid [5–7]. The traditional nanofluid models have significant restrictions. They are unable to explain a category of liquids with 
specific microscopic characteristics resulting from the microrotation and local structure of the liquid elements [8]. Nano particles in 
engineering applications range in size from 1 to 100 nm [9,10]. Nanofluids have demonstrated an great potential for increasing heat 
transmission rates in a variety of usages [11,12]. Hybrid nanofluid or nanocomposite fluid is a new type of nanofluid created by 

Nomenclature 

A shrinking parameter 
B microinertia parameter 
B0 magnetic ground strength 
c constants 
C heat capacity 
Cf skin friction coefficient 
Cp specific heat at constant pressure 
D coefficient of micropolar heat conduction 
g acceleration due to gravity 
h coefficient of convective heat transfer 
hp hybrid particle 
j micro-inertia density 
k thermal conductivity 
Κ material parameter 
m mass 
M magnetic parameter 
n component of microrotation 
N microrotation in the xy plane 
Nux local Nusselt number 
Pr Prandtl number 
R radiation parameter 
Ri Richardson number 
Rex local Reynolds number 
S suction or injection parameter 
T temperature field 
u,v velocity components along x and y axes 
x,y 2D Cartesian coordinates system 

Greek symbols 
ϕ volume fraction 
β coefficient of thermal expansion 
η independent similarity variable 
f(η) non-dimensional stream function 
θ(η) dimensionless temperature distribution 
μ dynamic viscosity 
υ kinematic viscosity 
ρ Density 
σ electrical conductivity 
γ1 to γ6 Coefficients of ODE equations 
ρCP volumetric heat capacity at constant pressure 
κ vortex viscosity 
δ micropolar heat conduction parameter 

Subscripts 
s equivalent property of nanoparticles 
f base liquid 
nf mono-nanofluid 
hnf hybrid nanofluid 
1 first nanoparticle (Al2O3) 
2 second nanoparticle (Cu) 
∞ Conditions in the free stream 
w surface of the plate  
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suspending two various kindes of solid particles in a base liquid [1,5]. A hybrid nanoparticle is a substance that combines the chemical 
and physical characteristics of multiple solid-particles at the same time and delivers the characteristics in a homogeneous phase. 
Synthetic hybrid solid-particles have a considerable physicochemical feature that individual particles do not have [1]. In many en
gineering applications, such as solar technologies, electronics, microelectronics, instrumentation, heat exchangers, microfluidics, 
defense, transpiration cooling of gas-turbine blades, and thermal scalability, nanofluids and hybrid nanofluids can be used to improve 
the performance of systems or technologies in heat transfer subject. Porous plates have been utilized to mimic a number of surface 
phenomena, including fluid transfer in living organisms, propellant burning, phase sublimation, ablation cooling, and evenly 
distributed irrigation [7]. 

The influences of various solid-particle types and shapes on heat transfer, velocity, and angular velocity have been investigated [9, 
11]. Copper and Alumina solid-particles with spherical forms are used in this study. Table 2 lists all of the physical characteristics in 
detail. These particles have been used in several studies by academics. In their assessment of contemporary research, development, and 
applications of hybrid nanofluids, Suresh et al. [14] employed these nonoparticls and provided correlations for friction and Nusselt 
number for flow of alumina-copper solid-particles. It has also been observed that hybridizing metallic copper particles with alumina 
solid-particles significantly improved the effective thermal conductivity. When these particles were utilized in an exponentially 
decreasing sheet, Waini et al. [15] found that the rate of heat transfer and the skin friction increase. 

The Newtonian fluid theory does not apply to fluids like lubricants, colloidal fluids, polymeric suspension, animal blood, man-made 
liquids with polymeric additives, biological fluids, yoghurt, tomato sauce, paints, grease, polymers, and so on. The micropolar fluid has 
drawn the most interest among all non-Newtonian fluids since it features an extra angular momentum equation. Eringen [16] is 
credited for creating the theory of micropolar fluids, which also introduced the classical Navier-Stokes equations and the equation of 
angular momentum. 

The thermomicropolar fluids hypothesis was afterwards created by Eringen [17] by expanding this idea once more and accounting 
for the thermal influence. The dynamics of nanomicropolar fluids have been extensively modeled and studied in recent years by BVP 
researchers. Gorla [18] explored the flow by stagnation point upon mobile plate for the 2D boundary layer equations of a micropolar 
fluid. Similarity equations were derived by Jena and Mathur [19] for the thermomicropolar-fluid free-convective flow across a 
perpendicular wall. Jena and Mathur also analyzed how permeability affected the flow upon a sheet under nonlinear temperature 
circumstances [20]. Ishak et al. [21] explored the mixed convective boundary layer flow on a perpendicular sheet submerged in an 
incompressible micropolar fluid. Lund et al. [22], dinarvand et al. [2], and Shatanawi et al. [23] have all studied the numerical 
research of micropolar nanofluid across a linearly decreasing plate. In order to expose the flow characteristics of a micropolar 
nanofluid across a stretched sheet while taking into account the impacts of magnetic ground and viscous dissipation, Hsiao [24] 
performed numerical simulations. In an aqua nanofluid, Khan et al. [25] examine the triple effects of the Navier slip, the gyrotactic 
microorganisms as well as magnetic ground. It was found that the magnetic ground enhances the temperature in flow while sup
pressing the dimensionless velocity. Bhattacharyya et al. [26] looked at how thermal radiation affected the heat transfer and flow of 
micropolar fluid via a porous shrinking sheet. Al-Sanea [27] examined the flow and heat transmission characteristics of a vertical layer 
of extruded material that moves constantly. Industrial engineering and manufacturing procedures including metal extrusions, 
continuous glass casting, wire drawing, or other processes containing these sorts of surfaces have utilized boundary layer flow induced 
by the stretched or shrinking plate [28]. 

In common methods, thermophysical properties of nanofluid or hybrid nanofluid are formulated as a function of nanoparticle 
volume fraction (and other possible parameters). Therefore, obviously, the final governing equations include this parameter. Here, the 
approach is based on the single-phase Tiwari-Das hybrid nanofluid model, which considers the mass of base fluid and nanoparticle 
instead of nanoparticle volume fraction. Numerous studies have focused on fraction-based analyses of nanofluids and hybrid nano
fluids, but Dinarvand [29] was the first to provide the mass-based approach. Besides, few research have focused on the analysis of the 
flow of thermomicropolar binary nanofluid across a diminishing plate, as Roy [30] pointed out, and he has done it in a fraction-based 
model. These descriptions justify the objective and motivation of the present work. The mass-based model has many advantages, such 
as ease of use and the ability to compute thermophysical parameters of thermomicropolar binary nanofluids using the masses of both 
base liquid and solid-particle. Finally, the goal of this work is to evaluate the flow of a thermomicropolar binary nanofluid across a 
diminishing plate by utilizing mass-based model, as stated in the above introduction. The problem’s solutions are offered for several 
relevant parameters after the controlling equations are solved through Matlab software. This model suggests a fresh definition for 
density, specific heat, as well as the equivalent solid volume fraction. These quantities are generated from the simultaneous ther
mophysical characteristics of the base liquid and solid-particles. 

2. Thermomicropolar binary nanofluid flow and mathematical formulation 

The boundary layer flow induced by the stretching or shrinking plate is important in industrial engineering and manufacturing 
procedures including metal extrusions, continuous glass casting, wire drawing, and other processes. Besides the analysis of thermo
micropolar is applicable to modeling biological fluids such as blood. A cumulative application that contains both stretching/shrinking 
surface and thermomicropolar subjects is blood flow in contact with the vessel wall. Moreover, two nanoparticles added to the base 
fluid (blood) can be components of a nano-based drug. 

Assume a steady incompressible 2D quiescent fluid flow of a thermomicropolar binary nanofluid upon the shrinking plate while it is 
subjected to the influences of a uniform magnetic ground (B0) normal to the plate, as illustrated in Fig. 1. The y-axis is perpendicular to 
the surface’s selected x-axis and runs along it. A little incision at the beginning causes problems on the plate. 

Due to the abrupt move of the slit as well as the absence of any additional influences, we consider the fluid’s characteristics are 
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constant and isotropic. It is assumed that the solid phase, which includes Alumina (Al2O3) and Copper (Cu), and the fluid phase, which 
is pure water, are in thermal equilibrium. The solid-particles and the base liquid features are also assumed to remain constant. When 
there is no slip between the solid-particles and the base liquid, the single-phase model is correct [31]. As a consequence, the fluid phase 
and solid phase of the working fluid are in complete thermal equilibrium, and as a result, the volume concentration of the 
solid-particles will be constant throughout the bulk fluid. Here, the second model is used to examine the thermal and dynamic 
characteristics of a binary nanofluid. The fundamental premise of this model is that the mixture exhibits the characteristics of a single 
phase fluid; hence, the nanofluid is viewed as a conventional fluid with improved characteristics as a result of the presence of 
solid-particles. Additionally, in accordance with our semi-analytical single phase model, copper is dispersed inside the nanofluid (as a 
new base liquid, Al2O3/water) in order to build the selective thermomicropolar binary nanofluid after the addition of alumina to the 
base liquid to create the nanofluid [9,22]. These factors, along with the standard Boussinesq approximation, allow us to formulate the 
boundary layer controlling equations for the thermomicropolar binary nanofluid, as follows [29,30,32,33]: 

∂u
∂x

+
∂v
∂y

= 0, (1)  

u
∂u
∂x

+ v
∂u
∂y

=
μhnf + κ

ρhnf

∂2u
∂y2 +

κ
ρhnf

∂N
∂y

− g
(ρβ)hnf

ρhnf
(T − T∞) −

σhnf B2
0

ρhnf
u, (2)  

u
∂N
∂x

+ v
∂N
∂y

=
1

ρhnf

(
μhnf +

κ
2

) ∂2N
∂y2 −

κ
ρhnf j

(

2N +
∂u
∂y

)

, (3)  

u
∂T
∂x

+ v
∂T
∂y

= αhnf
∂2T
∂y2 +

D
(ρC)hnf

(
∂T
∂x

∂N
∂y

−
∂T
∂y

∂N
∂x

)

. (4) 

Restricted with the boundary conditions [30] 

u = Auw(x), v = vw(x), N = − n
∂u
∂y
, T = T∞ + T0x at y = 0,

u = 0, N = 0, T = T∞ as y→∞.

(5)  

where T is the temperature of the fluid, T∞ is the ambient temperature, u and v are the velocities in two directions, N is the micro
rotation, j is the micro-inertia density, g is the gravity acceleration, κ is the vortex viscosity and D is the coefficient of micropolar heat 
conduction in the above equations. In the boundary conditions uw(x) = cx (c> 0) is the shrinking sheet velocity related to on the 
parameter of shrinking (A<0), vw(X) is related to the mass flux by the sheet and T0>0 is reference temperature [30,34,35]. It is worth 
mentioning n is a constant (0 ≤ n ≤ 1). The case n=0 implies N=0 at the sheet and is denotes to the condition of no slip. It symbolizes a 
flow of concentrated particles in which the wall-bound microelements are incapable of rotating [19,20]. The term "strong 

Fig. 1. The schematic, coordinate system, solid-particles, and controlling conditions.  
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concentration of microelements" also applies to this situation. The stress tensor’s anti-symmetric portion vanishes in the situation 
n=0.5 [23,30,34]. However, the flow modeling of turbulent uses the scenario n=1 proposed by Peddieson [36]. We have made use of 
the Tiwari-Das [27] formulation, a single-phase nanofluid. Using this method, we transform the new form of the controlling PDEs 
(1)-(4), as given in Table 1, into the equal thermophysical characteristics of the binary nanofluid. 

It should be noted here that in Table 1, the subscripts f, 1, 2 indicate the quantities of the base liquid, Al2O3 solid-particles and Cu 
solid-particles, respectively. Table 2 shows the thermophysical features of the base liquid and solid-particles. 

For the dynamic viscosity, thermal conductivity, density, thermal expansion capacity, heat capacity, electrical conductivity and 
characteristics that are specified for Al2O3-Cu/water binary solid-particles; we can present our mass-based formulation model ac
cording to Fig. 2. In this model there are 5 equations and 8 unknown, (i.e.ϕ1,ϕ2,ϕ,m1,m2,mf ,ρsand(Cp)sversus the(Cp)1,(Cp)2ρ1,ρ2and 
ρf ). In our special case ρsand (Cp)sis omitted and just three known with three equations can be solved carefully. 

Therefore firstly we should obtain masses of solid-particles and base liquid (i.e. m1, m2 and mf ). Now, we suppose that the velocity 
vectors (u and v), component of microrotation in x-y plain (N). Consequently, the similarity transformations for the current problem are 
[4,30,34-37,43] 

ψ =
(
νf c

)1/2xf (η), N = c
(

c
νf

)1/2

xg(η), θ(η) = T − T∞

Tw − T∞
,

η =

(
c
υf

)1/2

y, u =
∂ψ
∂x

= cx
df
dη (η), v =

∂ψ
∂y

= −
(
cυf

)1/2f (η) .

(6) 

When the similarity variable is thought of as a linear function of y, it is significant to note that the relation θ(η) = (T − T∞)

/(Tw − T∞) can only be valid if T would be independent of x. Besides, one can assume ∂T/∂ >> ∂T/∂x [37]. It implies that we may 
disregard the temperature’s fluctuation in the x-direction relative to the y-direction, and as a result, T would be independent of x. 

Although the authors decided to first take into account the 2D equations of boundary layer in general form (See Eqs. (1)–(4)), it is 
feasible that ∂T/∂x would be excluded from energy Eq. (4) concurrently with using the approximations of boundary layer [42]. 
Continuing the similarity transformation approach, we can convert the initial PDEs (1)-(4) to non-dimensional equations as follows: 

γ1(1+ γ2 K)
d3f
dη3 −

(
df
dη

)2

+ f
d2f
dη2 + γ3 K

dg
dη + Ri γ4 θ − M γ5

df
dη = 0, (7)  

γ1

(

1+
γ2 K

2

)
d2g
dη2 + f

dg
dη − g

df
dη − γ3 K B

(

2 g +
d2f
dη2

)

= 0, (8)  

1
Pr

αhnf

αf

d2θ
dη2 + f

dθ
dη − θ

df
dη + γ6 δ

(

θ
dg
dη − g

dθ
dη

)

= 0, (9)  

γ1 =

⎛

⎜
⎝1 −

m1
ρ1
+ m2

ρ2
m1
ρ1
+ m2

ρ2
+

mf
ρf

⎞

⎟
⎠

− 2.5⎧
⎪⎨

⎪⎩
1 −

m1
ρ1
+ m2

ρ2
+ m1

ρf
+ m2

ρf
m1
ρ1
+ m2

ρ2
+

mf
ρf

⎫
⎪⎬

⎪⎭

− 1

,

γ2 =

⎛

⎜
⎝1 −

m1
ρ1
+ m2

ρ2
m1
ρ1
+ m2

ρ2
+

mf
ρf

⎞

⎟
⎠

2.5

, γ3 =

⎧
⎪⎨

⎪⎩
1 −

m1
ρ1
+ m2

ρ2
+ m1

ρf
+ m2

ρf
m1
ρ1
+ m2

ρ2
+

mf
ρf

⎫
⎪⎬

⎪⎭

− 1

,

Table 1 
Properties and relevant formulations for binary nanofluid [2,13,30,37-40].  

Property Relations for binary nanofluid 

Viscosity(μhnf )
μf

(1 − ϕ)2.5 

ϕ
1
ρ1 + ϕ

2
ρ

2
+ (1 − ϕ)ρ

f 

Density(ρhnf ) (1 − ϕ)(ρf )+ ϕ(ρs)

Heat capacity (ρCP)hnf 
ϕ

1
(ρCP)1

+ ϕ
2
(ρCP)2

+ (1 − ϕ)(ρCP)f 

Thermal conductivity(khnf ) (khp + 2kf ) − 2ϕ(kf − khp)

(khp + 2kf ) + ϕ(kf − khp)
× (kf ), khp =

ϕ1k1 + ϕ2k2

ϕ1 + ϕ2 

Thermal diffusivity(αhnf ) khnf

(ρCP)hnf 

Thermal expansion capacity(ρβ)hnf ϕ
1
(ρβ)

1
+ ϕ

2
(ρβ)

2
+ (1 − ϕ)(ρβ)

f 

Electrical conductivity(αhnf ) (σnf + 2σf ) − 2ϕ(σf − σnf )

(σnf + 2σf ) + ϕ(σf − σnf )
× (σf ), σnf =

ϕ1σ1 + ϕ2σ2

ϕ1 + ϕ2   
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γ4 = γ3

⎧
⎪⎨

⎪⎩
1 −

m1
ρ1
+ m2

ρ2
m1
ρ1
+ m2

ρ2
+

mf
ρf

+
ρ1β1

ρf βf

⎛

⎜
⎝

m1
ρ1

m1
ρ1
+ m2

ρ2
+

mf
ρf

⎞

⎟
⎠+

ρ2β2

ρf βf

⎛

⎜
⎝

m2
ρ2

m1
ρ1
+ m2

ρ2
+

mf
ρf

⎞

⎟
⎠

⎫
⎪⎬

⎪⎭
,

γ5 = γ3

⎛

⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎝

m1
ρ1

σ1+
m2
ρ2

σ2
m1
ρ1
+

m2
ρ2

+ 2σf − 2
(

m1
ρ1
+

m2
ρ2

m1
ρ1
+

m2
ρ2
+

mf
ρf

)(

σf −
m1
ρ1

σ1+
m2
ρ2

σ2
m1
ρ1
+

m2
ρ2

)

m1
ρ1

σ1+
m2
ρ2

σ2
m1
ρ1
+

m2
ρ2

+ 2σf +

( m1
ρ1
+

m2
ρ2

m1
ρ1
+

m2
ρ2
+

mf
ρf

)(

σf −
m1
ρ1

σ1+
m2
ρ2

σ2
m1
ρ1
+

m2
ρ2

)

⎞

⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎠

,

γ6 =

⎧
⎪⎨

⎪⎩

⎛

⎜
⎝1 −

⎛

⎜
⎝

m1
ρ1
+ m2

ρ2
m1
ρ1
+ m2

ρ2
+

mf
ρf

⎞

⎟
⎠

⎞

⎟
⎠+

⎛

⎜
⎝

ρ1Cp1

ρf Cpf

⎛

⎜
⎝

m1
ρ1

m1
ρ1
+ m2

ρ2
+

mf
ρf

⎞

⎟
⎠+

ρ2Cp2

ρf Cpf

⎛

⎜
⎝

m2
ρ2

m1
ρ1
+ m2

ρ2
+

mf
ρf

⎞

⎟
⎠

⎞

⎟
⎠

⎫
⎪⎬

⎪⎭

− 1

.

and boundary conditions are 

f (0) = S,
df
dη (0) = A, g(0) = −

1
2

d2f
dη2 (0), θ(0) = 1, at η = 0,

df
dη (∞) = 0, g(∞) = 0, θ(∞) = 0, at η→∞.

(10) 

In above relations, the controlling parameters are the magnetic parameter (M)the suction parameter (S), the Prandtl number (Pr) 
the Richardson number (Rr), the micropolar heat conduction parameter (δ), the shrinking parameter (A) and the microinertia 
parameter (B). The component of microroration is considered, n = 1/2 because the applied conditions of micropolar binary solid- 
particles are similar to [30]: 

Table 2 
Thermophysical features of base liquid and solid-particles [10,11,30,40-44]  

Property Fluid phase (H2O) Al2O3 Cu 

ρ(Kg /m3) 997.1 3970 8933 
Cp(J /KgK) 4179 765 385 
k(W /mK) 0.613 40 401 
Particle size (nanometer) – 13 5-25 
σ(Ω/m)

− 1 0.05 3.69×107 5.96×107 

βx10− 5 (1/K) 21 0.85 1.67  

Fig. 2. Formulation of new model for binary nanofluid [3,4,29].  
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S =
− vw

(
cυf

)1/2, M =
σB2

0

ρf c
, Pr =

υf (ρCP)f

kf
,

Ri =
g(ρβ)f (Tw − T∞)

c2 , δ =
cN∗

νf (ρC)f
, B =

νf

(jc)
, K =

κ
ηf
.

(11) 

Here S < 0 denotes the injection case and S > 0 indicates the suction on wall 
Besides, the Nusselt number and the skin also defines according to the following relations[19,22,31,32]: 

Cf =

(
μhnf + κ

)(∂u
∂y

)

y=0
+ (κN)y=0

ρf .U2
w

, Nux =

− xkhnf

(
∂T
∂y

)

y=0

kf (Tw − T∞)
. (12)  

with non-dimensional forms as 

[Rex]
1
2Cf =

⎧
⎪⎨

⎪⎩

⎛

⎜
⎝1 −

m1
ρ1
+ m2

ρ2
m1
ρ1
+ m2

ρ2
+

mf
ρf

⎞

⎟
⎠

− 2.5

+ K

⎫
⎪⎬

⎪⎭

d2f
dη2 (0) + Kg(0),

[Rex]
− 1
2 Nux =

khnf

kf

dθ
dη (0),

(13) 

Meanwhile, Rex = Uwx/υf is the local Reynold’s number, and Khnf was defined in Table 1. 

3. Computational algorithm and comparisons 

Using the MATLAB (bvp4c function), the controlling Eqs. (7)-(9) were numerically worked out for certain amounts of the emerging 
parameters m1, m2, mf , K, A, Ri, M, Pr, S, δ and B. We must recast the BVPs as set of first-order ODEs in order to use the bvp4c 
function. The bvp4c function necessitates a preliminary estimate on the intended outcome for the Eqs. (7)-(9). The estimate should 
meet the boundary requirements and show how the answer behaves. The bvp4c technique will converge to the answer even for bad 
estimates; therefore coming up with an initial guess for the solution is not difficult. We begin with a set of parameter amounts for which 
the issue may be resolved quickly. Then, with just minor changes to the settings, we solve the issue using the acquired answer as our 
first guess. Until the parameters are set to the appropriate amounts, this is repeated. This method is referred to as continuation. (see 
Shampine et al. [45]). In this procedure we consider: 

Fig. 3. Flowchart of present computational algorithm.  
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Table 3 
Comparing engineering quantities for pure thermomicropolar fluid in fraction-based model and mass-based model.            

Fraction-based model   Mass-based model           
(Nepal Chandra Roy [30])   (Present) 

K Ri A M S δ Pr B ϕ1 ϕ2 f ′′(0) − g(0) − θ
′

(0) m1 m2 f ′′(0) − g(0) − θ
′

(0)

0.25 1 -0.5 0.2 3.2 1 6.2 1 0 0 1.41363 -1.901 23.046 0 0 1.4136 -1.901 23.046 
0.1        0 0 1.51781 -2.19203 23.24508 0 0 1.517814 -2.19203 23.24508 
0        0 0 1.59592 -2.42401 23.38964 0 0 1.59592 -2.42401 23.38964 
0.25 5       0 0 1.570188 -2.125702 23.441464 0 0 1.570188 -2.1257 23.44146 
0.25 10       0 0 1.7592205 -2.397433 23.922047 0 0 1.759221 -2.39743 23.92205 
0.25 1 -1      0 0 2.604383 -3.257496 26.011273 0 0 2.604383 -3.2575 26.01127 
0.25 1 -1 0.1     0 0 2.5651106 -3.201502 25.907308 0 0 2.565111 -3.2015 25.90731 
0.25 1 -1 0     0 0 2.5242522 -3.143286 25.799265 0 0 2.524252 -3.14329 25.79927 
0.25 1 -1 0.2 2    0 0 1.2547304 -0.661125 14.959751 0 0 1.25473 -0.66113 14.95975 
0.25 1 -1 0.2 0    0 0 1.8620878 0.1798077 -11.81502 0 0 1.862088 -0.17981 -11.815 
0.25 1 -1 0.2 3.2 0   0 0 2.6164136 -3.274099 19.267714 0 0 2.616414 -3.2741 19.26771 
0.25 1 -1 0.2 3.2 1 3  0 0 2.6534766 -3.325912 11.676391 0 0 2.653477 -3.32591 11.67639  
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Table 4 
Comparing engineering quantities for thermomicropolar nanofluid between fraction-based model and mass-based model.            

Fraction-based model (Nepal Chandra Roy [30])   Mass-based model (Present) 
K Ri A M S δ Pr B ϕ1 ϕ2 f ′′(0) − g(0) − θ

′

(0) m1 m2 f ′′(0) − g(0) − θ
′

(0)

0.25 1 -1 0.2 3.2 1 6.2 1 0.05 0 2.675641 -3.440084 22.236736 21 0 2.675712 -3.44026 22.22963         
0.1 0 2.6754367 -3.436964 18.959404 45 0 2.674381 -3.43411 18.86541         
0 0.05 3.2986529 -5.289321 23.185715 0 47 3.296857 -5.28344 23.19477         
0 0.1 3.7800381 -6.980679 20.187021 0 99.5 3.779736 -6.97954 20.18936  
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Table 5 
Comparing engineering quantities for thermomicropolar binary nanofluid between fraction-based model and mass-based model.            

Fraction-based model (Nepal Chandra Roy [30])   Mass-based model (Present) 
K Ri A M S δ Pr B ϕ1 ϕ2 f ′′(0) − g(0) − θ

′

(0) m1 m2 f ′′(0) − g(0) − θ
′

(0)

0.25 1 -1 0.2 3.2 1 6.2 1 0.05 0.1 3.5805838 -6.248522 16.858236 23.4 105.4 3.580796 -6.24928 16.86057         
0.1 0.1 3.3351004 -5.404413 14.075583 49.8 112 3.334822 -5.4035 14.07267         
0.1 0.05 3.0954516 -4.638933 16.417311 46.8 52.7 3.095731 -4.6398 16.4217  
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f ′′ = y(1), f ′

= y(2), f = y(3), g′

= y(4), g = y(5),
θ
′

= y(6) and θ = y(7).
(14) 

Therefore, we can write: 

d(y(1))
dη =

− y(3).y(1) + y(1)2
− K.γ3.y(4) − Ri.γ4.y(7) + γ5.M.y(2)

γ1(1 + K.γ2)
,

d(y(2))
dη

= y(1),
d(y(3))

dη = y(2),
d(y(4))

dη =
− y(3).y(4) + y(2).y(5) + K.γ3.B.(2y(5) + y(1))

γ1(1 + K.γ2/2)
,

d(y(5))
dη = y(4),

d(y(6))
dη =

− y(3).y(6) + y(2).y(7) − γ6.δ.(y(4).y(7) − y(5).y(6))
αhnf

Pr.αf

,
d(y(7))

dη = y(6).

(15) 

In addition to these modified boundary conditions: 

ya(3) = S, ya(2) = A, ya(5) = − 0.5ya(1), ya(7) = 1,
yb(2)→0, yb(5)→0, yb(7)→0. (16) 

In which [ya ,yb]means [0 , η∞] in MATLAB package and shows two-point boundary conditions that should be obtained later. These 
preliminary estimates should meet the boundary criteria. Finally, a summary of our computational approach is shown in Fig. 3. 

To validate present computational method, the amount of the shear stress, the microrotation gradient, and heat transfer for three 
cases (i.e. pure thermomicropolar fluid, thermomicropolar nanofluid and thermomicropolar binary nanofluid) are compared with 
already reported achievements. These comparisons are shown in Tables 3, 4, and 5, respectively. In Table 3 (for pure thermomicro
polar fluid) different characteristics are compared in fraction-based model and mass-based model. Comparison of engineering interests 
for different fractions of one type of particle in absence of other has been tabulated in Table 4. At last Table 5 shows these comparisons 
for thermomicropolar binary nanofluid. In Tables 4 and 5 exceptϕ1andϕ2, other characteristics has been taken constant. Thus, it can be 
said that the created approach may be utilized to investigate the heat and fluid flow of the current situation with a high degree of 
certainty. 

4. Results and discussion 

In this division, the attribute of thermomicropolar binary nanofluid flow transiting over moving and permeable, under influence of 
steady magnetic ground, has been scrutinized. It is worthwhile to notice that in Section 4.1, we have focused on engineering interests 
(the shear stress aspect f ′′(0), the microrotation gradient aspectg′

(0), and the heat transfer aspect − θ
′

(0)) for various amounts of 
controlling parameters such as the first solid-particle mass m1, second solid-particle mass m2, mass of base liquid mf , material 
parameter K, shrinking parameter A, Richardson number Ri, magnetic ground parameter M, Prandtl number Pr, suction parameter S,
micropolar heat conduction parameter δ, and the microinertia parameter B. Also in the Section 4.2, the temperature aspect − θ(0), 
velocity aspect f ′

(0), and the angular velocity aspect g′

(0), are plotted and analyzed. 

Fig. 4. f ′′(0), g′

(0), and − θ
′

(0)for various amounts of m2 with m1 = 35gr, S = 3.2, Ri = 5, Pr = 6.2, K = 0.25, M = 0.2, δ = 1, B = 1.  

M. Behrouz et al.                                                                                                                                                                                                      



Chinese Journal of Physics 83 (2023) 165–184

176

4.1. Quantities of interest in engineering concepts 

The changes of the heat transfer, shear stress and microrotation gradient as a function of shrinking A, with different amounts of m2 
(copper solid-particle mass), are shown in Fig. 4. It is found that heat transfer, shear stress and microrotation gradient firstly augment 
and then reduce with the enhancement of the shrinking parameter A. For increasing amount of m2, the shear stress and microrotation 
gradient increase but heat transfer significantly decreases. According to former research (Khan et al [34]), the influences of two equal 
solid volume fractions of different solid-particles and the stretching/shrinking parameter A on the rate of heat transfer, the micro
rotation gradient, and shear stress produced outcomes similar to those of the current study. 

The suction parameter influences on heat transfer, shear stress and the microrotation gradient, is exhibited in Fig. 5. The graphical 
achievements illustrate that an augmentation in the suction parameter significantly enhances the heat transfer, shear stress and the 
microrotation gradient, but it can be declared that the influences of S on f ′′(0)is less than the − θ

′

(0) and g′

(0). In Fig. 5, first we can see 
a growth, then a decline on the graphs. The increase in suction causes a thinner hydrodynamics boundary layer. This issue means a 
high-velocity gradient on the wall that enhances skin friction. Although it should be noted that suction expedites to transition to a 
turbulent regime and can delay separation in the boundary layer in the curved surfaces. Usually, an optimum suction is detectable for 
researchers to favorable goals. Moreover, Fig. 5 demonstrates a considerable increase in heat transfer with suction which is a 
reasonable result and also reported by former researchers. 

The heat transfer, shear stress and microrotation gradient as a function of shrinking parameter are investigated by the influences of 
the magnetic ground parameter M, in Fig. 6. With the increase of the magnetic ground parameter, there can be seen a considerable 
enhancement in them. For A ≥ − 1.5, the magnetic ground has a very weak influence on the heat transfer, shear stress and micro
rotation gradient. These phenomena can be significant in industries such as rolling steel sheets, which magnetic fields used widely 
there. 

Fig. 7 illustrates how the material parameter K affects the microrotation gradient, shear stress, and heat transfer . Heat transfer, 
shear stress, and microrotation gradient all significantly decrease with rising K amount [46]. Additionally, the outcome showed that a 
rise in the material parameter was seen to reduce the local Nusselt number of the micropolar binary nanofluid. The influence of 
augmenting K in g′

(0)is noticeably greater than two others. 
The influences of the Richardson’s number Ri on the heat transfer, shear stress and gradient of microrotation are demonstrated in 

Fig. 8. It is observed here that the effect of Ri on shear stress, gradient of microrotation and heat transfer is poor, however, they also 
increase in the same direction as Ri. Mahmoudi et al. [47] declared that at higher Re and Ri, increasing of nanoparticles on heat 
transfer performance are more effective than two others. 

The varying of the heat transfer, shear stress and microrotation gradient as function of shrinking parameter, for some quantities of 
micropolar heat conduction parameter δ are illustrated in Fig. 9. A negligible reduction in the shear stress and microrotation gradient 
can be observed, when the amounts of δ are increased. Nevertheless, with the change of the amounts of δ, the heat transfer increases 
drastically. 

4.2. Profiles of interest in physical concepts 

In this section, the influences of controlling parameters on the velocity, f ′

(η), angular velocity, g(η), and temperature, θ(η), are 
investigated to analyze the boundary layer behavior of thermomicropolar binary nanofluid. In Fig. 10, the influences of the mass of 

Fig. 5. f ′′(0), g′

(0), and − θ
′

(0) for various amounts of Swith m1 = 35gr, m2 = 35gr, Ri = 5, Pr = 6.2, K = 0.25, M = 0.2, δ = 1, B = 1.  
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copper solid-particles, m2, on the velocity, angular velocity, and temperature, versus similarity variable, η, are depicted. It has resulted 
that due to the increase of m2, the temperature and velocity are found to enhance. But in g(η)diagrams close to η=0.5, a turning point is 
observed so that the behavior of the angular velocities before it decreases and vice versa after it. Adding Cu nanoparticles have smooth 
effects on all profiles of f ′

(η), g(η) and θ(η); as well such behavior can be also seen in the investigation by Khan et al. [34] on three 
desired distributions. The figures demonstrate that the far field boundary requirements (10), which are required to validate the nu
merical findings, are asymptotically met. Due to the influence of the second solid-particle Cu, the energy is physically lost as heat, 
raising the temperature in the boundary layer. Similarly, Waini et al. [43] have reported that with increasing solid-particle fraction, the 
velocity promotes too. 

Behaviors of velocities and thermal boundary layers with changes of shrinking parameter A are demonstrated in Fig. 11. Drastic 
descending can be seen on velocity and angular velocity (with no inflection point) but the decreasing of temperature’s profile is not so 
much. Similarly, Soid et al. [47] have depicted that the velocity decreases with augmenting the magnitude of A. The θ(η)shows positive 

Fig. 6. f ′′(0), g′

(0), and − θ
′

(0) for various amounts of M with m1 = 35gr, m2 = 35gr, Ri = 5, Pr = 6.2, K = 0.25, S = 3.2, δ = 1, B = 1.  

Fig. 7. f ′′(0), g′

(0), and − θ
′

(0)for various amounts of Kwith m1 = 35gr, m2 = 35gr, Ri = 5, Pr = 6.2, K = 0.25, S = 3.2, δ = 1, B = 1.  
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amounts of gradient at the wall and the profiles reduce rapidly from an amount of one and decrease gently to zero as η enhances. 
Physically, It demonstrates that first the wall’s temperature is higher than fluid and the heat slowly disperses from the wall to the fluid 
[48]. According to results of Waini et al. [43] the velocity decreases with decreasing of shrinking parameter. 

Fig. 12 shows the influences of the suction parameter S on the velocity, rotation velocity, and temperature. It is clear that when the 
suction parameter’s amounts increase, the velocity profile will accelerate while the temperature profile will decelerate. In other hands, 
for the angular velocity an inflection point is observed clearly, so before that point the angular velocity descends and after that its 
profile ascends. In the recent similar investigations, Bhattacharyya et al. [26] have introduced a similar result for angular velocity. 
According to Mishra et al. [49], the velocity profile rises as the mass suction parameter’s amount rises. The profile begins with a 
negative amount that satisfies the boundary surface requirement and eventually goes asymptotically to zero. It is also significant to 
note that the velocity and microrotation patterns shown in Fig. 12 are comparable to those shown in the article by Roşca et al. [35] for a 
number of amounts of the suction parameter S. 

Fig. 8. f ′′(0), g′

(0), and − θ
′

(0) for various amounts of Riwith m1 = 35gr, m2 = 35gr, M = 0.2, Pr = 6.2, K = 0.25, S = 3.2, δ = 1, B 
= 1. 

Fig. 9. f ′′(0), g′

(0), and − θ
′

(0) for various amounts ofδwith m1 = 35gr, m2 = 35gr, M = 0.2, Pr = 6.2, K = 0.25, S = 3.2, Ri = 5, B 
= 1. 
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Fig. 13 demonstrates the changes of the velocity, angular velocity, and temperature, versus the similarity variable for the different 
amounts of magnetic ground parameter M [50,51]. It is seen that for increasing of M, the temperature decreases slowly and the velocity 
augments but negligible increasing of angular velocity happens after an inflection point. Decreasing of angular velocity before in
flection point is remarkable. According to Roy et al. [37], when the magnetic ground parameter’s amount rises, the binary nanofluid’s 
velocity rises and its temperature falls. Due to the increase in magnetic ground intensity, the momentum and thermal boundary layers 
thin out a little amount as a result. As in Fig. 6, here we see that the effect of M is greater at the beginning of the graphs, where we are 
closest to the wall. 

Fig. 14 illustrates how the material parameter K affects temperature, velocity, and angular velocity. The solutions expose that with 
the increase of amount of K the velocity decreases but the temperature enhances. Angular velocity again behaves like as we can see on 

Fig. 10. f ′

(η), g(η),andθ(η)for various amounts of m2with m1 = 75gr, A = − 2.5, M = 0.2, Pr = 6.2, K = 0.25, S = 3.2, Ri = 5,δ = 1, B 
= 1.

Fig. 11. f ′

(η), g(η),andθ(η)for various amounts of A with m1 = 75gr, m2 = 30gr, M = 0.2, Pr = 6.2, K = 0.25, S = 3.2, Ri = 5,δ = 1, B 
= 1.
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M, S, m2and K; while it has an inflection point. It augments before that point and reduces after it. Similar results have obtained for 
temperature and velocity by Bhattacharyya et al. [26]. According to Mahmood et al. [50], the temperature profile improves as K rises. 
It is crucial to note that while the thickness of the thermal boundary layer grows as K increases, the influence on the surface tem
perature gradient is quite the reverse [52,53]. It can be shown from the analysis by Khan et al. [54] that the velocity falls off when K is 
elevated. The velocity behavior of the material parameter here is the same as in Fig. 7, but the temperature and angular velocity 
behaviors are different. 

Figs. 15 and 16 show how the Richardson’s number Ri affects velocity, angular velocity, and temperature. Although there is a 
negligible influence of Ri on the flow characteristics, but a bit decrease can be seen on the temperature and angular velocity while a 
little augment in velocity is shown. There is not inflection point on angular velocity profile. Similarly, Lund et al. [22] investigated the 
impact of the Richardson number on the velocity and temperature profiles and resulted in a slight growth in the thermal boundary 

Fig. 12. f ′

(η), g(η),andθ(η)for various amounts of S with m1 = 75gr, m2 = 30gr, M = 0.2, Pr = 6.2, K = 0.25, A = − 2.5, Ri = 5,δ = 1,
B = 1.

Fig. 13. f ′

(η), g(η),andθ(η)for various amounts of M with m1 = 75gr, m2 = 30gr, S = 3.2, Pr = 6.2, K = 0.25, A = − 2.5, Ri = 5,δ = 1,
B = 1.
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layer when Ri is enhanced. Again, as we saw in Fig. 8, the Ri effect on velocity, angular velocity and temperature profiles is very small. 
As it is clear from Fig. 16, the influence of micropolar heat conduction parameter δ on the velocity and angular velocity is very 

weak. Meanwhile, the increasing of δ has a little positive influence on growth of angular velocity profile and it has a bit negative 
influence on velocity. The temperature remarkably decreases with the enhancement of δ. In this regards, higher amounts of the 
micropolar heat conduction parameter can decrease the thickness of thermal boundary layer. In Fig. 9, the additive effect of δ on heat 
transfer was greater than the other cases. Similarly in Fig. 16, increasing δ on temperature has a greater effect than velocity and angular 
velocity. 

Fig. 14. f ′

(η), g(η),andθ(η)for various amounts of K with m1 = 75gr, m2 = 30gr, M = 0.2, Pr = 6.2, S = 3.2, A = − 2.5, Ri = 5,δ = 1, B 
= 1.

Fig. 15. f ′

(η), g(η),andθ(η)for various amounts of Ri with m1 = 75gr, m2 = 30gr, M = 0.2, Pr = 6.2, K = 0.25, A = − 2.5, S = 3.2 ,δ = 1,
B = 1.
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5. Final remarks 

In the current work, a steady laminar thermomicropolar binary nanofluid flow caused by a shrinking sheet with suction and 
convective boundary conditions in the presence of a transverse magnetic ground was studied using a mass-based model. The approach 
is based on the single-phase Tiwari-Das binary nanofluid model, which considers base liquid mass and solid-particle mass in instead of 
first and second solid-particle volume fraction. The dimensional controlling equations of this issue are converted into nonlinear BVPs of 
ordinary differential equations using similarity variables, and the bvp4c function of Matlab is then used to solve them numerically. 
Comparing the results that have already been published and show high agreement serves as validation. Additionally, the influences of 
the significant factors on the thermomicropolar binary nanofluid velocity, angular velocity, temperature distribution, shear stress, 
microrotation gradient, and heat transfer have been investigated through the tabular and graphical findings. Some remarkable con
clusions are described as follows: i) regardless of positive or negative influence, the influences of the increasing of m2, S and K are more 
than M and Ri on the shear stress, the microrotation gradient, and the heat transfer. Moreover, the influence of the augmenting of δon 
heat transfer is drastic; ii) the results demonstrate that the velocity, angular velocity and temperature are impressed, by the aug
menting of K, M,m2,δand Ri. Besides, the increasing of S and A have more influence on velocity and angular velocity than temperature; 
iii) with its many advantages, such as ease of use and the ability to compute thermophysical parameters of thermomicropolar binary 
nanofluids using the masses of both base liquid and solid-particles, the mass-based model may be confidently applied to a variety of 
theoretical issues. 
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