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Computational analysis of entropy generation in 
three-dimensional mixed convection flow with thermal 
dissipation and variable thermal conductivity
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aSchool of Mathematics and Computer Science, Hanjiang Normal University, Shiyan, P.R. China; bDepartment 
of Mathematics, COMSATS University Islamabad (CUI), Islamabad, Pakistan; cFaculty of Engineering, Kuwait 
College of Science and Technology, Kuwait City, Kuwait 

ABSTRACT 
Entropy generation in steady three-dimensional thermal flow is investi
gated under the coupled influence of viscous dissipation and mixed con
vection. The stretching sheet with an exponential velocity profile induces 
the flow. In this examination, we presume that the fluid is incompressible 
and possesses a Newtonian behavior and temperature-dependent thermal 
conductivity. Using the appropriate classical similarity variables reduces the 
dimensional nonlinear dynamical system of governing equations to a 
dimensionless nonlinear dynamical set of ordinary differential equations. 
It’s important to note that the selection of an exponentially varying surface 
temperature is deliberate, as it enables precise similarity transformations to 
be established in situations involving both viscous dissipation and buoy
ancy forces. The simplified finite difference approach (SFDM) is used to 
solve the acquired nonlinear dynamical set of ordinary differential equa
tions. The tridiagonal matrix approach is used to solve the resulting system 
of algebraic equations. In a particular situation, the present numerical 
simulation is numerically checked with the previously available results and 
observed a good agreement. The effects of physical parameters on vel
ocity, temperature, surface stresses and heat tranfer rate, entropy gener
ation, and the irreversibility parameter are investigated. The entropy 
generation rate exhibits a decreasing trend with respect to the mixed con
vection parameter in the vicinity of the stretching surface. Entropy reduc
tion can be achieved by employing a working fluid with a low Prandtl 
number and by minimizing the fluid friction.
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1. Introduction

Thermal systems are encountered in various branches of engineering, from mechanical to bio
medical. Among them are heat exchangers, cooling devices, energy storage systems, power gener
ation plants, renewable energy systems, heat pumps, cryosurgical instruments, ventricular assist 
devices and electroosmotic pumps. The energy loss caused by thermodynamic irreversibility is 
undesirable because it reduces the ability to work and is quantified as entropy. The generation of 
entropy in a thermal system has a direct impact on its feasibility and efficiency. Therefore, it is 
vital to identify irreversible sources in components and systems. Bejan [1, 2] introduced an opti
mization tool as the fundamentals of entropy generation minimization. This technique based on 
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the second law of thermodynamics is now being widely used in optimizing and evaluating the 
performance of thermal systems. Several numerical and analytical studies on entropy generation 
in various configurations and physical processes have been published in the literature [3–12].

The Navier-Stokes equations are nonlinear elliptic partial differential equations and are diffi
cult to study except for a few cases where they have an exact solution. In the boundary layer 
flows, under boundary layer approximation, several terms become negligible inside the thin 
region, and the Navier-Stokes equation transforms from elliptic to parabolic. Numerous practical 
applications necessitate close attention to flow behavior. For example, in the design and analysis 
of the drag in aircraft, submarines, jet engines, rockets, wake and separation of boundary layers, 
continuous casting, and development of boundary layer along with thin films in condensation 
processes. Apart from that, more useful features can be found in heat transfer mechanisms, mix
ing enhancement, cooling of electronic components, geothermal power generation, cooling of 
continuous filaments, species transport, and so on [13–20]. Further, there are numerous industrial 
and manufacturing applications for boundary layer flows such as fiberglass, papermaking and 
castings and cooling processes for alloys such as steel or aluminum.

Several analytical, numerical and hybrid techniques are developed to compute the solutions of 
the boundary layer equations [21–30]. One approach for solving corresponding boundary layer 
problems is the local similarity method. One of the primary advantages of this technique is that 
no values at upstream locations are required to compute the value at a particular stream-wise 
location. Additionally, this approach has the advantage of converting transport partial differential 
equations (PDEs) into ordinary differential equations (ODEs) via suitable local self-similarity vari
ables [31–35]. The self-similar equations for boundary layer flow over-stretching sheets are not 
always achievable as it strongly depends on the choice of stretching, free stream velocities, the 
form of the surface temperature and many other factors. For example, for the constant surface 
temperature case, self-similar solutions for boundary layer flows in the presence of viscous dissi
pation and mixed convection flows are not possible and the choice of variable surface tempera
ture is related to the form of stretching velocity [36–40].

Partha et al. [41] for the first time established a self-similar solution for two-dimensional 
mixed convection flow caused by an exponentially stretched surface with frictional heating by 
choosing a special type of surface temperature and assured that both the mixed convection par
ameter and Eckert numbers are independent of the spatial variables. Effects of thermal radiation 
and viscous dissipation on the boundary layer flow across an exponentially stretching 
sheet are also reported by Bidin and Nazar [42]. They transformed the governing equations into 
a self-similar form by choosing the variable surface temperature that facilitates the similarity 
transformation in a way that the Eckert number is independent of the space variable. Afridi et al. 
[43] conducted an entropy generation analysis of the flow generated by an exponentially stretch
ing sheet having temperature-dependent viscosity and thermal conductivity. In another attempt, 

Nomenclature 

Be Bejan number 
cp Specific heat 
Ec Eckert number 
_E 0 0 0G Volumetric entropy generation rate 
g Gravitational acceleration 
k Thermal conductivity 
NG Entropy generation number 
Pr Prandtl number 
T� Temperature field 
u�, v�, w� Velocity components 
x�, y�, z� Spatial Coordinates 

a Stretching ratio parameter 
b�T Thermal expansion coefficient 
k Mixed convection parameter 
K Temperature difference parameter 
s Variable thermal conductivity parameter 
q Fluid density 
l Dynamic viscosity 
� Kinematic viscosity 
n Similarity variable 
H Dimensionless temperature 
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Qasim and Afridi [44] investigated the entropy production in the two-dimensional mixed convec
tion flow in the presence of viscous dissipation. Appropriate transformations are utilized to 
convert fundamental governing PDEs into nonlinear ODEs. Liu et al. [45] investigated the three- 
dimensional flow of a viscous fluid over an exponentially stretched sheet for the first time and 
introduced a new similarity transformation. Afridi and Qasim [46] extended the analysis of Liu 
et al. [45] to explore the heat transfer characteristics as well as scrutinized the entropy generation 
in the presence of viscous dissipation and computed the similarity solutions.

This study aims to report a self-similar solution of the mixed convective three-dimensional 
boundary layer flows over an exponentially stretched sheet by incorporating viscous dissipation. 
Moreover, the thermal conductivity of the fluid is considered temperature-dependent. Second law 
analysis is also performed to explore the effect of various physical parameters on the minimiza
tion of entropy. Opting for a special type of surface temperature that enables the similarity trans
formations to transform the boundary layer equations into self-similar non-linear ordinary 
differential equations, which are solved numerically using the simplified finite difference method 
(SFDM) along with the tridiagonal matrix algorithm (TDMA) [47, 48]. A comparison of current 
and previous limiting results is also performed to ensure that the proposed numerical scheme is 
accurate.

2. The mathematical model

Consider a bi-directional stretching surface causing mixed convection flow in three dimensions. 
The fluid is assumed incompressible having a variable (temperature-dependent) thermal conduct
ivity. Fluid flowing outside the boundary layer and the surface of the stretching sheet are kept at 
the temperature T�b and T�w respectively and further it is assumed that T�w > T�b : Figure 1(a) shows 
the configuration of flow and coordinates the system

The flow under consideration has the following governing equations:
@u�

@x�
þ
@v�

@y�
þ
@w�

@z�
¼ 0, (1) 

u�
@u�

@x�
þ v�

@u�

@y�
þ w�

@u�

@z�
− �

@2u�

@z�2 − gb�T T� − T�b
� �

¼ 0, (2) 

u�
@v�

@x�
þ v�

@v�

@y�
þ w�

@v�

@z�
− �

@2v�

@z�2 ¼ 0, (3) 

qcp u�
@T�

@x�
þ v�

@T
@y�

�

þ w�
@T�

@z�

� �

− k T�ð Þ
@2T�

@z�2 −
@T�

@z�

� �2
@k T�ð Þ
@T�

− l
@u�

@z�

� �2

þ
@v�

@z�

� �2
" #

¼ 0:

(4) 

The dimensional no-slip conditions for velocity and temperature are

u� ¼ u�w ¼ u�0e
x�þy�

L , v� ¼ v�w ¼ v�0e
x�þy�

L , w� ¼ 0 at z� ¼ 0,

T� ¼ T�w ¼ T�b þ T�0 e2 x�þy�
L

� �

at z� ¼ 0,
u� ! 0, v� ! 0, T� ! T�b, as z� ! 1

9
>>=

>>;

: (5) 

The change in thermal conductivity with temperature is described as given below

k T�ð Þ ¼ kb 1þ s
T� − T�b
T�w − T�b

 !

: (6) 
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Figure 1. (a) Configuration of flow and the coordinate system. (b) Flow diagram for the applied numerical scheme.
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Here hu�, v�, w�i shows velocity components along with hx�, y�, z�i directions, l is dynamic vis
cosity, q is density, kðT�Þ shows variable thermal conductivity, s is variable thermal conductivity 
parameter, kb represent thermal conductivity at T� ¼ T�b , g means gravitational acceleration, b�T 
shows an expansion of thermal coefficient, T� is the dimensional temperature, cp represents spe
cific heat, hu�0, v�0i, L and T�0 respectively, represents the characteristic velocities, length, and 
temperature.

Invoking the transformations

n ¼

ffiffiffiffiffiffiffiffi
u�0

2�L

r

z� exp
x� þ y�

2L

� �

, u� ¼ u�0 exp
x� þ y�

L

� �
dF
dn

, v� ¼ u�0 exp
x� þ y�

L

� �
dG
dn

w� ¼ −
ffiffiffiffiffiffiffiffi
�u�0
2L

r

e
x�þy�

2L

� �

F þ nF0 þ Gþ nG0ð Þ, T� ¼ H T�w − T�bð Þ þ T�b

9
>>>=

>>>;

, :
(7) 

The dimensional equations (2)-(4) reduce to the following forms

d3F
dn3 þ

d2F
dn2 F þ Gð Þ − 2

dF
dn

dF
dn
þ

dG
dn

� �

þ 2kH ¼ 0, (8) 

d3G
dn3 þ

d2G
dn2 F þ Gð Þ − 2

dG
dn

dF
dn
þ

dG
dn

� �

¼ 0, (9) 

1þHs½ �
d2H

dn2 þ s
dH

dn

� �2

þ Pr
dH

dn
F þ Gð Þ

−4PrH
dF
dn
þ

dG
dn

� �

þ EcPr d2F
dn2

� �2
þ d2G

dn2

� �2
� �

¼ 0

9
>>>=

>>>;

: (10) 

Whereas the diemsnional boundary conditions (5), can be written in dimensionless form as 
given below

Fð0Þ ¼ 0,
dG
dn

�

n¼0
¼ a,

dF
dn

�

n¼0
¼ 1, Gð0Þ ¼ 0, Hð0Þ ¼ 1,

dF
dn

�

n!1

¼
dG
dn

�

n!1

¼ H n!1ð Þ ! 0,

9
>>>=

>>>;

: (11) 

Where a ¼ v�0
u�0 

(stretching ratio parameter), k ¼ gb�T T�0 L
u�20 

(mixed convection parameter) Ec ¼ u�2
0

cpT�0 

(Eckert number) and Pr ¼ lcp
kb 

(Prandtl number).

3. Entropy generation

Entropy generation (production), _E000G, in three-dimensional boundary layer flows by considering 
variable thermal conductivity and incorporating viscous dissipation, can be described as:

_E000G ¼
1

T�
k T�ð Þ

T�
rT�ð Þ

2
þ l

Y
� �

: (12) 

Where rT� (temperature gradient) and 
Q

(dissipation function) in a three-dimension coord
inate system take the following form

rT� ¼
@T�

@x�
,
@T�

@y�
,
@T�

@z�

� �

, (13) 
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Y
¼ 2

@u�

@x�

� �2

þ
@v�

@y�

� �2

þ
@w�

@z�

� �2
" #

þ
@u�

@y�
þ
@u�

@x�

� �2

þ
@v�

@z�
þ
@w�

@y�

� �2

þ
@w�

@x�
þ
@u�

@z�

� �2

:

(14) 

Substituting equations (13) and (14) in equation (12) and utilizing the boundary layer approxi
mations, we have

_E000G ¼
k T�ð Þ
T�2

@T�

@z�

� �2

þ
l

T�
@u�

@z�

� �2

þ
@v�

@z�

� �2
" #

: (15) 

After utilizing the transformations (7), Equation (15) reduce to

NGðnÞ ¼
_E000G
ð _E000Þc

¼
1

Hþ Kð Þ

1þ sHð Þ

Hþ Kð Þ

dH

dn

� �2

þ EcPr
d2F
dn2

 !2

þ
d2G
dn2

 !2
0

@

1

A

2

4

3

5: (16) 

Here, NG ¼
_E 000G

ð _E 000Þc 
is dimensionless entropy generation, ð _E000Þc ¼

kbu�w
2�L is characteristic entropy 

and K ¼ T�b
T�w−T�b 

is a temperature difference parameter.
The Bejan number ðBeÞ describes how heat transfer affects entropy generation relative to other 

sources and is described by

Be ¼
k T�ð Þ
T�2

@T�
@z�

� �2
! thermal effect

k T�ð Þ
T�2

@T�

@z�

� �2

|fflfflfflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflfflfflffl}
thermal effect

þ
l

T
@u�

@z�

� �2

þ
@v�

@z�

� �2
" #

|fflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl}
viscous dissipation effect

:

(17) 

Bejan number in terms of dimensionless variables is obtained by using equation (7) as given 
below

BeðnÞ ¼
1þHsð Þ dH

dn

� �2

1þHsð Þ dH
dn

� �2
þ EcPr d2F

dn2

� �2
þ d2G

dn2

� �2
� �

Hþ Kð Þ

: (18) 

4. Solution methodology

Constructing a closed-form solution for the resultant set of nonlinear ordinary differential equa
tions (8)-(11) is not feasible. As a result, it is generally advisable to resort to numerical solutions 
for addressing such physical problems, utilizing advanced and accurate numerical techniques for 
optimal results. One of them is the “simplified finite difference method” proposed by Na [47]. 
The following are the main steps of this technique (also see the flow chart Figure 1b):

1. The third-order ODE is re-written as a system of first- and second-order ODEs.
2. Linearized the second-order ODE using Taylor’s series expansion.
3. The obtained linear second-order ODE is discretized using finite differences to get an alge

braic system.
4. TDMA is utilized to solve the system of algebraic equations.
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In our study, the thickness of the boundary layer (the length of the computational domain) 
n1 ¼ 8 seems to be sufficient to obtain a solution with asymptotically satisfying boundary condi
tions. In order to convert Eqs. (8) and (9) into first and second order ODE systems, we assume 
that

f ¼
dF
dn

, (19) 

g ¼
dG
dn

, (20) 

Invoking these, Eqs. (8) and (9) respectively, reduced to the following forms

d2f
dn2 ¼ 2f f þ g½ � −

df
dn

F þ Gð Þ − 2kH, (21) 

d2g
dn2 ¼ 2g f þ g½ � −

dg
dn

F þ Gð Þ: (22) 

From Equation (21) and (22), we define two new variables

v1 n, f ,
df
dn

� �

¼ 2f f þ g½ � −
df
dn

F þ Gð Þ − 2kH, (23) 

v2 n, g,
dg
dn

� �

¼ g f þ g½ � −
dg
dn

F þ Gð Þ, (24) 

The linearized equation for f ðnÞ and gðnÞ are respectively given by

f 00nþ1 þ Anf 0nþ1 þ Bnfnþ1 ¼ Dn, (25) 

g00nþ1 þ A
_

ng0nþ1 þ B
_

ngnþ1 ¼ D
_

n, (26) 

The coefficients are written as follows:

An ¼ −
@v1
@f 0

� �

n
¼ Fn þ Gn

Bn ¼ −
@v1
@f

� �

n
¼ −2 2fn þ gn½ �

Cn ¼ v1 n, f ,
df
dn

� �

−
@v1
@f

� �

n
fn −

@v1
@f 0

� �

n
f 0n

9
>>>>>>>>>=

>>>>>>>>>;

, (27) 

A
_

n ¼ −
@v2
@g0

� �

n
¼ Fn þ Gn

B
_

n ¼ −
@v2
@g

� �

n
¼ −2 fn þ 2gn½ �

C
_

n ¼ v2 n, g,
dg
dn

� �

−
@v2
@g

� �

n
gn −

@v2
@g0

� �

n
g0n

9
>>>>>>>>>=

>>>>>>>>>;

: (28) 

Similarly, the linearized form of energy equation (10) is expressed by

H00nþ1 þ Pn n, Hn, H0nð ÞH0nþ1 þ Qn n, Hn, H0nð ÞHnþ1 ¼ Rn n, Hn, H0nð Þ: (31) 
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The new variable v3 n, H, dH
dn

� �
and the coefficients are defined by

v3 n, H,
dH

dn

� �

¼ 1þ sHð Þ
−1

4PrH f þ g½ �

−s dH
dn

� �2
� Pr

dH

dn
F þ Gð Þ

−EcPr df
dn

� �2
þ

dg
dn

� �2
� �

8
>>>>><

>>>>>:

9
>>>>>=

>>>>>;

, (32) 

Pn ¼ −
@v3

@H0

� �

n
¼

2sH0n

1þ sHn
þ

Pr Fn þ Gnð Þ

1þ sHn
,

Qn ¼ −
@v3
@H

� �

n
¼ −

1
1þ sHnð Þ

2
s2 H0

2ð Þn þ sPrH0n Fn þ Gnð Þþ

sEcPr f 02n þ g02n
� �

þ 4Pr Fn þ Gnð Þ

" #

,

Rn ¼ v3 n, Hn, H0nð Þ þ PnH
0
n þ QnHn:

9
>>>>>>=

>>>>>>;

(33) 

As a result of applying the second-order central difference approximation to the derivatives, 
Eqs. (23) and (25) have the following discrete form:

v1 nj, fj,
df
dn

�
�
�
�

j

 !

¼ 2fj fj þ gj
� �

−
fjþ1 − fj−1

2h

� �

Fj þ Gjð Þ − 2kHj, (34) 

fj−1 − 2fj þ fjþ1

h2

� �

nþ1
þ Ajð Þn

fjþ1 − fj−1

2h

� �

nþ1
þ Bjð Þn fj

� �

nþ1 ¼ Djð Þn: (35) 

Where j ¼ 2 to N and represent the interior nodes, the subscript n shows the previous iter
ation and the discretized form of the coefficients are as follows:

Ajð Þn ¼ Fjð Þn þ Gjð Þn

Bjð Þn ¼ −2 2 fj
� �

n þ gjð Þn

h i

Cjð Þn ¼ v1 nj , fj ,
df
dn

�
�
�
�j

 !

n

þ Bjð Þnfn þ Ajð Þn
fjþ1 − fj−1

2h

� �

9
>>>>>=

>>>>>;

: (36) 

Here h represent the size of the interval and is constant throughout the simulation because of 
the uniform discretization.

After some simplification, Equation (35) becomes

�aj fj−1
� �

nþ1 þ
�bj fj
� �

nþ1 þ �cj fjþ1
� �

nþ1 ¼
�dj, j ¼ 1, 2, 3, :::N, (37) 

here

�aj ¼ 2 − h Ajð Þn
�bj ¼ −4þ 2h2 Bjð Þn
�cj ¼ 2þ h Ajð Þn
�dj ¼ 2h2 Djð Þn

9
>>>>=

>>>>;

: (38) 

The boundary conditions in finite difference notations are

fj¼1 ¼ f0 ¼ 1
fj¼N ¼ fN ¼ 0

�

, (39) 

Equation (37) is a system of ðN − 1Þ algebraic equations, which in the matrix-vector form are 
as follows
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A��f ¼ �s: (40) 

Where,

A� ¼

�b1 �c1 0 0
�a2 �b2 �c2 0
0 �a3 �b3 � � � 0

0
..
.

0 0
. .

.

� � �

..

.

�bN−1

0

B
B
B
B
B
B
@

1

C
C
C
C
C
C
A

�f ¼

f1
f2
f3

..

.

fN−1

0

B
B
B
B
B
@

1

C
C
C
C
C
A

nþ1

�s ¼

�s1
�s2
�s3

..

.

�sN−1

0

B
B
B
B
B
@

1

C
C
C
C
C
A

¼

�d1 − �a1f0
�d2
�d3

..

.

�dN−1 − �cN−1fN

0

B
B
B
B
B
B
@

1

C
C
C
C
C
C
A

9
>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>=

>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>;

: (41) 

The tridiagonal matrix A� can be decomposed into the following form

A� ¼ LU, (42) 

where, L and U are respectively lower and upper triangular matrices and defined as

L ¼

b1 0 0 0
�a2 b2 0 0
0 �a3 b3 � � � 0

0
..
.

0 0
. .

.

� � �

..

.

bN−1

0

B
B
B
B
B
B
B
@

1

C
C
C
C
C
C
C
A

U ¼

1 c1 0 0
0 1 c2 0
0 0 1 � � � 0

0
..
.

0 0
. .

.

� � �

..

.

1

0

B
B
B
B
B
B
B
@

1

C
C
C
C
C
C
C
A

9
>>>>>>>>>>>>>>>>>>>>>=

>>>>>>>>>>>>>>>>>>>>>;

: (43) 

To find the unknowns ðbj, cjÞ, j ¼ 1, 2, 3, :::N − 1, Equation (39) is utilized and is to be related 
as

b1 ¼
�b1

c1 ¼
�c1

b1

bj ¼
�bj − �ajcj−1 & cj ¼

�cj

bj
for j ¼ 2, 3, 4:::N − 2

bj ¼
�bj − �ajcj−1; for j ¼ N − 1

9
>>>>>>>>=

>>>>>>>>;

, (44) 
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To solve the linear system defined in Equation (38), we have to solve

LðU�f Þ ¼ �s

U�f ¼ �Z

L�Z ¼ �s

9
>>=

>>;

: (45) 

Using this L�Z ¼ �s, we have

z1 ¼
�s1

b1

zj ¼
�sj − �ajzj−1

bj
for j ¼ 2, 3, 4, :::N − 1

9
>>>=

>>>;

: (46) 

Finally using U�f ¼ �Z , we get

fN−1 ¼ zN−1

fj ¼ zj − cjfjþ1, for j ¼ N − 2, N − 3, :::2, 1

)

: (47) 

Which is the solution of Equation (21). F can easily find from F0 ¼ f : This discretized form is 
expressed as

Fjþ1 ¼ Fj þ hfj ; for j ¼ 1 to N with F1 ¼ 0: (48) 

A similar procedure is followed for the solution of G and H:

5. Results and discussion

The non-dimensional dynamical system of equations indicates that the thermal flow depends on five 
parameters (a¼ 0:1, 0:3, 0:6, 0:8, 0:9, Ec¼ 1:0, 2:0, 3:0, 4:0, 5:0, Pr¼ 1:0, 2:0, 3:0, 4:0, 6:7, 
s¼ 0:0, 0:5, 1:0, 1:5, 2:0 and k¼ 0:0, 1:0, 2:0, 3:5, 5:5). The sixth parameter i.e. temperature 
difference parameter (K¼ 1:0, 2:0, 3:0, 4:0, 5:0) appears in the dimensionless form of entropy 
production. The objective of the present section is to analyze the effects of mentioned parame
ters on F0ðnÞ, G0ðnÞ, NGðnÞ and BeðnÞ: This objective is achieved by plotting the graphs of 
F0ðnÞ, G0ðnÞ, NGðnÞ and BeðnÞ against the similarity variable ðnÞ and changing one of the con
cern parameters. To ensure the validation of the present numerical simulation, it is necessary to 
obtain numerical results for the special case of our problem already existing in the literature. 
Table 1 lists the existing numerical values in the literature as well as the numerical values 
obtained by FDM for this purpose. The excellent consistency between the values validates our 
numerical simulation. The numerical values of shear stresses and heat transfer rate at the 
boundary are computed against various combinations of key parameters and tabulated in Table 2. 
Further, the SLR technique is used to estimate the rate of decrease/increase in shear stresses and 
heat transfer rate at the boundary. It is found that −F00ð0Þ is increasing function of Pr and a, 
while decreasing behavior is observed with s, k and Ec: It is also found that the effects of Pr, s 

and Ec on −F00ð0Þ is relatively small. It is observed from Table 2 that −G00ð0Þ rises with k, s, a 

and decreases with Pr and Ec: Relatively small effects of Pr, s and Ec on −G00ð0Þ is observed. 
−H0ð0Þ is directly proportional to the parameters Pr, k and a while opposite effects are observed 
with the increasing values of parameters Ec and s: A comparatively little effect is observed on the 
heat transfer rate at the boundary. The slope linear regression (SLR) technique is used to compare 
the numerical values of heat transfer rate at the boundary in the presence and absence of viscous 
dissipation. Tables 3 and 4 demonstrate the numerical values of the heat transfer rate in the pres
ence and absence of viscous dissipation, respectively. The SLR values show that an increase in 
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Table 1. Comparison of the numerical values of − d2 F
dn2

�
�
n¼0 and − d2 G

dn2

�
�
n¼0 obtained by SFDM with the existing values in the 

literature for Ec ¼ 0, k ¼ 0 and s ¼ 0:

− d2 F
dn2

�
�
n¼0 − d2 G

dn2

�
�
n¼0

a

Liu et al. [45] Ackroyd  
Method and Runge-Kutta  

Integrating Scheme
Present  

Results SFDM

Liu et al. [45] Ackroyd  
Method and Runge-Kutta  

Integrating Scheme
Present  

Results SFDM

0.0 1.28180856 1.28180855 0.00000000 0.00000000
0.5 1.56988846 1.569888457 0.78494423 0.78494422
1.0 1.81275105 1.812751047 1.81275105 1.812751047

Table 2. Numerical estimation of − d2 F
dn2 jn¼0, − d2 G

dn2 jn¼0 and − dH
dn
jn¼0 for assorted values of the important flow parameters.

s Pr a k Ec

SFDM

− d2 F
dn2

�
�
n¼0 − d2 G

dn2

�
�
n¼0 − dH

dn

�
�
n¼0

0 1.03458973 0.62753901 3.63122779
0.5 0.98359993 0.63064172 2.80951200
1:0 3.0 0.4 1.2 0.5 0.94103896 0.63353831 2.36096693
1:5 0.90432935 0.63625092 2.07081898
2:0 0.87198514 0.63879730 1.86427166

Slope (Linear Regression) 20.080895952 0.005625156 20.854521056

1.0 0.78477466 0.64941276 1.76535132
2.0 0.92918096 0.63561445 2.50691835

0.3 3.0 0.4 1.2 0.5 1.00277918 0.62942680 3.07069976
4.0 1.04926986 0.62594224 3.54287878
6.7 1.12097969 0.62130710 4.57199083

Slope (Linear Regression) 0.05423763 20.004428663 0.47959181

0.1 0.80128621 0.14190497 2.82515136
0.3 0.93939944 0.45696303 3.00136576

0.3 3.0 0.6 1.2 0.5 1.11948896 1.00260204 3.16943571
0.8 1.22429971 1.41146638 3.21157501
0.9 1.27273401 1.62860441 3.21014407

Slope (Linear Regression) 0.58772059 1.861339944 0.48104675

0.0 1.51665633 0.60666253 2.85760221
1.0 1.08533592 0.62597116 3.04059673

0.3 3.0 0.4 2.0 0.5 0.68163910 0.64229682 3.17419285
3.5 0.10853407 0.66345008 3.30961288
5.5 0.61806774 0.68776888 3.40003374

Slope (Linear Regression) 20.18164191 0.014578085 0.09603855

1.0 0.95280527 0.63416176 2.79792591
2.0 0.866740096 0.64235094 2.34751881

0.3 3.0 0.4 1.2 3.0 0.79525892 0.64917848 1.98823531
4.0 0.73503912 0.65492792 1.69063755
5.0 0.68368256 0.65980164 1.43512038

Slope (Linear Regression) 20.06699464 0.006385674 20.338249232

Table 3. Effects of mixed convection on − dH
dn
jn¼0 in the absence of viscous dissipation.

k − dH
dn
jn¼0

0 3.33096308
1 3.37685461
2 3.41793902
3.5 3.47309727
5.5 3.53797542
SLR 0.03738221
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heat transfer rate with mixed convection parameter dominates in the presence of viscous 
dissipation.

It is shown in Figure 2(a) that the axial velocity F0ðnÞ increases with the mixed convection par
ameter ðkÞ: Physically, a rise in mixed convection parameter leads to an increase in the buoyant 
force, which in turn leads to an augmentation of the axial velocity profile. As k grows, a decre
ment in velocity G0ðnÞ and temperature profile HðnÞ is observed. This fact is depicted in Figure 
2(b) and (c) respectively. In point of fact, as the values of the mixed-convection parameter in the 
flow region are increased, the buoyant forces begin to dominate the inertial forces. This results in 
an increase in the rate of heat transfer. As a direct consequence of this, a temperature profile and 
the thickness of its boundary layer turn out to be decreasing. It is noticed from Figure 2(d) that 
the rate of entropy generation NGðnÞ is decreasing function of k at the surface of the boundary 
and its vicinity. Physically, the axial velocity gradients are reduced with k at the surface of the 
stretching boundary and adjacent to its vicinity. Since the formation of entropy is directly related 
to the velocity gradients, therefore, entropy generation NGðnÞ is reduced at the surface of the 
stretching sheet and its proximity. In addition, it has been observed that after a predetermined 
amount of vertical distance ðnÞ, an increase in the values of k also causes an increase in the value 
of entropy generation. Figure 2(e) illustrates that the heat transfer effects are substantial as com
pared to friction heating irreversibility at the surface of the boundary for k > 0: The thermal and 
viscous irreversibilities contribute equally at the boundary when k ¼ 0: Further, after a certain 
value of the vertical distance from the surface of the stretching sheet, the Bejan number decreases 
with growing values of k: It is also clearly seen that the viscous effect is prominent throughout 
the flow region after a certain value of n:

Figure 3(a)–(c) respectively indicate the influence of the thermal conductivity parameter ðsÞ
on HðnÞ, NGðnÞ and Bejan number ðBeðnÞÞ: The temperature HðnÞ rises as s enhanced. This is 
because the fluid’s capacity for thermal conduction increases with increasing values of s, leading 
to an increase in the fluid’s temperature. The entropic generation increases as s increases but this 
increasing effect can be seen after a specific vertical distance from the stretching boundary. The 
graph of BeðnÞ against n is plotted by taking different values of s: It is observed from this plot 
that BeðnÞ increases as s increases. Further, the effects are not very much prominent at the sur
face of the boundary. Heat transfer irreversibility is dominant over frictional heating irreversibility 
at the boundary.

Figure 4(a) showed that as the values of the Pr number increased, the temperature of the fluid 
decreased continuously. The reason for this is that the thickness of the thermal boundary layer 
and the Pr number has an inverse relationship. Figure 4(b) displays that the rate of entropy gen
eration NGðnÞ enhances as the Prandtl number Pr increases. On a physical basis, this behavior 
can be explained as, since entropy is increasing function of thermal gradients and thermal gra
dients increases with Pr number so consequently entropy rises with rising values of Pr number. 
The graph of the Bejan number is plotted for various values of the Prandtl number as shown in 
Figure 4(c). It is perceived that the Bejan number declines as Pr rises. Further, the values of the 
Bejan number at the surface of the boundary and its neighborhood show that thermal transfer 

Table 4. Effects of mixed convection on − dH
dn

�
�
n¼0 in the presence of viscous dissipation.

k − dH
dn

�
�
n¼0

0 2.38257610
1 2.74234226
2 2.98044048
3.5 3.19057217
5.5 3.27579488
SLR 0.15587997
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Figure 2. Effects of k on (a) F0ðnÞ (b) G0ðnÞ (c) HðnÞ (d) NGðnÞ (e) BeðnÞ:
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effects are dominant in this region whereas the thermal effects are less significant in the region 
away from the stretching boundary.

Figure 5(a) illustrates the thickening of the thermal boundary layer with increasing values of 
Eckert number. This characteristic can be described physically as, since the Eckert number is a 
measurement of the kinetic energy that transforms into heat energy as a result of frictional 
forces between the fluid layers, therefore a temperature rise is noticed with an increase in Ec:
Since dissipative energy is directly related to the Eckert number and dissipative energy is also a 
source of entropy generation, therefore entropy generation enhances with the Eckert number as 
shown in Figure 5(b). The graph of the Bejan number ðBeðnÞÞ for specific values of the Eckert 
number against n is plotted in Figure 5(c). A decline in the Bejan number is found with rising 
values of Ec: Figure 6(a) and (b) respectively represent the effects of the stretching ratio param
eter ðaÞ on F0ðnÞ and G0ðnÞ: A decrement in F0ðnÞ increment in G0ðnÞ is examined with rising 
values of a: This is due to the fact that increasing values of a indicate a decrease in stretching 

Figure 2. Continued
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Figure 3. Effects of s on (a) HðnÞ (b) NGðnÞ (c) BeðnÞ:
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Figure 4. Effects of Pr on (a) HðnÞ (b) NGðnÞ (c) BeðnÞ:
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Figure 5. Effects of Ec on (a) HðnÞ (b) NGðnÞ (c) BeðnÞ:
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Figure 6. Effects of a on (a) F0ðnÞ (b) G0ðnÞ (c) HðnÞ (d) NGðnÞ (e) BeðnÞ:
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velocity in the x�-direction, which, as a consequence, results in a decrease in axial velocity. On 
a more fundamental level, as a increases, the stretching rate along the y�-axis also increases, 
which causes the fluid to accelerate in the direction of the y-axis. Figure 6(c) shows a direct 
relation between entropy generation and ðaÞ: In other words, entropy generation can be mini
mized by increasing the stretching rate along x� − axis or by reducing the stretching rate along
side y� − axis: The contribution of viscous dissipation in entropy generation is increasing 
function of a and this relation can be seen in Figure 6(d). The temperature difference param
eter ðKÞ is the key factor to analyze the entropy generation within the boundary layer and this 
parameter appears during the non-dimensionalization of the volumetric rate of entropy gener
ation. It is found that the profile of entropy generation NGðnÞ and Bejan number decline as K 

increases as shown in Figure 7(a) and (b) respectively. This characteristic can be physically 
described as follows: since the temperature difference parameter increases with decreasing the 
operating temperature difference, this reduction causes less heat transfer and, as a result, 
the entropy generation decreases because entropy generation decreases with decreasing heat 
transfer.

Figure 6. Continued
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6. Concluding remarks

The current study gives the results of a three-dimensional mixed convection flow of dissipative 
fluid with thermal conductivity and analysis of entropy generation. The numerical solutions of 
the dimensionless governing equations are obtained by the implementation of the simplified finite 
difference method (SFDM). The key findings of the current study and future research direction 
are as follows:

� Axial velocity F0ðnÞ increases with the mixed convection parameter ðkÞ while decrement in 
velocity G0ðnÞ and temperature profile HðnÞ is observed.

� The rate of entropy generation NGðnÞ is decreasing function of k at the surface of the bound
ary and its vicinity.

� The temperature HðnÞ and BeðnÞ rises as s enhanced. The entropy generation increases as s 
increases but this increasing effect can be seen after a specific vertical distance from the 
stretching boundary.

� Increasing the Prandtl number decelerates the fluid and weakens the momentum boundary 
layer.

Figure 7. Effects of K on (a) NGðnÞ (b) BeðnÞ:
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� The rate of entropy generation NGðnÞ enhances as the Prandtl number ðPrÞ increases.
� The thickening of the thermal boundary layer is observed with increasing Eckert number.
� The rate of entropy generation NGðnÞ enhances as the Eckert number ðEcÞ increases while 

opposite effects on the Bejan number are observed.

7. Future work

The mathematical model becomes locally non-similar in the case of temperature-dependent vis
cosity and can be studied in future. Most of the authors treat it as self-similar but treating the 
local nonsimilar problems as self-similar produces inaccurate results. Additionally, the second law 
analysis of time-dependent three-dimensional flow along with nanoparticle effects can be studied 
in the future, which will also be of great interest. This study is important because of the various 
industrial and engineering applications of nanofluids such as cooling processes, microelectrome
chanical systems, implantable nanotherapeutic devices, cancer therapy, etc.
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