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ABSTRACT ARTICLE HISTORY

The heat transfer between ambient medium and moving material can be Received 8 September 2022
examined by the fluid flow past an impulsively started vertical plate (ISVP). Revised 11 January 2023
In manufacturing processes such as wire/fiber drawing, hot rolling, continu- ~ Accepted 29 January 2023
ous casting, and hot extrusion can be related to the hot moving material
and heat transfer to the gmblent medium. AIsQ, a §|m|lar type. of stud.y Capuito fractional derivative;
addresses the understanding of aerospace engineering applications. This magnetic field: time
present study considers a mathematical model which describes the hybrid fractional; vertical plate
nanofluid past the ISVP by considering the transient term as a fractional

derivative. The fractional order of flow governing equations is derived to

enhance the heat transfer predictions with real-world problems by consid-

ering viscous dissipation, applied magnetic field, and radiation effects. Such

a mathematical model is discretized by a finite difference technique and

solved by a computational algorithm using FORTRAN. The findings of the

study are illustrated using the velocity and temperature profiles. Also, the

heat transfer and fluid friction against the boundary are interpreted using

the Nusselt number and skin-friction coefficient, respectively. The results are

examined under the variation of dimensionless parameters such as Eckert

number, time-fractional order, Grashof number, the fraction of nanopar-

ticles, suction, magnetic, and radiation parameters. It is observed that the

heat transfer and fluid flows are affected by changing the time-fractional

order. Also, a transition in the distribution of velocity and temperature is

detected with varying time-fractional order.

KEYWORDS

1. Introduction

The research on free convection/MHD free convection plays a pivotal role in better understand-
ing the discrepancies in material processing, aerodynamics, phase change problems, cooling of
electronic components, manufacturing processes, power generation systems, and so forth [1-3].
The pioneering research work on the fluid’s flow over a horizontally mounted plate was studied
by Stokes [4] and Stewartson [5]. Soundalgekar et al. [6] examined the electrically conducting
fluid that passes over an impulsively started vertical plate (ISVP) due to the density variation
with respect to free/natural convection effects. They also considered a uniformly distributed
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applied magnetic field along the vertical direction. The study results show that the skin friction
(Cf) augmentation by heating of a plate and decrement while cooling a plate. Kumar and Singh
[7] focused on free convective viscous fluid flow over an ISVP (Stokes problem) with addressing
the thermal diffusion effect along with the heat and mass transfer. It is noted that the Cf
increases for heating the plate and vice versa for cooling the plate. Muthucumaraswamy et al. [8]
derived an exact solution for a viscous fluid to flow over an ISVP under heat and mass flux. The
exact solution shows that the velocity of fluid improves with the Grashof number and heat trans-
fer augments with the higher Prandtl number. Further, Muthucumaraswamy and Vijayalakshmi
[9] interpreted the flow effects due to radiation on natural convective ISVP under heat and mass
flux. The main result shows the reduction of velocity on increasing the radiation parameter.
Palani and Abbas [10] examined the MHD (magnetohydrodynamics) natural convective fluid
flow past an ISVP in the presence of radiation. It is noticed that the temperature drops with the
radiation parameter. Also, the velocity falls with the augmentation in radiation and magnetic par-
ameter. Seth et al. [11] discussed the exact solution of Newtonian fluid flow over the impulsively
moving plate (vertically) due to radiation and MHD natural convection. It is noted that, on
ramped wall temperature, the fluid flow improves with permeability level, radiation, and buoy-
ancy force. However, the magnetic field effect shows the reverse effect. Das et al. [12] studied the
impression of radiation and Newtonian heating on convective flow over a vertical plate. Rajesh
and Chamkha [13] inspected the double-diffusive free-convective flow of fluid over the porous
ISVP. The study considers the plate velocity as exponentially accelerated to its own plane along
with viscous dissipation effects and Newtonian heating. Their findings show that the velocity
gains with the Grashof number and suction parameter. Loganathan and Sivapoornapriya [14]
investigated the natural convective, double-diffusive, unsteady flow on an ISVP under a porous
medium. The study plots show an augmentation in the velocity with increasing Grashof number
and time. In addition, the Nusselt number elevates with the rise in the Prandtl number. Krishna
et al. [15] noticed the second-grade fluid flow velocity and temperature distribution between the
two vertical plates under the influence of chemical reactions and fluctuated sink/source effects. It
is found that the temperature distribution enhances with the heat source parameter and Peclet
number. Also, the flow behavior and temperature distribution of second-grade fluid over the ver-
tical stretching sheet is examined by Krishna et al. [16]. They consider the effects of thermal radi-
ation and thermophorosis during natural convection. It is found that the boundary layer velocity
and temperature increases during augmentation in the radiation effects.

Recently, Krishna and Vajravelu [17] studied the flow analysis of Rivlin—Ericksen liquid past a
moving vertical plate under MHD convection and Hall effects. Krishna et al. [18—-20] conducted a
deep numerical analysis on rotating fluid flow over a vertical plate under free convection, radi-
ation, chemical reaction, Hall effect, Joule effect, Soret effect, ion slip, and applied magnetic field.
It is found that the rotating motion of the fluid increases by the Hall effect. Moreover, the ana-
lysis shows the reduction of flow velocity during the inclination from the vertical plate. Krishna
and Chamkha [21] examined the MHD rotational flow phenomenon of elastico-viscous fluid
between a pair of vertical plates under ion slip, Hall effect, and time fluctuating pressure gradient
condition. Further, Krishna and Chamkha [22] investigated the couple stress fluid pass between
the porous elastic channel due to MHD-free convection with undertaking the slip effects. The
finding shows the reduction of velocity due to the applied magnetic field under elastic conditions
and flow reversal occurs in the middle of the channel. Jha et al. [23] investigated the steady-state
free convective boundary layer flow over a vertically oriented plate with an uneven thermal tem-
perature boundary. It is noted that the temperature boundary layer thickness decreases and verti-
cal boundary layer thickness increases during higher values of the Prandtl number. Krishna et al.
[24-26] explored the influence of Hall and ion slip effects during the free convection flow of
Jeffreys fluid over the porous vertical plate or ISVP. The change in velocity and temperature are
explored under considering various factors such as ramped wall velocity, ramped wall
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temperature, radiation, and applied magnetic field. It is found that the temperature distribution
improves with the radiation and reduces with the Prandtl number. In addition, enhancement of
the flow velocity is noticed with the radiation parameter.

In the above studies, conventional fluids are used to pass over a moving plate/material. But,
conversely, due to the innovation of nanoparticles and their application in several fields, the
research works are continuing with nanofluids (a mixture of nanoparticles with conventional
fluid) [27]. Turkyilmazoglu and Pop [28] explored the flow of nanofluid (Ag, Al,O3 CuO, Cu,
TiO,—water nanofluid) and its heat transfer due to free convection for uniform wall temperature
and heat flux boundary. It is noted that the Copper-based-water nanofluid delivers an admiring
heat transfer as compared to Ag/Al,O3/CuO/TiO,-based-water nanofluids and the Ag-water
nanofluid generates higher shear stress than other nanofluids. The study also concluded that the
radiation effect reduces the Nusselt number and improves skin friction. Loganathan et al. [29]
studied the radiative free convective flow of Ag/Al,Os/Cu/TiO, — water nanofluid past an infinite
plate oriented vertically. The results show the velocity reduction with the radiation parameter and
fraction of the nanoparticles. Moreover, the Ag-water nanofluid is identified as the best nanofluid
among others for heat transfer while radiation. Satya Narayana et al. [30] explored the heat trans-
fer effects of various nanofluids (oxides and metallic-based) as compared to conventional fluids
when it passes over the vertical plate in a rotating system. The heat transfer is found to be
enhanced with the nanofluids than the conventional one under the heat source and radiation
effects. Rajesh et al. [31] analyzed the two-dimensional flow of Ag/Al,O5/Cu/TiO, — water nano-
fluid past ISVP with variable surface temperature. The analysis finds that the Al,Os-water nano-
fluid gives a higher heat transfer rate over the remaining nanofluids and the Ag-water nanofluid
delivers less heat transfer. In a subsequent study, Rajesh et al. [32] extended their analysis by
applying the external magnetic field. It is found that the Nusselt number and skin friction coeffi-
cient decreases upon elevating the magnetic parameter for all nanofluids. In addition, under the
impact of magnetic field effects, heat transfer by Cu—water nanofluid is high. The effects of partial
slip and MHD-radiation on gyrotactic microorganisms within the Jeffrey nanofluid over the
stretching sheet are discussed by Kumaraswamy Naidu et al. [33]. It is noted that the velocity
enhances with the radiation parameter during a slip and no-slip conditions. Rana et al. [34]
focused on the nanofluid flow over a vertical plate due to nonlinear convection and nonlinear
radiation under nanoparticle aggregation kinematics. From the study, it is noted that the velocity
of nanofluid rises by considering nonlinear convection/radiation. From the studies of Jino and
Kumar [35, 36] also it is evaluated that the nonlinear convection parameter improves the convec-
tion heat transfer behavior. Apart from this, the effects of nonlinear radiation on a couple stress
nanofluid over the stretching surface is examined by Satya Narayana et al. [37]. It is found that
the radiation parameter enhances 10% of the mass transfer rate and 16% of the heat transfer rate.
Further, Satya Narayana et al. [38] analyzed the impact of chemical reactions on a couple stress
nanofluid over the stretching surface. The chemical reaction parameter improves the concentra-
tion distribution and thus makes the improvement in the flow velocity. Krishna and Chamkha
[39] discussed the natural convective flow velocity and temperature distribution of Ag and TiO,-
based water nanofluid over the vertical plate under the influence of thermal radiation, absorption,
chemical reaction, Hall effect, thermos-diffusion, ion slip, and applied magnetic field. The results
show the reduction of the thickness of the nanofluid’s thermal boundary layer when augmenting
the radiation-absorption effects. Kumar et al. [40] examined the MHD convection flow of
MWCNT-water nanofluid within the square porous cavity and found that the carbon-based nano-
fluid also enhances heat transfer when heated evenly over the wall. Kumar et al. [41] considered
a Cu-water nanofluid for the investigation of flow over ISVP due to MHD convection along with
the viscous dissipation and radiation effects. The investigation shows the decreasing trend of
Nusselt number for an increase in the effect of radiation and applied magnetic field. Huang et al.
[42] conducted a numerical study to explore the heat transfer of C,HgO,-Al,03 nanofluid over a
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curved surface under MHD radiative-convection effects. It is noted that the velocity or convection
heat improves with the convection effects.

The usage of various nanoparticles (metallic, ceramic, semiconductor, magnetic, organic, and
carbon-based nanoparticles) in a conventional fluid is due to their extraordinary thermophysical
properties and application in various fields [43-46]. Hence, it is noted that the combination of
various nanoparticle waves in enhancing thermophysical properties, and thus, choosing proper
hybrid nanoparticles strengthen each other by their abilities [47, 48]. For instance, Tullius and
Bayazitoglu [49] observed the enhancement of absorption properties and wavelength spectrum by
using hybrid nanofluid for solar application than the normal nanofluid. Venkateswarlu and Satya
Narayana [50] examined the heat transfer process during the fluid flow (water/nanoparticle-
water/hybrid nanoparticle-water) over the stretching sheet during variable viscosity due to tem-
perature and viscous dissipation. It is noted that the heat transfer profiles are improved with the
nanofluids and further enhanced by the hybrid nanofluid. Manaa et al. [51] compared the heat
transfer rate of normal and hybrid nanofluid flow over the cubical cavity under double-diffusive
free convection and micro rotation. It is observed that the hybrid nanofluid provides a better
heat transfer than the normal one. Mabood et al. [52] studied the stagnation flow over the surface
by considering the nonlinear radiation effects along with the MHD free convection. The study
shows the enlargement of the momentum boundary layer when increasing the effect of an applied
magnetic field. Eid and Al-Hossainy [53] fabricated the zirconium dioxide-molybdenum disul-
fide-propylene glycol hybrid nanofluid and studied the thin film flow and heat transfer behavior.
It is noticed that the propylene glycol-based hybrid nanofluid delivers higher heat transfer espe-
cially when the volume fraction of zirconium dioxide is increased. Recently, Chadi et al. [54]
were involved in analyzing the heat transfer impacts of Al,Os-Cu-water-based nanofluid with
respect to the geometric wall shapes in a cavity. The analysis confirms the impact of geometric
shapes on heat transfer. Muhammad et al. [55] made a comparative study on the mixed convective
flow of MWCNT-H,O nanofluid, pure H,O, and MWCNT-Cu-H,O nanofluid past over a curved
surface. From the study, it is noted that the Nusselt number is higher for hybrid nanofluid and less
for water. Mahdy et al. [56] investigated the micropolar hybrid nanofluid (Al,Os-Cu-water hybrid
nanofluid) flow over porous media saturated vertical plate due to MHD-free convection in address-
ing internal heat generation and radiation effects. The investigation result shows the reduction of
Nusselt number for the addition of the volume fraction of the hybrid nanoparticles and magnetic
force. Khan et al. [57] explored the heat transfer and flow field velocity of Al,Os-Fe;04-water
hybrid nanofluid over the stretching or shrinking surface due to convection along with the quad-
ratic velocity and thermal slip. The increment of the volume fraction of nanoparticles uplifts the
temperature and reduces the fluid flow.

The research on fractional calculus in engineering and science applications is increasing in the
field of fluid dynamics, biological engineering, signal processing, electrochemistry, quantum
mechanics, and so forth. [58—61]. Murio [62] discussed the FDA-based implicit system for obtain-
ing the solution for a time-fractional (Caputo-based) dispersion equation. The implicit scheme is
stable under all conditions and is convergent. Onal and Esen [63] obtained the FDA-based simu-
lation results for the time-fractional burger equation using the Crank—Nickolson scheme. They
also illustrated the accuracy of the numerical solution by comparing it with the exact solution.
Shen et al. [64] investigated the time-fractional boundary layer flow of viscoelastic liquid over a
stretching surface due to MHD-radiative convection. It is noted that the wall shear stress and Nusselt
number decline with the increase in fractional parameters. In addition, the Nusselt number decreases
for increasing thermal radiation parameters. Vieru et al. [65] explored the viscous fluid flow over a
vertical plate due to fractional time-based free convection with Newtonian heating, chemical reaction,
and concentration diffusion. The plotted graphs show that the concentration effects, temperature dis-
tribution, and fluid velocity enhanced with an increase in the time-fractional order. Imran et al. [66]
focused on the convective flow analysis of second-grade fluid (incompressible fluid) flow over the
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vertical plate by considering chemical reactions as well as Newtonian heating. The Caputo-based
time-fractional derivatives are considered and noted that the fluid velocity rises with the fractional
order. Azhar et al. [67] examined the flow characteristics of nanofluids (Ag, Al,O3;, CuO, Cu, TiO,
—H,0 nanofluid) past the vertical surface due to time-fractional free convection with heat generation,
absorption, and flux effects. The study considers cylindrical and spherical-shaped nanoparticles for
the analysis. The results reveal that the thinner boundary layer is noted for decreasing the fractional
order. Also, during the augmentation of a nanoparticle’s fraction, the spherical-shaped nanoparticles
deliver higher heat transfer. Abro et al. [68] discussed the fractional boundary layer flow of nanofluids
(AlyO3, Cu, TiO, — ethylene glycol nanofluid) past through a porous accelerating plate due to MHD
convection. They used Atangana—Baleanu and Caputo—Fabrizio as a fractional model and compared
the results. Sarwar et al. [69] analyzed the MHD convective flow of viscous liquid over the vertical sur-
face (exponentially moving) in the presence of heat generation and slip at the boundary. The results
show that the reduction of velocity on increasing the fractional parameter and improvement in velocity
is noted on increasing the Grashof number. Recently, Doley et al. [70] investigated the effect of time-
fractional order on the free convection flow over an ISVP under the influence of viscous dissipation.
Shah et al. [71] analyzed an unsteady time fractional-based convection flow past a vertically oriented
cylinder. The study mainly focused on the motion of fluids with respect to changes in time-fractional
order.

As revealed from the above references, the studies are made to illustrate the flow of convec-
tional fluids or nanofluids to pass over the ISVP. Still, the studies based on various types of
hybrid nanofluids to pass over the ISVP has to be examined. Since the research is moving toward
the refinement or development of results against real-world problems, studies based on fractional
models have to be incorporated. So, the current study focuses on the hybrid nanofluids (metallic-
metal/metal-ceramic/metal-carbon/metal-oxides-based water hybrid nanofluid) to past an ISVP
under free convective time-fractional transient conditions. The study is further enlightened by
considering the effects such as radiation, magnetic field, and viscous dissipation, respectively. The
methodology of the present study is illustrated in the following flow chart.

| Literature Survey |

l

Problem Identification |

Metals based

nanoparticle (Cu) l
Hybrid Nanofluid Selection H Water based nanofluid |

nanoparticle (ALO,)

Discretization

Ceramic based
Numerical Solution
l Scheme ‘

Finite Difference Crank—Nicolson

Method Validation of Results | based Implicit
I e J— Numerical Simulation . Bound diti
t
| Innzal epndiuon (Time fractional flow governing equations) Sungary. conciion ‘

| Velocity l Temperature ‘
Results
| Skin Friction l Nusselt number ‘

Conclusion |

2. Problem description

The ISVP is located perpendicular to the y direction and along the z direction as illustrated in
Figure 1. Since the ISVP is considered to be infinite in length, the nanofluid flow is presumed to be
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Figure 1. Physical representation of the problem.
Table 1. Properties of nanoparticles and water.

H,0 MWCNT Al,05 Cu TiO, Ag
q kg=m® 997.1 1600 3970 8933 4250 10500
Cpdl=Kg Kp 4179 796 765 385 686.2 235
koWw=m Kp 0.613 3000 40 401 8.9528 429
bdl=kKp 10 5 21 19 0.85 167 0.9 1.89

a function of the single space variable (y). In the first instance of time (t  0), the surface/plate and
hybrid nanofluid are considered immobile with even temperature, T4 : With the advancing time,
the plate is subjected to moving impulsively with even velocity, up, and resisting gravity, g: Where
the gravity is oriented downwards along the z direction. In addition, the temperature of the plate is
considered as hot (Ty). Various combination of hybrid nanofluids is employed to pass over the ISVP.
The various combination of water-based hybrid nanofluids are metal-metal (Cu-Ag-H,O hybrid nano-
fluid), metal-ceramic (Cu-Al,0s-H,O hybrid nanofluid), metal-carbon-based (Cu-MWCNT-H,O
hybrid nanofluid) and metal-semiconductor (Cu-TiO,-H,O hybrid nanofluid). The properties of the
aforementioned nanoparticles and base fluid are enumerated in the Table 1

To examine the flow, some of the assumptions are considered to derive the flow equations.
The assumptions are,

The effects due to Hall current, electrical resistance heating, and ion slip are omitted.

The study is considered to be laminar flow and the nanoliquid is incompressible in nature.
The effects due to ohmic heating are neglected.

The viscous dissipation and radiation effects are included.

Since the vertical plate is expanded infinitely, the flow field and the temperature are the func-
tions of spatial variables (y alone) and time.

An applied magnetic field (By) is applied normally to the ISVP. But, the energy due to an
induced magnetic field is very small and thus neglected.

No slips are accepted in between the H,O and hybrid nanoparticles. Moreover, these H,O and
nanoparticles are in thermal equilibrium and thus considered both the H,O and nanoparticles
flow with the same velocity.

The flow of a hybrid nanofluid is entertained as a single-phase fluid.

Also, the shapes of nanoparticles are considered spherical.
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With affirming Boussinesq approximations, the system of dimensional equations is given as
[41, 67]:

g—;% 0 (1)
1
@u., @u @%u rB2 0aBPy ¢
—bv— Y% -— oup 0T Taqb 2
ot b gy ™ ay? Qi P Qhnt ) * @
1
@Tb 0T, kmt  @°T 1 @ar bt Qu ? 3)

_ V_ i ——— _ _
0t = @y  8qCpb,, 0@y 0aCpb,; @y T 8aCyp, . @y
where the dependent variables such as u and T denote the velocity and temperature, respectively.
The g, represents a radiation heat flux in the energy equation. Which can be rewritten using
Rosseland approximation as

4r  @T*
Y, 4
ql' 4 3ak @y ()
r, in Eq. (4) symbolizes the Stefan—Boltzmann constant and ax symbolizes the mean absorption

guantity.

By considering finer temperature change, the term T* can be entertained as a linear tempera-
ture function. Thus the term T* is elaborated via Taylor’s series about to T+ : And also, by ignor-
ing the order of higher terms, we get

T4 4173 3T (5)
Thus, updated Eq. (3) is given as, ;
k 2 3 2 I 2
%_I V?@_; % o @@TI b 6qctbhnf 16;11 @@TI P S g_; ©
The corresponding boundary and initial values for the past ISVP are given by [32, 41],
u%0, T%Tq, t O (7
Att>0; u%uy, T%T,fory¥s0andu ¥ 0, T ¥ T4 fory ¥ 1 (8)
Also, from Eqg. (1),
VY Vg 9)

where, vy is the nonvarying suction velocity and vy > 0: The minus sign illustrates that it is
toward the plate.

The contribution of the hybrid nanofluid in the governing equation is narrated with the sub-
script hnf. Thus, the properties of nanofluid’s viscosity, density, capacitance, thermal expansion
coefficient, and conductivity are ruled by / (nanoparticles volume fraction).

I
Doy Y6 ——P (10)
T
> =<
Ohnf %4 0ot Gt ZibPdy 7 (11)
> >
09Coby ¢ ¥4 80Cob,,  8ACoP /i P ACob,, /i (12)

X X
dcibb, Vs Oqbby  dabby, /i pdabb,, 7, (13)
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where the mixture of hybrid particles are represented as,
P
/P, 30
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i
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The involvement of the following dimensionless parameters makes the flow guiding equations
nondimensional. The dimensionless parameters are,

u
51/4% UI/AU—0
f
Uoy T Ta
Yy =2 A
f hl/Th Ta
pr 13, 0 1Pt Gr v, (NG TaP
ar f ) Uy
1, —
Ya m M Y I’Bozf
5 1gfu9r3
Uo sy
Ec V4m Rd ¥4 Koo
The dimensionless form of the equation as,
dobby,

1 995y
oU QU 1 1 92U /b7
— Y = h i——p-h —GrT
Os @Y 81 NP1 sps o0V 1 /ps ¢

bf bf
1 .
h g, ¥MU (19)
1 /p/ W
! !
@h  @h v, 1 kprRd  Kpnt 1 1 @%h
S Ely, Zhnf el
@S @Y khnf kbf 39Cph, Pr @YZ
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1 Ec ou ’
b 7 W, @Y (20)
P
1 /p/ T,

The study based on fractional ordered derivatives is essential due to the accuracy of engineer-
ing problems against the experimental results [67]. Thus, the governing equations to represent
the nanofluid flow over an ISVP with an integer time transient derivative is replaced with the
noninteger (k) order. The k in time derivatives term within the flow governing equation illus-
trates the time-fractional transient flows. The corresponding noninteger order of the derivatives is
represented using the Caputo fractional relation [72].



32 . S. DOLEY ET AL.

8 3,
=1 1 @lay,tb  @g
if 0>k=>1,
@k!ay,tb1/4 CiL kP o @g ot gp* 1)
K Tay,t
‘ Zit kyy, LU0

The updated dimensionless governing equations are,
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The respective nondimensional initial/boundaries are,

U%0, h%0, s 0

(29)
U%1 h%1, Y%0

Uso hwoyusa 570

(30)
The dimensionless skin friction (Cf) from the velocity field at the boundary and local Nusselt
number (Nu) from the ratio of convection to conduction at the boundary.
1 U
Ctvs—P——r — 31
o 76 Y e 31

k
Nuv < ON

32
Kt @Y vy (32)

3. Numerical solution

The time-fractional dimensionless Egs. (19) and (20) are discretized in terms of finite difference
techniques [73] and executed implicitly [62, 63]. The execution of the FORTRAN algorithm is
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Figure 2. Code validation against the analytical solution.

done using an i7-4 core central processing unit with a base speed of 2.81 GHz. For better refine-
ment of the results, four thousand equally spaced grids are assigned.

The verification of computational code is done against the available analytical solution that illus-
trates the flow of velocity with respect to ISVP due to free convection. In this regard, Figure 2 rep-
resents the comparison of derived numerical results with the analytical solution by
Muthucumaraswamy et al. [8]. The compared velocity profiles are good in agreement with each
other.

Further, the fractional derivative-based nonlinear partial differential equation (time-fractional
Burger’s equation) is solved by using similar implicit-based finite difference techniques [62, 63].
The fractional derivative (Caputo-based) term is discretized as

@k 18Y;, Skp1P , ddsp™® ¢ X 13Yi,Skp1 jb 1oYi, Sk jb
@sk 0C02  kbp 40 ds

6] b 1pl:0 k 6jp1:0 k (33)

The exact solution to represent the time-fractional Burger’s equation d@XU=@t< o UQU=@Y %
@2U=@Y? p faY, tbb is given by [63, 74],

UdY, tb ¥ t’cos pY (34)

The source term fdY,tP to represent the fractional order in Burger's equation. The term fdY,tb
is determined and given as

2t2 KcospY

1
fay,th ¥ i3 Kb

ptcos8pYPsindpYP b p?t2cosdpYb (35)

Thus, the numerical solution of time-fractional Burger’s equation is obtained and compared
against the exact solution. Table 2 illustrates the comparison and found that the numerical scheme
is stable and convergent.

4., Results and discussion

The results session explores the investigation of time-fractional MHD natural convection flow of
hybrid nanofluid (Cu-Ag-H,0/Cu-Al,03-H,0/Cu-MWCNT-H,0/Cu-TiO,-H,0 hybrid nanofluid)
over an ISVP. Also, the investigation appraises the effects of radiation and viscous dissipation. The
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Table 2. Comparison of numerical solution against the exact solution (Eq. (34)).

Y t%0:1 t ¥4 0:25 t % 05

Distance  Exact solution ~ Numerical solution  Exact solution ~ Numerical solution  Exact solution  Numerical solution
0:0 0:01 0:01 0:0625 0:0625 0:25 0:25

0:1 0:00956466 0:00956779 0:05977039 0:05964867 0:23905614 0:23909467
0:2 0:00827712 0:00827537 0:0517146 0:05175358 0:20680603 0:20678431
0:3 0:00625125 0:00625956 0:03904495 0:03905974 0:15610234 0:15613896
0:4 0:00366665 0:00365475 0:02288442 0:02271721 0:09144004 0:09156886
0:5 0:00075253 0:0007519 0:00466631 0:0046494 0:01855561 0:01879762
0:6 0:00223268 0:00221796 0:01399347 0:0138623 0:05608403 0:05614912
0:7 0:00502444 0:00502315 0:03144045 0:0314322 0:1258576 0:12632864
0:8 0:00737567 0:00736071 0:04612907 0:0461544 0:18457922 0:18551765
0:9 0:00907884 0:00908013 0:05676052 0:0567696 0:22704971 0:22607831
1 0:01 0:01 0:0625 0:0625 0:25 0:25
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Figure 3. Velocity and temperature distribution along Y for various hybrid nanofluids such as Cu-Ag-H,O dsolid lineP,
Cu-Al,03-H,0 ddash lineP, Cu-MWCNT-H,0 ddotted lineP, and Cu-TiO,-H,O ddash  dotted lineb hybrid nanofluids at dap
k% 0:2, dbp k ¥4 0:4, dch k ¥ 0:6, ddb k ¥4 0:8, deb k ¥4 1:0:

results are obtained in the range of Gr % 2:5t0 10, % 0:2to0 0:5, Rd ¥ 0:1 to 3, / ¥ 0:01 to 0:04,
% 0:01 to 0.3, M ¥ 1 to 10, and k % 0:2 to 1:0, respectively. The present study considers / ¥4
/;: Where i is considered as 2 because of the combination of two different types of nanoparticles

with water and becomes a hybrid nanofluid. The study is carried out under the even distribution of

nanoparticles. For example, if / ¥ 1%, the presence of each nanoparticle volume fraction in the

hybrid nanofluid is /; ¥ 0:5% and /, ¥4 0:5%:

The transient temperature and velocities of Cu-Ag-H,O, Cu-Al,03-H,0, Cu-MWCNT-H,0,
and Cu-TiO,-H,O hybrid nanofluid with respect to the change in time-fractional order are illus-
trated in Figure 3. The temperature distribution improves with k until it reaches critical distance at
Ec¥0:l, MY 1, /%002, Rd¥1, Gr¥%5, and ¥ 0:2: Similarly, it is noted that the velocity
also increases with respect to k and depreciation occurs further away from the critical position.
Here the critical position is found between Y % 1 and Y ¥ 2: The velocity of the Cu-TiO,-H,0
hybrid nanofluid is lower as compared to the other hybrid nanofluid. Also, the peak velocity
attained adjacent to the boundary is more for k % 1 and reduces with a decrease in k: The transi-
tion in velocity after the peak position is also more with k ¥ 1 less with k ¥4 0:2: Moreover, the vel-
ocity reaches zero at an earlier distance Y for k%1 than k<1: As compared to U, the
temperature reduces to zero with a lesser distance of Y:

Figure 4 depicts the variation of U and h at Ec %4 0:1, Rd % 1, Gr %5, / ¥4 0:02, and ¥4 0:2:
An illustration of the results is highlighted for Cu-Al,Os-H,O hybrid nanofluid when the fractional
order is k ¥4 0:55, 0:75, and 0.95, and magnetic parameters as M ¥ 1, 5, and 10, respectively. At
M ¥4 1, the velocity of nanofluid flow rises near the boundary and descends further until reaches
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Figure 4. Velocity and temperature distribution along Y for Cu-Al,03-H,0 hybrid nanofluid on k % 0:55 dsolid linep,
k ¥4 0:75 ddash linep, and k ¥4 0:95 ddash dotted linep at dap M % 1, dbb M Y45, dcb M Y% 10:
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Figure 5. Velocity and temperature distribution along Y for Cu-Al,03-H,0 hybrid nanofluid on k ¥ 0:55 dsolid lineP,
k ¥4 0:75 ddash lineP, and k % 0:95 ddash  dotted linePat dab Ec % 0:01, 8bP Ec % 0:1, cP Ec % 0:2, ddP Ec % 0:3:

zero (approximately when Y %4 4). However, when the value of M augments to 5 and 10, there is
no rise in velocity is noticed and only a continuous fall of U occurs. In addition, the nanofluid vel-
ocity decelerates quickly at a shorter distance when the magnetic parameter value is increased.
Thus, the Lorentz force dampens the hybrid nanofluid flow velocity by augmenting M: Apart from
this effect, the fractional order alters the velocity by varying k: At M ¥, 1, the peak velocity adja-
cent to the boundary is higher for k ¥4 0:95 and lesser for k ¥ 0:55: However, after the critical dis-
tance (between Y Y21 and Y ¥ 2), the reverse behavior happens (U is lesser when k % 0:95). The
same behavior occurs with higher M but the intensity of variation in U is less as compared to the
lower value of the magnetic parameter. In the case of temperature distribution, the h continuously
falls to zero with a smaller distance as compared to U: Initially, the temperature distribution
increases with M until it reaches the critical position. Further the critical position, h decreases with
M: The impact of k on h is similar to the velocity distribution. However, the impact of k on h is
lesser as compared with U:

The variations in Cu-Al,03-H,O hybrid nanofluid’s U and h for change in Ec are observed in
Figure 5at M %1, Rd¥% 1, /% 0:02, ¥%0:2, and Gr % 5: The viscous dissipation effects and
time-fractional order are varied as Ec ¥4 0:01, 0:1, 0:2 0:3, and k ¥ 0:55, 0:75, 0:95, respect-
ively. The velocity profile rises and attains the peak velocity initially near the boundary and fur-
ther monotonically decreases. The peak velocity increases with an increase in Ec: This is due to
the nanofluid’s driving force and an enthalpy variance of the boundary layer. A force acts against
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Figure 6. Velocity and temperature distribution along Y for Cu-Al,03-H,0 hybrid nanofluid on k ¥ 0:55 dsolid lineP,
k ¥4 0:75 ddash lineP, and k ¥ 0:95 ddash  dotted lineP at dab Gr % 2:5, dbP Gr %5, P Gr % 7:5, ddP Gr ¥ 10:
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Figure 7. Velocity and temperature distribution along Y for Cu-Al,03-H,0 hybrid nanofluid on k % 0:55 dsolid lineP,
k ¥ 0:75 ddash lineP, and k ¥ 0:95 ddash  dotted lineP at dab % 0:2, 0bP %4 0:3, dcb % 0:4, ddP % 0:5:

the viscosity of the hybrid nanofluid and causes an enhancement in both U and h: With respect
to the velocity changes, h also improves with the viscous dissipation effects. Apart from the vis-
cous dissipation effect, the time-fractional order also advances the profiles of U and h: The peak
value of U also increases too. The change in k leads to improving the temperature and velocity
distribution until the critical position and further the critical position, reverse behavior is noted.
The critical position or transition position is found in between the distance Y %1 and Y % 2:
The reverse trends in both U and h are noticed after crossing the critical position.

The profiles of U and h of a Cu-Al,03-H,0 hybrid nanofluid at M %1, R% 1, Ec¥%0:1, Y
0:2, and 7/ % 0:02 are illustrated in Figure 6. The plots are illustrated by changing the Gr
(2:5, 5, 7:5, and 10) and k (0:55, 0:75, and 0:95). At Gr ¥ 2:5, the velocity is found to be
monotonically decreasing from the boundary. However, by increasing Gr, the velocity rises ini-
tially away from the boundary and further monotonically decreases. The position of peak velocity
moves away from the boundary by increasing Gr: A higher Gr makes the hybrid nanofluid’s vel-
ocity attain zero velocity at a longer distance. This advancement in the velocity distribution is
due to an acceleration in the buoyancy force. An increment in the Gr makes the thermal buoy-
ancy act against the viscous hydrodynamic force. Therefore, the heat conducted away from the
vertical plate increases and causes an improvement in h distribution. The role of k is to alter the
flow of U and h: The peak position of the velocity is more for higher k and lower for smaller
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Figure 8. Velocity and temperature distribution along Y for Cu-Al,03-H,0 hybrid nanofluid on k ¥ 0:55 dsolid lineP,
k ¥ 0:75 ddash lineP, and k ¥4 0:95 ddash  dotted linePat dap R % 0:1, 0bP R¥ 1, dcb R% 2, 0dP RY%3:
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Figure 9. Velocity and temperature distribution along Y for Cu-Al,03-H,0 hybrid nanofluid on k ¥4 0:55 dsolid lineP,
k ¥4 0:75 ddash lineP, and k ¥ 0:95 ddash dotted linePat dap / ¥4 0:01, dbP / % 0:02, ocb / ¥4 0:03, ddb / ¥ 0:04:

values of the k: But, away from the critical position (i.e. between Y ¥ 1 and Y % 2), the velocity
decreases with increasing the time-fractional order. The effect of k is more on higher the Grashof
number. In addition, the critical position or transition region occurs sooner for increasing the
Gr: The same trend is noted for h variation with the time-fractional order.

The influence of suction parameter 6 b on Cu-Al,O3-H,O hybrid nanofluid’s U and h due to
ISVP at Rd % 1, Ec ¥ 0:1, Gr %45, M ¥ 1, and / ¥ 0:02 are depicted in Figure 7. The profiles
are reviewed under the influence of time transient fractional order. An improvement in the effects
of suction causes the pulling reaction toward the wall. This makes shear reduction and thus
increasing facilitates the flow velocity reduction within the boundary layer. Further, the suction
effect reduces the peak velocity. The profile of h monotonically decreases from the boundary and
this h distribution is further affected by : Apart from this suction parameter, the k also plays a
crucial role in U and h: For instance, at k %2 0:55 and ¥4 0:1, the peak velocity rises a little adja-
cent to the boundary. Moreover, at k % 0:75 and 0:95, the peak velocity improves further as
compared to a smaller value of k: The U profile advances with k until it reaches the critical pos-
ition and decelerates away from the critical position as k increases. Also, the critical position or
transition phase is delayed with an increasing : The transition region occurs between Y % 1 and
Y Y, 2: Similar to the velocity, the distribution of h also improves with the k: There is no rise in
h occurs with the and only continuous deceleration takes place from the boundary.
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Figure 10. Nusselt number and skin friction for Cu-Al,03-H,O hybrid nanofluids at Gr % 2:5, Ec ¥ 0:1, / % 0:02,
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Figure 12. Nusselt number and skin friction on hybrid nanofluids for various Ec at % 0:2, Gr %5, M¥%1, Rd %1,
and / ¥ 0:02:

An effect of radiation on Cu-Al,O3-H,O hybrid nanofluid’s U and h at Ec ¥4 0:1, Gr %5, Y
0:2, M¥%1, and / ¥ 0:02 are shown in Figure 8. The results are differentiated by changing the
radiation parameter (Rd ¥4 0:1, 1, 2, 3) and time-fractional order (k % 0:55, 0:75, 0:95). The
magnification of Rd leads to enhancement in the distribution of U and h: Also, improves the dis-
tance traveled. This is due to the increment in surface heat transfer. Apart from the radiation
effect, k influences the U and h: The peak position of the velocity is magnified with an increase
in both Rd and k: An increase of k improves the velocity and further after critical position causes
the decrement. The critical position of U in between Y Y21 to Y ¥ 2: However, the critical pos-
ition of the temperature distribution varies between Y <1 and Y % 2: The combination of Rd
and k strongly influences the thermal boundary layer.

The alteration in U and h of Cu-Al,O3s-H,0 hybrid nanofluid by adding the hybrid nanopar-
ticle is illustrated in Figure 9. The addition of nanoparticles varied from 0% to 4%: Initially when
/ ¥.0:0 (i.e., at 0%), there is no presence of any nanoparticles. At this stage, a small rise in vel-
ocity adjacent to the plate and further continuous reduction occurs. If changing the values of /
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Figure 13. Nusselt number and skin friction on hybrid nanofluids for various Gr at % 0:2, M%1, Ec%0:1, Rd ¥ 1,
and / ¥4 0:02:

from 0:01 to 0:04, the presence of Cu and Al,O3; nanoparticles in water increases evenly and
leads to a small reduction in U profile. This is due to an improvement in the nanofluid’s viscosity
with respect to the addition of nanoparticles. The viscosity dampens the flow velocity. But, a
small improvement in the h distribution is noted with /: An increment in temperature distribu-
tion is due to the addition of hybrid nanoparticles. The addition of hybrid nanoparticles improves
the thermophysical property. Particularly, the thermal conductivity of the hybrid nanofluid
increases. This causes a smaller rise in the temperature distribution. In addition to variation in
/, change in k from 0:55 to 0:95 increases U and h up to the critical position and further
declines it. For instance, the velocity profile initially increases high when k % 0:55 and away from
the critical position, the velocity reduces than the velocity at k > 0:55: The critical position is
found between Y ¥4 1:3 and Y ¥4 1:5:

The impact of time-fractional order on Nu and Cf at Gr %5, Rd¥a1, /% 0:02, MY 1,
Ec % 0:1, and ¥ 0:2 are indicated in Figure 10. The fall of Nu is noted with advancing time.
This can be justified by comparing with variation in Cf: Along with a decrease in Nu, an
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Figure 14. Nusselt number and skin friction on hybrid nanofluids for various at M¥% 1, Gr %5, Ec%0:1, Rd ¥4 1,
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improvement in Cf is due to an enhancement in the convection phenomenon. This indicates the
reduction in the conduction-based heat transfer rate. As time progress, the fluid velocity by con-
vection improves the Cf of hybrid nanofluid and inturns cause the reduction in conduction
effects. In the time transient process, the time-fractional order also influences the Nu and Cf: As
time progresses, the higher Nu is noticed with k % 0:55 and the lower Nu is noticed with k %
0:95: However, as time progresses, the Cf increases and a higher Cf is noticed with k ¥4 0:95:
This illustrates that the convection-based heat transfer is more evident with higher fractional
order.

Figure 11 represents the Nu and Cf of different nanofluids for various M (1, 5, 10) and k
(0:55, 0:75, 0:95) at Ec ¥4 0:1, Gr ¥ 5, /% 0:02, %0:2, and Rd % 1. The reduction in Nu is
observed overall by increasing the magnetic parameter. Moreover, Cf values were also found to
be decreasing. As the dampening effect in the nanofluid’s motion increases, the heat transferred
by the nanofluid gets affected. Overall, the Nu is more for Cu-Al,O3-H,O hybrid nanofluid and
less for Cu-Ag-H,O hybrid nanofluid. The heat transfer rate is decreased with increasing k: At
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k ¥ 0:55 and M ¥4 10, it is noted that the Cu-MWCNT-H,O hybrid nanofluid is more affected
by the magnetic field. But, in the case of skin friction, the Cu-MWCNT-H,O hybrid nanofluid is
less affected. Precisely, it is noted that the Cu-Ag-H,O hybrid nanofluid has lesser Cf than other
hybrid nanofluids.

The impact of viscous dissipation on Nu and Cf at Gr %5, /% 0:02, %02, M%1, and
Rd ¥ 1 are depicted in Figure 12. It is noticed that because of fall of temperature between a plate
and next available nanofluid layer, the fall of Nu with respect to increase in Ec: However, the
profiles of Cf augment with Ec: This is due to the plate’s adjacent hybrid nanofluid layer advanc-
ing the temperature with Ec and thus enhancing the randomness of molecules within the bound-
ary. Apart from the effect of viscous dissipation, the Nu reduces with increasing k: In every case,
the higher Nu is observed with selecting Cu-Al,03-H,O hybrid nanofluid as a working fluid.
Further, less heat transfer is found for the Cu-MWCNT-H,0O, Cu-TiO,-H,0, and Cu-Ag-H,O
hybrid nanofluid. Also, with higher time (s % 1), lesser Nu is noted in every case. The fluid
motion improves by increasing Ec, k, and s. This illustrates that the conduction-based heat trans-
fer reduces with advancing viscous dissipation, time-fractional order, and time. While increasing
the viscous dissipation effects, the skin friction profile indicates that the higher Cf is noted as an
order of Cu-MWCNT-H,0, Cu-Al,03-H,0, Cu-TiO,-H,0, and Cu-Ag-H,O hybrid nanofluids,
respectively.

Figure 13 depicts the profiles of Nu and Cf with modifying s, k, and Gr at / ¥ 0:02, Y%
0:2, M¥% 1, Ec¥%0:1, and Rd ¥ 1: In the case of heat transfer, it is noticed that the Nu increases
up to Gr increases to 7:5 when s ¥ 0:5: However, at s ¥ 1, the Nusselt number increases until
Gr ¥ 5 and further decreases. Similar behavior is found for k ¥ 0:55, 0:75, and 0:95: At a higher
Grashof number dGr % 10p and every k, Cu-Al,O3-H,O hybrid nanofluid delivers a higher Nu,
second, the Cu-TiO,-H,0O hybrid nanofluid, further the Cu-Ag-H,O hybrid nanofluid and finally,
Cu-MWCNT-H,0 hybrid nanofluid delivers lesser Nu: The figure also illustrates that initially at
lower Gr, hybrid nanofluids have lesser negative skin friction or lower skin friction. By advancing
Gr, the Cf enhances abruptly. This is because of a higher nanofluid’s motion due to the action of
buoyancy force against the viscous force. As time progress, the buoyancy force improves the
motion and causes higher Cf at s %1 than s % 0:5: At higher Gr, Cu-MWCNT-H,O hybrid
nanofluid has higher skin friction than other hybrid nanofluids.

The profiles of Nu and Cf with varying suction effects at Gr ¥4 5, M ¥ 1, Ec ¥ 0:1, / ¥ 0:02,
and Rd ¥% 1 are highlighted in Figure 14. By improving from 0:2 to 0:5 makes the increment in
Nu for every k: But, at lower k, the value of Nu is more than the higher k: The increment in Nu
is due to the improvement in the temperature between the nanofluid layer and a plate. This rise
in heat transfer rate is by means of conduction-dominated flow. When the flow is affected by suc-
tion effects, the Cu-Al,O3-H,O hybrid nanofluid provides higher Nu and the Cu-Ag-H,O hybrid
nanofluid provides lesser Nu: In the case of nanofluid motion, the hybrid nanofluid flow is
affected with  (ref Figure 7). This makes the reduction boundary layer flows, and thus, causes Cf
to fall with the suction parameter. At s % 0:5, there is negative Cf is noticed. By increasing s %
1, the skin friction coefficient improves further which is advanced with augmenting k: The skin
friction coefficient under the influence of and k, Cu-Ag-H,O hybrid nanofluid has lesser Cf
and Cu-MWCNT-H,0O hybrid nanofluid delivers higher Cf:

A radiation effect by electromagnetic waves impacts the hybrid nanofluid flow over an ISVP.
The heat transfer and skin friction due to these radiation effects are illustrated in Figure 15. The
figure is examined by varying the radiation parameter as well as time-fractional order with transi-
ent time (s% 0:5and 1) at Gr %45, M %1, Ec % 0:1, / % 0:02, and % 0:2: As the electromag-
netic waves support the improvement of a convection-based phenomenon, the conduction-based
heat transfer gets affected by increasing the values of Rd: This can be evident by comparing the
Cf with respect to radiation effects. The skin friction increases abruptly when increasing from
Rd %2 0:1 to Rd ¥ 3: Similar to the previous case, the Cu-MWCNT-H,O hybrid nanofluid’s Cf is
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Figure 15. Nusselt number and skin friction on hybrid nanofluids for various Rd at % 0:2, Gr %5, Ec ¥4 0:1, M %1,
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higher than other hybrid nanofluids for every k: Apart from the radiation effects, k increases the
Cf and decreases the Nu:

The Nu and Cf changes by the addition of hybrid nanoparticles to the water at Gr %45, M Y,
1, Ec¥0:1, %0:2, and Rd % 1 are shown in Figure 16. When / % 0:0 (water), the value of
Nu is founded to be more when s ¥ 0:5 and less when s ¥ 1:0: At higher s, the value of Nu
decreases due to the additional time which makes the convection. With the addition of hybrid
nanoparticles, the Nu increases. This improvement in Nu is due to the nanoparticle’s thermal
conductivity. This can be justified with the respective skin friction for the increasing values of
/ ¥:0:0 to 0:04: The Cf decreases as / augments due to the reduction of the nanofluid’s motion
regarding a gain in the viscosity of the running fluid. This indicates that the heat transfer
enhancement is governed by the conduction phenomenon. Also, it is noted that the value of Cf
is more for the water. In water, there is an absence of any nanoparticles. The absence of nanopar-
ticles causes the fluid to be less viscous and causes more reactions due to buoyancy. However, an
increase in k leads to a decrement in the Nu and an increment in the Cf: Similar to the
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Figure 16. Nusselt number and skin friction on hybrid nanofluids and water for various / at

Rd %1, and M ¥ 1:
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I 7 = 1,TiO; — Cu — H,0 nanofluid

T =05,H,0
= 1, H,0

previous, Cu-MWCNT-H,O hybrid nanofluid gives higher Cf, Cu-Al,Os-H,O hybrid nanofluid
gives higher Nu and Cu-Ag-H,O hybrid nanofluid delivers lesser Nu and Cf, respectively.
Overall, the water provides lesser Nu and higher Cf:

5. Conclusion

A numerical model with a time-fractional order partial differential equation that governs the transi-
ent MHD natural convective flow of Cu-Ag-H,0O/Cu-Al,0s-H,O/Cu-MWCNT-H,O/Cu-TiO,-H,O
hybrid nanofluid over an ISVP to illustrate the heat transfer between the moving material and ambi-
ent medium is considered in this study. In addition, the effects of viscous dissipation and radiation

Y, 0:2, Gr¥%5, Ec¥%0:1,
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are also incorporated during the transient flow. The numerically simulated results are obtained using
the FDM techniques and the important findings of the study are-

An improvement in the velocity and its peak position is observed with the increasing k: In
addition, the temperature distribution also enhances with the time-fractional order.

Hybrid nanofluid’s velocity increases by increasing Grashof number, radiation, and viscous
dissipation effects. However, the dampening in flow velocity is noticed with the advancing
applied magnetic field and suction effects.

The distribution of temperature along the distance Y is improved by increasing the radiation effects.
However, the temperature distribution along Y direction declines with the Magnetic parameter.

The velocity and temperature profile improves until the critical position by increasing the
time-fractional order and decreases further beyond the critical position.

The Nusselt number falls with time and time-fractional order. However, skin friction improves
with time and time-fractional order.

In the absence of nanoparticles, conventional fluid (i.e., water) provides a lesser heat transfer
rate during MHD convection and hybrid nanofluids provide a higher heat transfer rate. This
illustrates the heat transfer from hot moving material is more by hybrid nanofluids than the
conventional fluids. But, the improved viscous nature of the hybrid nanofluids dampens the
flow velocity as compared to the conventional fluid.

The skin friction enhances with Rd, Gr, and Ec: However, a reduction in skin friction is
noticed with , /, M: In addition, it is observed that the conduction-based heat transfer
reduces with Rd, Gr, and Ec:

In general, skin friction of the Cu-MWCNT-H,O hybrid nanofluid is higher than Cu-Ag-
H,0, Cu-Al,03-H,0, and Cu-TiO»-H,0 hybrid nanofluids. Also, the heat transfer rate by Cu-
Al,O3-H,0 is better than other hybrid nanofluids.
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