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This paper provides an analysis of the numerical performance of a hybrid computational
fluid dynamics (CFD) solver for 3D natural convection. We propose to use the lattice
Boltzmann equations with the two-relaxation time approximation for the fluid flow,
whereas thermodynamics is described by the macroscopic energy equation with the finite
difference solution. An in-house parallel graphics processing unit (GPU) code is written
in MATLAB. The execution time of every single step of the algorithm is studied. It is
found that the explicit finite difference scheme is not as stable as the implicit one for
high Rayleigh numbers. The most time-consuming steps are energy and collide, while
stream, boundary conditions, and macroscopic parameters recovery are executed in no
time, despite the grid size under consideration. GPU code is more than 30 times faster
than a typical low-end central processing unit-based code. The proposed hybrid model
can be used for real-time simulation of physical systems under laminar flow behavior and
on mid-range segment GPUs.

Keywords: GPU computing; LBM; natural convection; two-relaxation time; hybrid
solver; FDM.

1. Introduction

Rayleigh—Benard convection or the so-called buoyancy-driven flows are extensively
studied over the past two decades. Various phenomena, such as double diffusion,
porosity and magnetism, affecting the natural convection along with benchmark
solutions are examined in order to better understand heat transfer and fluid flow
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patterns. When performing three-dimensional (3D) simulations under turbulent flow
behavior, the problem associated with the code execution time is encountered. In
other words, modeling of turbulent buoyancy-driven flows is accompanied by mas-
sive computations since the number of governing equations or mesh points is high. To
overcome this problem, parallel implementation on central processing units (CPUs)
or graphics processing units (GPUs) is used. However, the numerical procedure for
parallel algorithms is a very difficult task. Hence, multithread CFD computing is
still a great challenge for many researchers. The relevant works in the field of parallel
computations of 3D thermal flows are discussed below.

One of the earliest attempts to perform parallel CPU implementation of 3D
natural convection was made in 1991. |Schafer| [1991] introduced finite difference
algorithms suitable for cluster working in Single Instruction Multiple Data mode.
Numerical tests were conducted on a grid of 32 x 32 x 16 points with the Rayleigh
number of 4000. Rathish Kumar and Kumar|[2004] developed a finite element-based
parallel solver for two-dimensional (2D) natural convection in trapezoidal cavities
filled with a porous medium. The eight-noded Anupam cluster with the Anulib
message passing libraries was used. [Xu and Chen| [2020] proposed a parallel cell-
centered finite volume solver for 2D cavities with unstructured grids. Heat transfer
and fluid flow were computed by an alternative CFD tool called the thermal lattice
Boltzmann method (LBM). To perform the partition of the grid, the MPI-based
parallel library was used. Simulations were conducted on the Tianhe-2A supercom-
puter with a grid size of up to 5 billion.

Wen et al.| [2021] developed a 3D CFD solver based on a discrete unified gas-
kinetic scheme (DUGKS) to study transition from laminar to turbulent flow inside
the boundary layer. To perform parallel implementation, domain decomposition and
MPI were utilized. To conduct direct numerical simulation of Rayleigh-Benard con-
vection, |Yilmaz [2021] created an in-house 3D parallel code. The algorithm builds on
a finite volume implicit, nondissipative, discrete kinetic energy conserving schemes
with PETSc parallel library.

In order to study the rising of a 3D spherical catalyst in a cavity due to free
convection, [Wachs| [2011] developed the PeliGRIFF code within the framework of
the parallel open source platform PELICANS. The author stressed that the code
demonstrated impressive, but not optimal, scalability. 2D and 3D natural convective
melting with parallel code is discussed in |Sadaka et al.| [2020]. [Sadaka et al|[2020]
presented a free finite-element software called FreeFem++. This software supports
scalable Schwarz domain decomposition methods and a GMRES Krylov method
with a Restricted Additive Schwarz (RAS) preconditioner.

The above studies deal with parallel implementation on CPU. On the other hand,
GPU provides higher performance at the same cost. It should be stressed that GPU
acceleration is predominantly used for the lattice Boltzmann method since this
CFD technique is well suited for massively parallel computing. (Obrecht et al.|[2012]
2013] built the multiple relaxation time (MRT) lattice Boltzmann scheme coupled
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with the finite difference solution of energy equation within the TheLMA project.
The authors utilized the compute unified device architecture (CUDA) to perform
parallel computing of 3D natural convection in a closed cube on GPU. The variation
of 10* < Ra < 10? was examined, and the grid size of up 3.2 - 108 nodes was used.

Ren and Chan performed a series of GPU computing of various physical phenom-
ena such as melting [Ren and Chan| 2016a/, double diffusion [Ren and Chanl [2016D]
and natural convection inside the cavity with heat-conducting obstacles [Ren and
Chanl [2016¢]. The authors formulated 2D lattice Boltzmann model with a passive
scalar approach to recover thermal fields. An in-house CUDA code was developed
in FORTRAN. The Rayleigh range of 10® < Ra < 107 corresponding to the laminar
flow behavior was analyzed.

Heat transfer and fluid flow in a porous medium during melting are studied in
Luo et al| [2020] and Noyola-Garcia and Rodriguez-Romol| [2021]. Luo et al.| [2020]
implemented an enthalpy-based 2D MRT LBM parallel GPU code for paraffin melt-
ing in FORTRAN, whereas [Noyola-Garcia and Rodriguez-Romo| [2021] used CUDA
technology in Python to analyze gallium melting in a non-Darcy porous medium.
The parallel CUDA GPU lattice Boltzmann scheme combined with a total varia-
tion diminishing technique is proposed by Wang et al.| [2019] to study 2D natural
convection of nanofluids.

Parallel implementation of Navier—Stokes equations on GPU is discussed in [Fu
et al. [2012, |2013] and |Jacobsen and Senocak| [2013]. In order to solve the govern-
ing equations for compressible flow, Fu et al.| [2012, [2013] applied the Roe scheme
and preconditioning method. The grid of 250 x 160 x 10 nodes and a range of
1.58 - 10 < Ra < 1.95 - 107 were used to study 3D natural convection between
horizontal parallel plates with bottom heating. On the other hand, |Jacobsen and
Senocak| [2013] proposed the multi-level parallel schemes for incompressible flows.
Computations were performed on GPU clusters within the MPI-CUDA and hybrid
MPI-OpenMP-CUDA standards. Both forced and natural convection benchmark
problems were considered.

To summarize the above, it can be concluded that parallel algorithms are both
implemented for 2D and 3D CFD problems. MPI or CUDA is adopted for CPU
and GPU computations. It has been found that the buoyancy-driven flows with
Ra > 100 are discussed in a few works. Along with that, it needs to be stressed
that numerical solution of governing equations is itself a difficult task. Moreover,
enormous efforts must be undertaken in terms of coding when implementing parallel
computing in CUDA or MPI.

This study aims to introduce a CFD solver for transient 3D low and high
Rayleigh number flows with a simple and robust parallel implementation. The
governing equations are formulated in terms of the mesoscopic lattice Boltzmann
equation and macroscopic energy equation. As far as the authors know, the MRT
approximation is widely used in lattice Boltzmann schemes. However, it was previ-
ously found that the two relaxation time (TRT) model is as stable as the MRT. On
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the contrary, the MRT model is computationally heavy and more complex than the
TRT. Hence, on the one hand, numerical implementation of the TRT is far easier
than the MRT. Moreover, computational performance of the TRT is higher than
MRT. On the other hand, the TRT model has the same numerical stability as the
MRT. Thus, the novelty of the work lies in implementing the TRT approximation
of collision operator instead of the widespread single and MRT models.

2. Model Description

A benchmark problem of incompressible low-Mach number buoyancy-driven flow
inside a closed parallelepiped is considered. Two opposite vertical walls are kept
at a constant temperature, whereas the other boundaries are heat-insulated. We
assume that the fluid is Newtonian and transparent for thermal radiation. Along
with that, viscous energy dissipation and surface radiation are negligibly small.
The Boussinesq approximation and temperature-independent physical properties
are implemented in the current model.
Fluid flow can be mathematically described in terms of the macroscopic Navier—
Stokes equations. The governing equations are as follows:
ou ou  Ou ou 10p <82u 0%u 82u>
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where u, v, w are velocity components; z, y, z are Cartesian coordinates, p is
pressure, p is density; v is kinematic viscosity; g is gravity; g is thermal expansion;
T is temperature.

On the contrary, the lattice Boltzmann equation can be used to describe flow
behavior too. In order to avoid numerical instabilities with high Rayleigh numbers, a
simple but efficient TRT approximation of the collision operator is implemented. A
distribution function is split into two parts known as symmetric and antisymmetric
under the TRT formulation. In this case, the symmetrical relaxation time is related
to viscosity, whereas asymmetrical relaxation time is related to energy flux. The
governing equation in discretized form is as follows [Ginzburg, 2008]:

fel@ + @, - At t+ At)
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The following relations are used to compute symmetrical (7gym) and asymmetrical
(Tasym) relaxation times, symmetrical (f;°™) and asymmetrical (fp™>™) distribu-
tion functions, symmetrical (f;°*) and asymmetrical (f;?) equilibrium distribution
functions, force (F}), density and velocity:
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where wy, is weights for D3Q19 scheme; ¢, is particle speeds; ¢, is lattice speed of
sound.

The subscript “—k” represents the counter direction of the subscript “k” (Fig.
in the above equations. For example, if £k = 2, the counter direction is —k = 3.

In order to obtain a better performance in terms of numerical stability, meso-
scopic lattice Boltzmann equation is coupled with macroscopic energy equation.
Lallemand and Luo [2003] stated that this hybrid coupling [Bettaibi et al., |2021;
Mhamdi et al., 2022] wields higher numerical stability. The time-dependent energy
equation under the assumptions made above is as follows:

oT oT oT or (82T 0*T 82T>

V— +wW— =a w—FW—Fw

ot +u8x + dy 0z (11)

where a is thermal diffusivity.

2.1. Numerical procedure

The governing equations are consecutively solved. To run the code execution, first
of all, initial data, such as temperature, distribution function, velocity and density,
symmetrical and asymmetrical relaxation times, should be specified. The time or
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Fig. 1. Particle directions in D3Q19 scheme.

iteration loop begins with the energy equation solution. When considering paral-
lel algorithms, the governing equations should be discretized by explicit schemes.
Hence, the temporal, convective and diffusive terms in Eq. @ are approximated by
explicit Euler scheme, upwind scheme and central differences, respectively. After the
solution of energy equation, collision process takes place in accordance with Eq. .
Along with that, the symmetrical, asymmetrical and equilibrium distribution func-
tions are calculated by means of the relations 7. After the collision step, the
streaming step is according to the particle direction scheme (Fig. . Hereafter, a
simple bounce-back condition is implemented to find the distribution function at
the solid walls. Finally, macroscopic density and velocity are reconstructed from the
mesoscopic distribution function in accordance with Eq. @

2.2. Parallel implementation

A source code is written in MATLAB. In order to perform high-performance CPU
or GPU computations, the parallel computing toolbox (PCT) must be installed.
The great benefit of MATLAB PCT is its simplicity in implementation. You need
almost no code modification and special preparations for GPU computing as in the
case of CUDA or C languages. Preliminarily, parallel GPU computations can be
performed with only one command “gpuArray”. This command creates an array
stored on a GPU and allows one to do direct calculations on GPUs. To accelerate
code execution, the “arrayfun” function can be implemented for the GPU array. This
function is applicable to the vectorized code without indices. It should be stressed
that CUDA kernels can be executed in MATLAB too. However, this procedure
requires two additional scripts in CUDA and C.
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In this work, the GTX 1060 ARMOR with 6 GB of GDDR5 RAM is used for
numerical experiments. It needs to be noted that the source code is not fully opti-
mized since the task is to examine GPU performance with minimum efforts in terms
of coding. But still, since the collision step is computationally heavy, this part of
the code is fully vectorized and the “arrayfun” function is applied to this step. The
maximum grid resolution is limited by the amount of RAM. In our case, the highest

resolution is 17,779,581 grid points. All computations were performed on a single
PC.

3. Numerical Results and Analysis

To make the analysis more convenient, the results of the study were nondimension-
alized with the following relations:

x Y z t U w T-T.
X=— Y==, Z=—; =—; U= ;o W= i O = ———:
L’ L’ L7 ’ t07 Vnc’ Vnc7 ,Th_Tc7
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1,1
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When performing the analysis, attention was focused on the robustness of the model
and computational performance. An air-filled closed cube is considered. Both lam-
inar and turbulent flow behaviors are examined in a range of 10* < Ra < 107
corresponds to a range of domain characteristic sizes of 0.017 < L < 0.81 m. The
thermal and flow fields are not presented in the main text since the heat transfer
and the fluid dynamics patterns in differentially heated cavities have already been
well-studied. However, the temperature of iso-surfaces and the velocity magnitudes
(Fig. are given in Appendix B for validation purposes of other works.

3.1. Validation

Table [I presents the mean Nusselt numbers at the hot vertical wall under laminar
and turbulent flow behavior.

When analyzing the data presented in Table [I} it is found that the proposed
hybrid TRTLB-FD model reproduces well the values of the Nusselt numbers in
a studied range of the Rayleigh number. It needs to be mentioned that no grid
refinement technique is implemented in the proposed hybrid model. Nevertheless,
good accuracy in terms of the integral analysis is demonstrated. It should be stressed
that although the number of grid points might be decreased when performing a mesh
refinement procedure, this technique introduces additional complexity in numerical
implementation. Additionally, numerical viscosity might also be increased since the
nonuniform grid spacing requires an interpolation procedure in case of LBM.
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Table 1. Variation of mean Nusselt numbers.

Ra  |[Fusegi et al|[1991] Trias et al|[2010] Wang et al|]2017] This study
Grid Nu Grid Nu Grid Nu Grid Nu

10% 62 x 62 x 62 2.189* — — 50 x 50 x 50  2.248 51 x 51 x 51 2.08
10° 62 x 62 x 62 4.19* — — 50 x 50 x 50 4.6 51 x 51 x 51 4.28
10% 62 x 62 x 62 8.02* — — 50 x 50 x 50 8.78 101 x 101 x 101 8.63
107 — 15.353* — — 100 x 100 x 100 16.415 101 x 101 x 101 16.26
108 62 x 62 x 62 29.39* — — 200 x 200 x 200 29.917 151 x 151 x 151 29.57
10° — 56.258* — 54.334* 200 x 200 x 200 52.3 151 x 151 x 151 49.92

* Note that Nuselt numbers were computed using Nu-Ra correlations.

During the validation, some important patterns are revealed in terms of the finite
difference solution of the energy equation. It needs to be stressed before the main
discussion that, previously, it was demonstrated that the 2D lattice Boltzmann
model coupled with the implicit scheme for the energy equation was capable to
simulate very high Rayleigh number flows up to 10!!. So, it was found that the
3D model was not as numerically stable as the 2D model with Ra > 10°. The first
thought was to extend the number of particle directions. Hence, the D3Q27 scheme
was implemented. However, the 3D hybrid model was still numerically unstable
with Ra = 10'°, whereas the 2D model with the D2Q9 scheme worked fine with
this value of buoyancy force. The next step was to analyze how the convective terms
approximation affected the numerical stability. The forward time and central space
discretization, the upwind scheme and the monotonic Samarskii approximation were
implemented. These ways of discretization led to unstable behavior with a low grid
resolution with Ra = 10 and with a maximum grid resolution with Ra = 100,
As a matter of interest, when the parallelizable explicit scheme was swapped to the
nonparallelizable three-layer implicit scheme, the model became stable even with the
relatively coarse grid of 1513 points with Ra = 10°. The mean Nusselt number was
around 52 in the case of the implicit scheme. This issue needs to be further studied.
Perhaps, the energy-conservative formulation of the hybrid model will improve the
numerical stability. We will find out this in our future work.

3.2. Performance

In this section, we evaluate the numerical performance in terms of the execution
time of every single step of the code. Conventionally, flops are given to estimate
numerical performance. However, these data might be hard to understand for a
common reader. Hence, it is more convenient to operate with time. Table 2] presents
execution times in seconds when varying the Rayleigh number. The mesh size cor-
responds to the grid-independent solution (see Table . The convergence criterion
was set to 107°. The execution times for energy, collide, stream, boundary condi-
tions (BC) and macroscopic parameters recovery (MPR) are given for 1 iteration.
The code was executed several times. Deviation in steps and total time was around
10% for both GPU and CPU computing.
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Table 2. Execution times in seconds for every solution step within the hybrid lattice
Boltzmann method.

Ra Energy (s) Collide (s) Stream (s) BC (s) MPR (s) Iterations  Total time (s)

With  Without
arrayfun arrayfun

10* 0.03 0.16 0.045 0.06 0.02 1956 35.75 58.27
10° 0.06 0.2 0.045 0.06 0.02 2653 56.77 83.82
108 0.09 0.19 0.05 0.06 0.02 4267 111.03  141.79
107 0.09 0.19 0.05 0.06 0.02 7860 204.75  262.1
108 0.24 0.26 0.04 0.06 0.02 17,568 880 1424.12
10° 0.25 0.3 0.04 0.06 0.02 100,000 5735.11 9557.34

As seen from Table 2] the computation speed of the stream, BC and MPR steps
is almost insensible to the grid size variation. These steps are instantly executed. On
the other hand, the most time-consuming steps are energy and collide as could be
predicted. It is clearly seen that the difference in execution time between 3,442,951
and 4,090,601 mesh points is insignificant. It was found that “arrayfun” function
gave speedup even with a low grid resolution of 513. However, the implementation of
this function is more reasonable with a high number of iterations since the difference
in total time, for example, in the case of Ra = 107 is only around one minute. On the
contrary, code execution without “arrayfun” takes more than 1 h longer when Ra =
10°. It should be stressed that if energy and collide steps would be optimized, the
real-time simulation could be performed. Probably, manual domain decomposition
by means of distributed arrays will improve computational performance. But of
course, this procedure will make the code more complicated. To make it clear, why
we should apply GPU for computation instead of CPU, execution times are listed
in Table [3| when using the CPUs.

First, an important remark should be done that CPU code is absolutely iden-
tical to GPU code. In other words, our code can be executed both on CPU and
GPU almost without any changes. In the case of CPU computing, GPU arrays cre-
ation should be missed. MATLAB automatically creates arrays for CPU. According
to Table [3] the Intel Core i3-8100 demonstrates the best numerical performance,
whereas the lowest is observed in the case of Intel Celeron G3930. These results
are predictable and directly concerned with the CPU frequency. Along with that, a
number of physical cores had no effect on execution time. Speedup is almost propor-
tional to the growth in frequency. When comparing the GPU and CPU times, the
speedup is increased with the grid resolution. GTX 1060 is around 27 times faster
than Intel Core i3-8100 when Ra = 107 while the cost of this hardware is close.

Table 3. Variation of CPU times with the Rayleigh number.

Ra  Intel Celeron G3930, 2.9 GHz Intel Core i5-4440, 3.3 GHz  Intel Core 13-8100, 3.6 GHz

10% 179.46 125.83 92.97

10° 785.47 698.61 607.11
108 3610.03 3263.87 2950.35
107 6666.83 5710.27 5543.18

2350047-9



Int. J. Appl. Mechanics 2023.15. Downloaded from www.worldscientific.com

by ZHEJANG UNIVERSITY on 05/15/24. Re-use and distribution is strictly not permitted, except for Open Access articles.

A. Nee & A. J. Chamkha

Time,s
N

0
1013 1518 201° 2513
Grid

Fig. 2. Time variation with the grid size.

A more detailed examination of the grid size effect on execution time is shown
in Fig. 2] The data are presented for 10 iterations when the Rayleigh number is
equal to 10°.

As seen from Fig. 2] 10 iterations are executed in less than 1 s when the grid res-
olution is lower than 1513. Hence, the real-time simulation is possible with this mesh
size. The hybrid solver proposed in this study can accurately predict laminar fluid
flow and heat transfer patterns with the grid size of 1512. Thus, the thermal and flow
fields in engineering applications such as microelectronics cooling can be observed
in real-time. To extend the capability of the proposed model to study turbulent flow
behavior in real-time, the Smagorinsky sub-grid scale model can be implemented or
a more high performance GPU is used. It is found that when the mesh resolution
is increased by around 16 times, the execution time is raised by around 12 times.

4. Summary

In this work, a hybrid GPU solver based on the nontypical TRT lattice Boltzmann
scheme coupled with an explicit finite difference solution of the energy equation
is introduced. The great benefit of the CFD approach proposed in this study is a
simple GPU implementation. Moreover, the TRT model is more numerically stable
than the single relaxation time approximation, whereas the numerical procedure is
not as complicated as in the case of the MRT scheme.

It needs to be noted that the code can be executed on the CPU too without
almost any changes. An impressive speedup in terms of the execution time was
demonstrated when comparing GPU and CPU computations. In particular, the
computations on GPU NVIDIA GTX 1060 are around 27 times faster than on CPU
Intel Core i3-8100 when Ra = 107.

Despite the lower grid resolution with high Rayleigh numbers, the hybrid model
reproduces similar results of integral analysis even without the grid refinement tech-
nique. The mean Nusselt numbers computed by the proposed hybrid model were
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well matched with the data generated by the discrete unified gas kinetic scheme
in a range of 10* < Ra < 108. Moreover, the relative error is lower than 5% when
Ra = 10°.

It was found that the running time for 10 iterations is less than one real second
when the grid resolution is lower than 151%. Hence, the real-time simulation of
laminar flow behavior is possible with this mesh size. For example, the thermal
and flow fields in engineering applications such as microelectronics cooling can be
observed in real-time.

Further discussions will cover 3D buoyancy-driven flow with double diffusion
when taking into account a radiatively participating medium.

Appendix A. GPU Commands for MATLAB

%%% GPU array creation with single precision

T = (single(zeros(Nx,Ny,Nz ‘gpuArray’)));

%%% GPU array creation with double precision

T = zeros(Nx,Ny,Nz ‘gpuArray’);

%%% Return array from GPU to CPU

T = gather(T);

%%% “arrayfun” command is applicable to functions where vectorized code with-

out indices is stored
[f] = arrayfun(Qcollide, f, U, V, W, rho, T,);

Appendix B. Thermal and Velocity Magnitude Fields

(a) (b)

Fig. B.1. Steady-state velocity magnitude (a, c, e, g, i, k) and temperature fields (b, d, f, h, j, 1)
when Pr = 0.7: (a, b) Ra = 10%; (c, d) Ra = 105; (e, f) Ra = 10%; (g, h) Ra = 107; (i, j) Ra = 108;
(k, 1) Ra = 10°.
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Fig. B.1. (Continued)
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Fig. B.1. (Continued)
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