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The present °ow problem analyzes the impact of radiative heat and mass transfer with inclined
magnetic ¯eld on thermal exchange and entropy production of two immiscible nature of elec-

trically conducting couple stress °uid in a static porous saturated conduit. In this model, the

lower and upper porous regions of the rectangular channel are occupied by two di®erent types of

couple stress °uids. The static horizontal parallel plates of the porous duct are completely
isothermal and the °ow of immiscible °uid through the porous duct develops because of a

constant pressure gradient at the entry zone of the duct. The Brinkman model is utilized in the

modeling of °uid °ow through porous saturated domain and Rosseland's approximation is

utilized to compute the radiative thermal exchange e®ect on nonmiscible couple stress °uid. In
this work, authors have analyzed the e®ect of various thermo-physical parameters such as the

Hartmann number (Ha), permeability parameter (Da), Schmidt number (Sc), Soret number

(Sr) and couple stress parameter (si; i ¼ 1; 2) on the entropy generation characteristics, Bejan
number distribution, thermal behavior, concentration distribution and °ow characteristics of

immiscible couple stress °uid which passes through the porous channel. The parameters Ha, Da,

si, Sc, Sr correspond to magnetic ¯eld e®ect, permeability of porous media, couple stress, mass

di®usion and thermal di®usion, respectively. The most signi¯cant ¯ndings of this research work
are as follows:

. In a porous saturated channel, the immiscible couple stress °uid velocity, entropy production

number and thermal pro¯le get enhanced on increasing the couple stress parameter.
. On increasing the Hartmann number and decreasing the permeability of porous region, the

thermal properties and entropy production number both decrease.

. The couple stress °uid's concentration ¯eld and Bejan number distribution get decreased on

enhancing Soret number Sr and Schmidt number Sc.
. The entropy generation near the wall of the channel rapidly increases on increasing the

Schmidt number and Soret number.
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The emerging ¯nding of this research work exhibits excellent agreement with previously

published work. This research work can be utilized in food processing, petroleum products and

chemical process.

Keywords: Couple stress °uid; heat and mass transfer; immiscible °uid; porous media; entropy

generation number.

PACS numbers: 47.56.+r, 47.60.+i, 47.65.�d, 47.15.G�, 47.15.�x.

Nomenclature

Physical constants

ðSiÞG : Volumetric entropy production rate of the phases [J/kgK]

B : Magnetic ¯eld [T]

B0 : Magnetic ¯eld strength

Be : Bejan number

Br : Brinkman number

Ci : Concentration of the phases [kgm�3]

Dmi
: Mass di®usivity of the phases [m2 s�1]

Da : Permeability parameter

E : Electric ¯eld [Vm�1]

h : Characteristics distance [m]

Ha : Hartmann number

J : Current density [Am�2]

Ki : Porous medium permeability of the phases [m2]

ki : Thermal conductivity of the phases [Wm�1 K�1]

kTi
: Thermal di®usion ratio of the phases

ni : Dimensionless concentration of the phases

Nr : Radiation parameter

Nsi : Dimensionless entropy production number of the phases

P : Pressure [Nm�2]

pi : Irreversibility distribution ratio of the phases

qr : Radiative heat °ux [Wm�2]

Re : Reynolds number

si : Couple stress parameter of the phases

SG;C : Characteristics rate of entropy production

Sc : Schmidt number

Sr : Soret number

T : Temperature [K]

T0 : Reference temperature

Ti : Temperature of the phases [K]

Tm : Mean temperature [K]

U0 : Characteristics velocity [m s�1]
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ui : Dimensional velocity [m s�1]

x; y : Dimensional coordinates [m]

x�; y� : Dimensionless coordinates [m]

Greeks Letter

k� : Mean absorption coe±cient

�T : Temperature di®erence

�i : Viscosity coe±cients of couple stress °uid for the phases

� : Di®usive constant parameter

� : Inclination angle of the magnetic ¯eld

�i : Dynamic viscosities of the phases [N sm�2]

� : Dimensionless temperature ratio

� : Dimensionless concentration ratio

� : Density [Kgm�3]

�� : Stefan–Boltzmann constant [Wm�2 K�4]

�i : Electrical conductivity of the phases [�/m]

�i : Dimensionless temperatures of the phases

n� : Couple stress parameter ratio

n� : Viscosity ratio

n� : Electrical conductivity ratio

nD : Mass di®usivity ratio

nK : Permeability ratio

nk : Thermal conductivity ratio

nR : Ideal gas constant ratio

Subscripts

gen : Generation

i : For Region-1, i ¼ 1, for Region-2, i ¼ 2

1. Introduction

The study of magnetohydrodynamics (MHD), thermal exchange and °uid °ow

processes has been the central part of investigation for various researchers and sci-

entists due to their enormous roles in various sectors of industries and engineering

communities. Due to dynamic thermo-physical properties, this ¯eld of research can

be employed for a wide range of practical applications in engineering such as elec-

trostatic precipitation, the petroleum industry, aerodynamic heating, power gen-

erators and polymer technology. The subject of nonmiscible °uid with MHD has

great importance in the area of biomedical science such as reduction of bleeding
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during surgeries, cancer treatment, transport of drugs, blood °ow in arteries and

crude oil extraction. Several comprehensive studies have recently been published by

utilizing the MHD °ow and convective thermal exchange of immiscible °uid through

di®erent geometries and under di®erent boundary conditions. Adesanya and

Makinde 1 investigated the thermal exchange impact on the magnetized °ow of non-

Newtonian couple stress °uid within a vertical porous conduit. They employed the

Adomian decomposition technique for evaluating the analytical solutions of thermal

exchange and °ow velocity. Abbas et al.2 analyzed the hydromagnetic °ow distri-

bution and heat exchange of nonmiscible nature of couple stress °uid within an

inclined duct. Ramesh 3 addressed the heat, mass and magnetic ¯eld e®ect on peri-

staltic phenomena of a couple stress °uid in an inclined asymmetric porous saturated

duct. Umavathi et al.4 studied the fully developed, laminar °ow and thermal ex-

change of couple stress °uid inside a horizontal conduit bounded by two viscous °uid

layers. Kamisli and Öztop 5 estimated the impact of pressure gradient on entropy

production of incompressible and nonmiscible °ows of viscous °uids within a hori-

zontal thin slit. On the basis of a uniform heat sink and source, Kumar et al.6

analyzed the °ow of a ferromagnetic viscous °uid with thermophoretic molecular

di®usion over a stretching cylinder. Kumar et al.7 analyzed the heat and mass

transport analysis on the °ow of an incompressible Casson °uid with thermophoretic

molecular di®usion along a horizontal thin moving needle. The heat exchange

analysis in the MHD three-dimensional unsteady °ow of non-Newtonian nano°uid is

studied by Kumar et al.8 Asogwa et al.9 talked about the Lorentz force and heat sink

phenomena on the °ow of Casson °uid over an inclined Riga plate under the in°u-

ence of Dufour and Soret. In a heterogeneous Brinkman porous layer with a uni-

formly dispersed internal source of heat and a vertical magnetic ¯eld, Ravisha et al.10

proposed the linear theory for the ferromagnetic convective °ow. Abdelsalam and

Zaher 11 did a theoretical study on the in°uence of electroosmotic pressures on sperm

moving in the cervical canal. Alsharif et al.12 theoretically examined copper and

titanium low-dense mixes of two spherical nanoparticles in unsteady, incompressible

and electroosmotic °ow (EOF) of a fractional second-grade °uid. Abdelsalam et al.13

investigated the e®ects of laser light, electromagnetic ¯eld, chemical processes and

electro-osmosis °ow of hybridized non-Newtonian °uid along a sinusoidal channel.

The impacts of nonlinear density temperature and nonuniform source/sink of heat

on three-dimensional Maxwell nano°uid °ow across a stretching sheet were inves-

tigated numerically by Thumma et al.14

In modern times, the comprehensive study of non-Newtonian °uids has gained

crucial importance in various ¯elds of research because of its extensive applications in

engineering mechanisms, biological and physiological science, and industrial

manufacturing processes. Signi¯cantly, such °uids are utilized in chemical and nu-

clear industries, ¯ber technology, food processing, oil reservoir engineering and

pharmaceutical companies. The constitutive equations of non-Newtonian °uids are

nonlinear in nature, so it is the most challenging work for researchers, scientists and

the engineering community. Keeping such distinct features in mind, many
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researchers and scientists follow the modeling of non-Newtonian °uids under various

°ow situations and geometric con¯gurations. Due to their complex nature, the

rheological characteristics of non-Newtonian °uids are determined by their

constitutive equations. Many researchers and scientists have developed di®erent

non-Newtonian °uid models and their constitutive equations under various °ow

situations and conditions. The classical theory of couple stress °uid was introduced

by Stokes.15,16 Couple stress °uid possesses the e®ects of polarity in the form of body

couples and couple stress. Ariman and Cakmak 17 estimated the various roles of

couple stress °uid under di®erent °ow geometries and °ow situations, and they

compared these results with micropolar °uids. Mekheimer18 estimated the peristaltic

nature of couple stress °uid in a conduit with approximation of long wavelength.

Srinivasacharya et al.19 analyzed the thermal characteristics and °ow behavior of a

couple stress °uid within a porous conduit with contracting and expanding walls.

Khan et al.20 investigated the Maxwell bio-convective nano°uid °ow via an expo-

nentially extending curved surface under convective boundary conditions. Raza

et al.21 examined the impact of hydrodynamics on the radiative Sutterby nano°uid

°ow across a stretchy cylinder.

The design and optimization techniques of various thermo-°uidic devices have

been prepared by using the thermodynamic second law. It determines the irre-

versible losses that arise because of thermal exchange and °uid °ow processes in the

form of entropy production rate. Entropy production is a thermodynamic variable

which is used to quantify the irreversibility distribution in various thermal systems.

The thermodynamic second law is used to select the appropriate design techniques

and optimum conditions by minimizing the total entropy generation rates. More-

over, this method of minimization is de¯ned as entropy generation minimization

(EGM) which measures the performance and working capacity of thermal devices

and engineering technologies. The topic of entropy production provides a set of

operating conditions and design parameters that enhance the performance of

thermal power systems such as heat pumps, energy storage systems, cooling of

electronic devices, heat exchangers and so on. It is well understood that distinct

factors such as porous media, magnetic ¯elds, viscous dissipation, thermal radiation,

heat and mass exchange are responsible for the generation of entropy in thermal

processes. The concept, working procedure and minimization of entropy production

are addressed by Bejan et al.22,23 Bejan 24,25 also introduced the thermal exchange

process in conduit °ow, peristaltic transportation, boundary layer °ow and °ow

through various portions of the conduit using the concept of EGM. Sridhar et al.26

examined the e®ects of diamond and copper nanoparticles on the peristaltic phe-

nomenon of couple stress nano°uid controlled by the electro-magneto-hydrody-

namic process in a vertical microchannel. Faizan et al.27 used Cattaneo–Christov
double di®usion model to investigate the entropy production of a Sutterby nano°uid

on a Riga plate. Makinde and Eegunjobi28 studied the entropy generation char-

acteristics of incompressible couple stress °uid inside a vertical porous saturated

duct. Srinivas et al.29 discussed the thermodynamic second and ¯rst law analysis of
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nonmiscible couple stress °uid within a horizontal rectangular duct sandwiched by

two porous beds. Nagaraju et al.30 analyzed the production of entropy in an elec-

trically conducting and magnetized couple stress °uid °ow within a porous annulus

bounded by two concentric cylinders. Aksoy31 investigated the thermal exchange,

entropy production and °ow characteristics of a couple stress °uids within a parallel

plate channel with constant thermal °ux. Entropy production for the reactive na-

ture of couple stress °uid inside a porous conduit was analyzed by Adesanya et al.32

Srinivas et al.33 described the in°uence of radiative thermal exchange on entropy

production of two-layered immiscible nature of couple stress °uid inside a rectan-

gular pipe. The °ow of magnetized and nonmiscible couple stress °uid within a

horizontal conduit was analyzed by Murthy and Srinivas.34 The entropy analysis

due to thermal exchange with viscous dissipation is also useful in electric as well as

solar power generation. Jangili et al.35 analyzed the in°uence of radiative thermal

exchange on convective heat transformation and entropy production analysis of

steady-state micropolar °uid within a vertical porous conduit. Arpaci36,37 discussed

the entropy analysis because of radiative thermal exchange in various °ow situa-

tions. Yadav and Kumar38 investigated the impact of oriented magnetic ¯eld on

entropy generation characteristics of two-layered °ow of immiscible micropolar and

Newtonian °uid in a parallel plate conduit. Yadav et al.39 examined the in°uence of

di®erent porosity on entropy generation characteristics of two MHD and radiative

°ow of immiscible micropolar and Newtonian °uid in a porous saturated medium.

Yadav et al.40 talked about the e®ects of thermal radiation and magnetic ¯elds on

the Bejan number pro¯le, thermal properties, °ow velocity and entropy production

of micropolar and Newtonian viscous °uid inside a channel. Jamshed et al.41 studied

the nano°uid °ow and thermal exchange process by exposing it to a slippery surface

under the in°uence of thermal radiation, heat source, viscous dissipation and porous

media. Alhadhrami et al.42 analyzed the impact of local thermal nonequilibrium on

the °ow and thermal exchange of non-Newtonian Casson °uid in a porous saturated

medium. In a rectangular chamber ¯lled with water hybrid nano°uids and attached

to a wall made of a phase change material (PCM), Al-Maliki et al.43 conducted an

experimental study to examine the natural convective thermal exchange. Sarris

et al.44 carried out a numerical analysis of the thermal exchange and buoyancy-

driven °ow in a two-dimensional open container with localized below-surface

heating and cooling.

Many researchers and scientists are studying the entropy generation analysis of

immiscible types of non-Newtonian °uids through porous media because of their

crucial roles in numerous emerging areas of science and technology. This entropy

production analysis is also required to improve the working capacity of various

scienti¯c devices by minimizing entropy generation. In this work, authors investi-

gated the in°uence of radiative heat transfer, mass transfer and inclined magnetic

¯eld on entropy generation characteristics of two immiscible type of incompressible

couple stress °uid in a porous saturated domain. The analyses of concentration

pro¯le with entropy production of immiscible °uid have enormous practical
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applications in engineering laboratories, space center and thermal power plants.

Hence, this study can be utilized in food processing, hydrometallurgical industries,

polymer production, chemical process and manufacturing of ceramics. It is essential

to study the importance of porous saturated channels which may be used for sound

absorption, heat insulation and electrical applications.

Research gaps: To the best of the authors' knowledge and previously published

research work which underlines the application and importance of heat exchange and

mass exchange on entropy production analysis of two di®erent natures of MHD and

radiative nonmiscible couple stress °uid in a porous channel has been analyzed yet.

The previously published kinds of the literature also conclude that no study high-

lights the Bejan number distribution due to mass exchange of nonmiscible couple

stress °uid in a porous medium. These important results motivate the authors to

work in this area to present some new ¯ndings along with the existing results.

Novelty: In present °ow problem, the main emphasize is given on creation of entropy

due to mass transfer of immiscible type of couple stress °uid in porous saturated

channel. Here, authors have analyzed the in°uence of radiative heat exchange, mass

exchange, oriented magnetic ¯eld and radiative heat transfer on entropy generation

of two-phase immiscible nature of couple stress °uid within a porous saturated duct.

The impact of various thermo-physical parameters such as permeability parameter,

couple stress parameter, radiation parameter, Schmidt number, inclination angle

parameter, Soret number and Hartmann number on the entropy generation number,

temperature ¯eld, concentration ¯eld, Bejan number distribution and °ow velocity of

immiscible couple stress °uid has been graphically analyzed. In this work, the con-

centration species of immiscible couple stress °uid is also analyzed graphically and

discussed in detail. On the basis of past published research work, authors noticed

that no such type of study is performed which analyzed the signi¯cance of porous

material on heat, mass exchange and concentration of two nonmiscible type of couple

stress °uid in porous channel. This study may be used in various medical treatments

and biomedical engineering such as in the thermal therapeutic process.

2. Governing Flow and Heat Transfer Equations for Immiscible Type

of Couple Stress Fluid in a Porous Saturated Medium

The analysis of electrically conducting nonmiscible nature of couple stress °uid °ow

through a porous region in presence of radiative heat transfer and oriented magnetic

¯eld had numerous applications in geophysical and engineering technologies such as

thermal insulation, drying of porous substances, cooling of electronic devices and

nuclear reactors. The governing system of conservation equations for the °ow of

couple stress °uid is designated by energy equations, continuity equations together

with conservation of momentum equation, which are addressed by Stokes 15,16 and

takes the form as

Heat and mass transfer analysis of nonmiscible
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Continuity equation15,16:

@�

@t
þr � ð�vÞ ¼ 0: ð1Þ

The scalar quantity � and vector quantity v represent the °uid density and °ow

velocity of couple stress °uid, respectively.

Momentum equation15,16:

�
Dv

Dt
¼�rP þ �r�r� vþ ð�1 þ 2�Þrðr � vÞ � �r

�r�r�r� vþ J�B� �

K
v: ð2Þ

The °uid pressure is denoted by scalar quantity P . The material constants (viscosity

coe±cients) are denoted by symbols (�1, �) and viscosity coe±cients of couple stress

are denoted by symbols � and �0 which satisfy the constraints � � 0; � � 0; j�0j � �;

3�1 þ 2� � 0. The second last term J�B in Eq. (2) represents the Lorentzian body

force in which J depicts the current density, which produces in the °ow ¯eld because

of existence of magnetic ¯eld B.

Ohm's law in generalized form can be expressed as45

J ¼ �ðEþ v�BÞ: ð3Þ
The vector quantity E denotes the electric ¯eld and scalar quantity � depicts the

electrical conductivity of nonmiscible couple stress °uid. Since the electric ¯eld is not

considered in the present problem, the electric current density J takes the following

form:

J ¼ �ðv�BÞ: ð4Þ
In 1856, Darcy,46 a French engineer, performed a number of experiments in which he

analyzed the °ow of water in an vertical conduit of sand. He observed a proportional

relation between the applied pressure gradient and °ow rate of water which takes the

following form:

v ¼ �K

�
rP : ð5Þ

Here, K and � are, respectively, the permeability parameter and viscosity of °uid.

Some other °ows that allow to transport the °uid through high porous material

do not obey the Darcy's law. In 1947, Brinkman modi¯es the equation of Darcy's law

by adding the term �r2v to Darcy's law which is given as follows47:

v ¼ �K

�
rP þ �r2v: ð6Þ
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Thermal energy equation15,16:

�
DE

Dt
¼ �þ kr2T þ J2

�
þ �

K
v2 �r � qr; ð7Þ

where

� ¼ �½ðrvÞ : ðrvÞT þ ðrvÞ : ðrvÞ� þ 4�½ðr!Þ : ðr!ÞT � þ 4�0½ðr!Þ : ðr!ÞT �: ð8Þ

The conservative laws of mass balance, momentum and energy balance equation

are represented by Eqs. (1), (2) and (7), respectively. The vectorial quantity

! ¼ 1
2 ðr � vÞ denotes the rotational motion of couple stress °uid particles. In

thermal energy equation, the notation � is used for mechanical energy per unit mass

which is also known as dissipation function. The last term r � qr of Eq. (7) addressed
the radiative heat °ux of couple stress °uid °owing in the conduit.

Concentration equation48:

DC

Dt
¼ Dmr2C þ DmkT

Tm

r2T ; ð9Þ

where C denotes the concentration, Dm represents the mass di®usivity coe±cient, kT
stands for thermal di®usion ratio and Tm symbolized the mean temperature of the

couple stress °uid.

The radiative thermal °ux factor in the above equation can be approximated by

Rosseland's di®usion approximation which takes the following form49,50:

qr ¼ � 4

3

��

k�
dT 4

dy
: ð10Þ

Here, �� depicts the Stefan–Boltzmann constant and k� denotes the mean absorption

coe±cient. According to °ow circumstances, when the di®erences of temperature

within °uid medium are su±ciently small, we may employ the Taylor series ex-

pansion for the temperature T with respect to reference temperature T0, i.e.,

T 4 ¼ T0
4 þ 4T0

3ðT � T0Þ þ 6T0
2ðT � T0Þ2 þ � � � : ð11Þ

In the above expression, we consider only ¯rst degree term and remove the remaining

terms:

T 4 ¼ 4T0
3T � 3T0

4: ð12Þ

In order to obtain the value of radiative thermal °ux, we di®erentiated Eq. (10) with

respect to y and uses Eq. (12), hence we obtain51

dqr
dy

¼ � 16��T0
3

3k�
d2T

dy2
: ð13Þ

Heat and mass transfer analysis of nonmiscible
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3. Mathematical Model and Solution of the Proposed Problem

3.1. Mathematical model

The problem of the simultaneous °ow of nonmiscible °uids through pipe/conduit is

of great practical application in industrial processes where two or more immiscible

°uids take place simultaneously in the same pipe or channel. There are many more

areas where the °ow of two immiscible °uids occurs in the same channel. The entropy

analysis of immiscible °uids °owing through pipe/conduit is also an essential need to

think about the working capacity of thermal technologies in the form of conservation

of energy. Therefore, the aim of our analysis is to further reduce the entropy pro-

duction and achieve the best design of thermal devices when two couple stress °uids

take place through the porous channel.

In the considered °ow problem, two di®erent types of electrically conducting

nonmiscible couple stress °uid °ow inside a rectangular channel which is built of two

parallel plates and ¯lled with two distinct non-Darcian porous materials whose

permeabilities are di®erent (Fig. 1). The °ow of two nonmiscible, incompressible

couple stress °uid is laminar, unidirectional and in steady state. The X- and

Z-directions are the directions in which the channel's plates stretch, and the Y-

direction is seen as normal by them. The °ow regime is developed along the x-axis

due to the applied constant pressure gradient. An oriented constant magnetic ¯eld

B0 is applied at an angle � with the normal direction of the °ow domain. The electric

¯eld and the induced magnetic ¯eld are not prescribed in the considered work and the

characteristics of nonmiscible °uid are considered constant in nature. In the °ow

geometry, the bottom and upper walls of the conduit are situated at a distance of 2 h

apart, and it is assumed that the height of the conduit is su±ciently smaller than its

length. Due to nonmiscibility, both the couple stress °uids cannot penetrate

each other. The °ow properties of couple stress °uid °owing in upper porous zone

ð0 � y � hÞ are taken as viscosity �2, electrical conductivity �2, °ow velocity u2,

thermal conductivity k2, permeability K2, thermal characteristics T2, concentration

¯eld C2, mass di®usivity coe±cient Dm2
and thermal di®usion ratio kT2

however,

these °ow properties for lower porous region ð�h � y � 0Þ are taken as viscosity �1,

Fig. 1. (Color online) Schematic geometry of the physical problem.
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°ow velocity u1, electrical conductivity �1, thermal conductivity k1, permeability K1

and thermal characteristics T1, concentration ¯eld C1, mass di®usivity coe±cient

Dm1
and thermal di®usion ratio kT1

.

For the modeling of the present problem, authors employed the following

assumptions and conditions:

. The °ow regime of nonmiscible couple stress °uid is unidirectional, laminar, axis

symmetric, steady, viscous and incompressible.

. The transport characteristics of nonmiscible °uid are constant.

. The porous substances packed in a rectangular pipe are homogeneous and iso-

tropic.

. A homogenous magnetic ¯eld is applied in the y-direction which is perpendicular

to the °ow direction.

. The °ow is maintained via a continuous pressure gradient.

. The only body force operating on the °uid is the Lorentz force ðJ �BÞ.

. The isothermal walls of the channel are kept stationary.

The °ow equations of radiative, viscous, incompressible, magnetized and steady-

state °ow regime of couple stress °uid within the lower porous zone of the rect-

angular porous pipe under the above assumptions are prescribed by Brinkman

momentum, thermal energy equation and equation of continuity, which are as

follows:

Continuity equation33,34:

r � v1 ¼ 0: ð14Þ
Momentum equation33,34:

We consider the pressurized °ow of couple stress °uid between two stationary par-

allel plates that are kept at 2 h apart and °ow is assumed as incompressible, unidi-

rectional, steady and laminar. Thus, the term on the left-hand side of Eq. (2) which is

responsible for unsteady °ow and the third term on the right-hand side of Eq. (2),

because of continuity equation (1), should not be considered in the momentum

equation (2).

Therefore, the momentum equation (2) under the considered assumption of the

problem will become as

�rP þ �1r�r� v1 � �1r�r�r�r� v1 þ J �B� �1

K1

v1 ¼ 0: ð15Þ

The last term of Eq. (1) describes the °ow of °uid through porous media and it comes

from Darcy's law.

Energy equation33,34:

Under the considered assumptions of the model, the energy equation (7) that

underlines thermal analysis and determines how temperatures are distributed

Heat and mass transfer analysis of nonmiscible
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between parallel plates will become as

k1r2T1 þ �1½ðrv1Þ : ðrv1ÞT þ ðrv1Þ : ðrv1Þ� þ 4�1½ðr!Þ : ðr!ÞT � þ 4�01

� ½ðr!Þ : ðr!ÞT � þ J2

�
þ �1

K1

v2
1 �r � qr ¼ 0: ð16Þ

The second, third and fourth components in Eq. (16) represent the contribution of

viscous dissipation associated with Newtonian and couple stress e®ects.

Concentration equation48:

The mass concentration equation for steady couple stress °uid °ow in a porous

saturated medium is given by

Dm1
r2C1 þ

Dm1
kT1

Tm

r2T1 ¼ 0: ð17Þ

The °ow equations of radiative, viscous, incompressible, magnetized and steady-state

°ow regime of couple stress °uid within the upper porous zone of the rectangular

porous pipe under the above assumptions are prescribed by Brinkman momentum,

thermal energy equation and equation of continuity, which are as follows:

Continuity equation33,34:

r � v2 ¼ 0: ð18Þ
Momentum equation33,34:

�rP þ �2r�r� v2 � �2r�r�r�r� v2 þ J �B� �2

K2

v2 ¼ 0: ð19Þ

Energy equation33,34:

k2r2T2 þ �2½ðrv2Þ : ðrv2ÞT þ ðrv2Þ : ðrv2Þ� þ 4�2½ðr!Þ : ðr!ÞT � þ 4�02

� ½ðr!Þ : ðr!ÞT � þ J2

�
þ �2

K2

v2
2 �r � qr ¼ 0: ð20Þ

Concentration equation48:

Dm2
r2C2 þ

Dm2
kT2

Tm

r2T2 ¼ 0: ð21Þ

The °ow velocity components of couple stress °uid in lower porous zone of the duct

under the above assumptions are considered as v1 ¼ ðu1; 0; 0Þ. Due to existence of

continuity equation for incompressible nature of °uid in a fully developed °ow re-

gime, the x-axis component of °ow velocity will become the function of y only, i.e.,

u1 ¼ u1ðyÞ and its y-directional velocity component vanishes.

Within the framework of above criteria, the governing °ow equations for radia-

tive, magnetized, viscous and incompressible °ow regime of couple stress °uid in

P. K. Yadav, A. Kumar & A. J. Chamkha
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bottom porous zone of the duct will become as

Conservation of linear momentum33,34:

dp

dx
¼ �1

d2u1

dy2
� �1

d4u1

dy4
� �1B0

2�2u1 �
�1

K1

u1: ð22Þ

Conservation of energy33,34:

k1 þ
16��T0

3

3k�

� �
d2T1

dy2
þ �1

du1

dy

� �
2

þ �1
d2u1

dy2

� �2

þ �1B0
2�2u1

2 þ �1

K1

u1
2 ¼ 0:

ð23Þ
Concentration equation48:

Dm1

d2C1

dy2
þ Dm1

kT1

Tm

d2T1

dy2
¼ 0: ð24Þ

The °ow velocity components of couple stress °uid in upper porous zone of the duct

under the above assumptions are considered as v2 ¼ ðu2; 0; 0Þ. Due to existence of

continuity equation for incompressible nature of °uid in a fully developed °ow re-

gime, the x-axis component of °ow velocity will become the function of y only, i.e.,

u2 ¼ u2ðyÞ and its y-directional velocity component vanishes.

Within the framework of above criteria, the governing °ow equations for radia-

tive, magnetized, viscous and incompressible °ow regime of couple stress °uid in

upper porous zone of the duct will be as follows:

Conservation of linear momentum33,34:

dp

dx
¼ �2

d2u2

dy2
� �2

d4u2

dy4
� �2B0

2�2u2 �
�2

K2

u2: ð25Þ

Conservation of energy33,34:

k2 þ
16��T0

3

3k�

� �
d2T2

dy2
þ �2

du2

dy

� �
2

þ �2
d2u2

dy2

� �2

þ �2B0
2u2

2 þ �2

K2

u2
2 ¼ 0: ð26Þ

Concentration equation48:

Dm2

d2C2

dy2
þ Dm2

kT2

Tm

d2T2

dy2
¼ 0: ð27Þ

3.2. Solution of the proposed problem

In order to reduce the nonmiscible couple stress °uid °ow governing equations

(22)–(27) in dimensionless form, we incorporate the following dimensionless

variables:

ui
� ¼ ui

U0

; i ¼ 1; 2; y� ¼ y

h
; x� ¼ x

h
; n� ¼ �2

�1

; nk ¼
k2
k1

; Da2 ¼ h2

K1

;

Heat and mass transfer analysis of nonmiscible
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p� ¼ p

�1U
2
0

; n� ¼ �2

�1

; �i ¼
Ti

� � T0

�T
; Br ¼ �1U

2
0

k1�T
; Ha ¼ B0h

ffiffiffiffiffiffi
�1

�1

r
;

Re ¼ �1U0h

�1

; nK ¼ K2

K1

; si ¼
�ih

2

�i
; Nr ¼ 4��T0

3

k�k1
; Sc ¼ �1

�Dm1

;

nD ¼ Dm2

Dm1

; ni ¼
Ci

� � C0

�C
; � ¼ Rg1Dm1

C0

k1
; Sr ¼ Dm1kT1

rT�

Tm�1rC
;

nR ¼ Rg2

Rg1

; � ¼ �T

T0

; � ¼ �C

C0

;

where U0 indicates the characteristics velocity of the °uid. The symbols Re, Sc, Da,

Sr, Ha, Br, Nr, si and � depict the Reynolds number, Schmidt number, permeability

parameter, Soret number, Hartmann number, Brinkman number, radiation pa-

rameter, couple stress parameter and di®usive constant parameter, respectively. The

dimensionless ratios such as nK, nk, n�, n�, nD and nR denote the permeability ratio,

thermal conductivity ratio, viscosity ratio, electrical conductivity ratio, mass di®u-

sivity ratio and ideal gas constant ratio, respectively. The term C0 denotes the

reference concentration of the °uid. The terms � and � denote the dimensionless

temperature and concentration ratio, respectively. The term �T indicates the

characteristics temperature which takes the form �T ¼ T �
1 � T �

2 , in which T �
1 > T �

2 .

By incorporating these nondimensional variables into Eqs. (22)–(27) and

removing the notations of *, we have Region-1 ð�h � y � 0Þ:
Conservation of linear momentum33,34:

d4u1

dy4
� s1

d2u1

dy2
þ ðDa2 þ �2Ha2Þs1u1 þ Re s1

dp

dx
¼ 0: ð28Þ

Energy equation33,34:

d2�1
dy2

þ 3Br

ð3þ 4NrÞ
du1

dy

� �
2

þ 1

s1

d2u1

dy2

� �2

þ ðHa2�2 þDa2Þu1
2

� �
¼ 0: ð29Þ

Concentration equation48:

1

Sc

d2n1

dy2
þ Sr

d2�1
dy2

¼ 0: ð30Þ

Region-2 ð0 � y � hÞ:
Conservation of linear momentum33,34:

d4u2

dy4
� s2

d2u2

dy2
þ Ha2�2n�

n�

þ Da2

nK

� �
s2u2 þ

Res2P

n�

¼ 0: ð31Þ

Energy equation33,34:

d2�2
dy2

þ 3Brn�

ð3nk þ 4NrÞ
du2

dy

� �
2

þ 1

s2

d2u2

dy2

� �2

þ Ha2�2n�

n�

þ Da2

nK

� �
u2

2

� �
¼ 0: ð32Þ

P. K. Yadav, A. Kumar & A. J. Chamkha

2450227-14

In
t. 

J.
 M

od
. P

hy
s.

 B
 2

02
4.

38
. D

ow
nl

oa
de

d 
fr

om
 w

w
w

.w
or

ld
sc

ie
nt

if
ic

.c
om

by
 Z

H
E

JI
A

N
G

 U
N

IV
E

R
SI

T
Y

 o
n 

05
/1

5/
24

. R
e-

us
e 

an
d 

di
st

ri
bu

tio
n 

is
 s

tr
ic

tly
 n

ot
 p

er
m

itt
ed

, e
xc

ep
t f

or
 O

pe
n 

A
cc

es
s 

ar
tic

le
s.



Concentration equation48:

1

Sc

d2n2

dy2
þ Sr

d2�2
dy2

¼ 0: ð33Þ

On solving the governing equations (28)–(33) by using reliable technique, authors

obtained the closed form expressions for temperature distribution and °ow behavior

of immiscible nature of couple stress °uid in bottom and upper porous zone of the

duct, which are given in Appendix A.

3.3. Boundary conditions

The classical no-slip boundary conditions at the lower (y ¼ �1) and upper (y ¼ 1)

porous wall of the conduit are taken as33

u1ð�1Þ ¼ 0; u2ð1Þ ¼ 0: ð34Þ

The boundary condition on the couple stresses which vanishes at the lower and upper

porous wall of the duct16 is taken as

d2u1

dy2
¼ 0 at y ¼ �1;

d2u2

dy2
¼ 0 at y ¼ 1: ð35Þ

At the interfacial region y ¼ 0, we consider that the couple stress, °ow velocity

component, vorticity component and shear stress components are continuous,33 i.e.,

u1ð0Þ ¼ u2ð0Þ; ð36Þ
du1ð0Þ
dy

¼ du2ð0Þ
dy

; ð37Þ

s1
du1

dy
� d3u1

dy3

� �
¼ n� s2

du2

dy
� d3u2

dy3

� �
; ð38Þ

d2u1

dy2

� �
¼ n�

d2u2

dy2

� �
: ð39Þ

The thermal boundary conditions at the bottom, top and central zone of the porous

duct are described as

(1) The thermal distribution at the bottom and top porous wall of the channel is

given as33

�1ð�1Þ ¼ 0; �2ð1Þ ¼ 1: ð40Þ
(2) The continuity of thermal distribution and heat °ux at the interfacial region of

the °uid is addressed as33

�1ð0Þ ¼ �2ð0Þ;
d�1
dy

¼ nk

d�2
dy

at y ¼ 0: ð41Þ

Heat and mass transfer analysis of nonmiscible
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The concentration pro¯le at the bottom and upper isothermal plates of the porous

duct is given by52

n1 ¼ 0 at y ¼ �1; ð42Þ
n2 ¼ 1 at y ¼ 1: ð43Þ

The concentration pro¯le of immiscible °uids is continuous at the interfacial

region,52 i.e.,

n1ðyÞ ¼ n2ðyÞ at y ¼ 0; ð44Þ
dn1

dy
¼ nD

dn2

dy
at y ¼ 0: ð45Þ

The above boundary conditions have been used to obtain the arbitrary constants

appearing in the solution of governing Eqs. (28)–(33) which is given in Appendix A

with the help of Mathematica Software 10.3.

4. Production of Entropy and Bejan Number Distribution for Immiscible

Nature of Couple Stress Fluid in a Porous Saturated Domain

4.1. Generation of entropy inside a porous saturated pipe

Entropy production is a crucial thermal parameter and it determines the reason of

the loss of useful energy in any engineering and thermal process which includes the

heat exchange, mass exchange and °uid °ow process. The convection heat ex-

change and °uid transportation through a porous material are essentially irre-

versible in environment. Production of entropy in a thermal and °uid °ow process

arises because of thermal energy exchange and transfer of momentum between the

impermeable walls and within the °uid medium of the conduit. In the present

model, the entropy produces because of the thermal exchange irreversibility,

magnetic e®ect irreversibility, radiative thermal exchange irreversibility, irrevers-

ibility due to porous media, °uid frictional irreversibility and irreversibility due to

mass transfer.

The volumetric entropy production rate due to couple stress °uid °ow in a lower

porous region of the duct under the impact of radiative heat exchange and mass

exchange is given by25,53

ðS1ÞG ¼ k1
T0

2
1þ 16��T0

3

3k�k1

� �
@T1

@y

� �
2

þ �1

T0

@u1

@y

� �
2

þ �1
T0

@2u1

@y2

� �2

þ �1B0
2�2u1

2

T0

þ �1

K1T0

u1
2 þ Rg1Dm1

C0

@C1

@y

� �
2

þ Rg1Dm1

T0

� @C1

@y

@T1

@y

� �
: ð46Þ

The volumetric entropy production rate due to °ow regime of couple stress °uid

within the upper porous region of the duct under the impact of radiative heat

P. K. Yadav, A. Kumar & A. J. Chamkha
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exchange and mass exchange is given by25,53

ðS2ÞG ¼ k2
T0

2
1þ 16��T0

3

3k�k2

� �
@T2

@y

� �
2

þ �2

T0

@u2

@y

� �
2

þ �2
T0

@2u2

@y2

� �2

þ �2B0
2�2u2

2

T0

þ �2

K2T0

u2
2 þ Rg2Dm2

C0

@C2

@y

� �
2

þ Rg2Dm2

T0

@C2

@y

@T2

@y

� �
ð47Þ

Note that ¯rst, fourth and ¯fth terms in Eqs. (46) and (47) highlight the generation

of entropy in their respective region of the duct because of radiative thermal ex-

change, existence of magnetic ¯eld and presence of porous media, however, the

second and third term indicates entropy production distribution in respective region

due to °uid friction. The sixth and seventh terms denote the generation of entropy in

their respective region of the duct because of mass di®usion and coupling between

heat and mass di®usion, respectively.

Based on the concept of minimization of entropy, the characteristics rate of en-

tropy production is given by25,53

SG;C ¼ k1ð�T Þ2
h2T 2

0

� �
: ð48Þ

The dimensionless form of entropy production number for incompressible, radiative,

magnetized and immiscible nature of couple stress °uid in the lower and upper

porous region, respectively, of the duct is expressed as

Ns1 ¼ 1þ 4

3
Nr

� �
d�1
dy

� �
2

þ Br

�

du1

dy

� �
2

þ 1

s1

d2u1

dy2

� �2

þ ðHa2�2 þDa2Þu1
2

� �

þ �
�

�

� � �

�

� � dn1

dy

� �
2

þ dn1

dy

d�1
dy

� �� �
; ð49Þ

Ns2 ¼ 1þ 4Nr

3nk

� �
d�2
dy

� �
2

þ Br

�

n�

nk

du2

dy

� �
2

þ 1

s2

d2u2

dy2

� �2

þ Ha2�2n�

n�

��

þ Da2

nK

�
u2

2

�
þ �

nDnR

nk

�

�

� � �

�

� � dn2

dy

� �
2

þ dn2

dy

d�2
dy

� �� �
: ð50Þ

Equations (49) and (50) can be classi¯ed by the following relation:

Nsi ¼ Nyi þNfi: ð51Þ
Here,Nyi highlights the generation of entropy due to radiative thermal exchange and

Nfi denotes the entropy generation due to mass transfer, porous media, magnetic

¯eld and viscous dissipation.

4.2. Bejan number distribution

The term irreversibility distribution ratio ðpiÞ is de¯ned as the division of entropy

production ðNfiÞ due to °uid friction, presence of porous media, applied magnetic

Heat and mass transfer analysis of nonmiscible
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¯eld and mass transfer to the production of entropy ðNyiÞ due to radiative thermal

exchange, i.e.,

pi ¼
Nfi
Nyi

; i ¼ 1; 2: ð52Þ

If the irreversibility distribution arises due to °uid friction, presence of porous media,

applied magnetic ¯eld and mass transfer then pi > 1, but if it arises due to thermal

exchange, then 0 < pi < 1. It is noticed that if the irreversibility arises due to com-

bined e®ect of °uid friction, presence of porous media, applied magnetic ¯eld, mass

transfer and thermal exchange, then pi ¼ 1.53

A crucial thermodynamic parameter which is used in advanced thermodynamic

analysis is known as Bejan number.54 It is de¯ned as the fraction of entropy pro-

duction originated by radiative heat exchange to the total generation of entropy

within the porous conduit.55

Bei ¼
Nyi
Nsi

¼ Nyi
Nyi þNfi

¼ 1

1þ pi
; i ¼ 1; 2: ð53Þ

On the basis of physical signi¯cance, the classi¯cation of Bejan number distribution

is described in three di®erent categories. From Eq. (53), Be ¼ 0 illustrates that

irreversibility distribution due to heat exchange is zero, Be ¼ 1 depicts that the

irreversibility distribution by viscous dissipation, applied magnetic ¯eld, presence of

porous media and mass transfer is negligible. Be ¼ 0:5 describes that irreversibility

distribution due to radiative heat exchange and other parameters such as magnetic

¯eld, mass transfer, porous media and viscous dissipation are same.

The Bejan number distribution in lower and upper porous zone, respectively, of

the duct for radiative, magnetized couple stress °uid which °ows in respective region

is given as

Be1 ¼
1þ 4

3 Nr
	 


d�1
dy

� �
2

Ns1
; ð54Þ

Be2 ¼
1þ 4Nr

3nk

� �
d�2
dy

� �
2

Ns2
; ð55Þ

where Ns1 and Ns2 are given in Eqs. (49) and (50), respectively.

5. Analysis of Result

The examination of the entropy production in di®erent geometrical con¯gurations

under varying conditions has dynamic applications in rotating mechanical devices,

industrial equipment optimization and improving the performance of many engi-

neering technologies. Many creative studies have been published in recent years

because second law analysis is useful for getting the best design for the system.

Additionally, the analysis of nonmiscible °uid °ow and heat exchange has
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signi¯cance in the movement of crude oil and transportation procedures. In the

present nonmiscible °ow model, we considered the °ow of nonmiscible couple stress

°uid in a horizontal porous conduit under the impact of oriented magnetic ¯eld and

radiative thermal exchange. In this °ow problem, we examine the entropy generation

distribution, °ow characteristics, Bejan number and heat transfer of nonmiscible

couple stress °uid within a horizontal porous duct. The presence of porous material

in the °owing °uid increases the amount of drag, friction and °ow resistance between

the °uid °ow and porous solid surfaces. In order to obtain exact solutions for thermal

behavior, °ow velocity, entropy production characteristics and Bejan number dis-

tribution, we employed the reliable technique in this problem. Here, we mainly focus

to discuss on the behaviors of pertinent thermo-physical parameters such as

Hartmann number, permeability parameter and couple stress parameter, Schmidt

number and Soret number on entropy generation number, °ow velocity, Bejan

number and thermal characteristics of nonmiscible type of couple stress °uid within a

horizontal porous pipe. In order to validate the numerical values of various °ow

parameters, we take some references of earlier published papers.28,29,31–35 From the

previous published literature, it is noticed that the dimensionless pressure gradient

takes the estimated values between ð�1; 0Þ,34 the Hartmann number assumes the

values between ½0;1Þ ,34 radiation parameter takes the values between ð0;1Þ,33,35
permeability parameter lies in the interval ½0;1Þ39 and the couple stress parameter

lies in ð0;1Þ.34

5.1. Couple stress parameter impact on °ow properties

The impact of couple stress parameter over the physical variables such as °ow

distribution, entropy generation number, thermal pro¯le and Bejan number distri-

bution has been discussed in this section. Figures 2 and 3 promulgate the couple

stress parameter e®ect on °ow distribution and temperature pro¯le of immiscible

Fig. 2. (Color online) Velocity pro¯le with couple stress parameter.
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couple stress °uid in a rectangular porous pipe, respectively, when P ¼ �1:5,

Da ¼ 0:1, Ha ¼ 0:5, � ¼ 0:5, Nr ¼ 1, s1 ¼ 1:5, nK ¼ 1:2, Re ¼ 2, Br ¼ 0:5, � ¼ 1,

n� ¼ 0:9, nk ¼ 1:1, n� ¼ 0:6, n� ¼ 0:7. From Fig. 2, we concluded that ascending

trend in couple stress °uid parameter accelerates the °ow velocity in the porous

conduit. This would be explained by the fact that the couple stresses expend some

energy in rotating the °uid particles, which causes the reduction of °ow velocity of

immiscible couple stress °uid in the porous channel. Figure 3 depicts the variation

of temperature pro¯le of immiscible couple stress °uid with the ascending values of

couple stress parameter in the porous medium. From this plot, we analyzed that the

thermal characteristics of immiscible °uid get boosted by enlargement of couple

stress parameter within the porous °ow domain. Physically, this is accurate due to

the °uid's diminishing dynamic viscosity. The results show that the °uid tempera-

ture increases in the areas close to interface of immiscible °uid, however, the °uid

temperature decreases towards the heated wall of the porous channel. However, as

the viscous forces of the °uid reduce along with the couple stress parameter, the

degree of freedom of the immiscible °uid particles also lowers, which will ultimately

lead to a reduction in the temperature distribution within the porous channel. It is

also concluded that couple stress parameter s1 of porous Region-1 shows much e®ect

on temperature pro¯le as comparison to the couple stress parameter s2 of upper

porous region. These ¯ndings are well in agreement with the research work published

by Ref. 32.

The science behind this ¯ndings is that the reduction in couple stress parameter

enhances the dynamic viscosity of immiscible type of couple stress °uid which

reduces the °ow velocity. This result is validated with the works published by

Refs. 32, 34 and 57.

The dependency of entropy production number with the ascending values of

couple stress parameter when P ¼ �20:0, Da ¼ 0:1, Ha ¼ 0:5, � ¼ 0:5, Nr ¼ 2,

s2 ¼ 8, nK ¼ 1:2, Re ¼ 2, Br ¼ 0:8, � ¼ 1, n� ¼ 0:9, nk ¼ 1:1, n� ¼ 0:9, n� ¼ 1:1 is

Fig. 3. (Color online) Temperature pro¯le with couple stress parameter.
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illustrated in Fig. 4. From this plot, we examined that the ascending trend of couple

stress parameter enhances the production of entropy nearby the wall of the porous

conduit. From the given ¯gure, we observe that couple stress parameter illustrates

very less or negligible e®ect on the entropy production number at the interfacial

region of the porous pipe. This is expected because, as seen in Figs. 2 and 3, the

couple stress parameter raises both the temperature and °ow velocity of immiscible

couple stress °uids within the porous saturated channel. Additionally, Fig. 4 shows

that heat transfer rises the irreversibility ratio at the channel walls because of an

increase in the kinetic energy of the °uid particles, whereas viscosity predominates in

the channel center. It is also examined that the entropy production number achieved

its lower value at the interfacial zone of nonmiscible °uid. This result may be used in

making the thermo-°uid model as energetically e±cient as possible. The impact of

couple stress parameter on Bejan number distribution when P ¼ �0:1, Da ¼ 0:1,

Ha ¼ 0:1, � ¼ 0:1, Nr ¼ 1, s2 ¼ 5, nK ¼ 0:9, Re ¼ 2:5, Br ¼ 5, � ¼ 1, n� ¼ 0:9,

nk ¼ 0:9, n� ¼ 0:9, n� ¼ 0:9 is illustrated in Fig. 5. It is concluded that the ascending

values of couple stress parameter enhance the Bejan number distribution at the

interfacial region of immiscible °uid. The reason behind the above fact is that as the

couple stress parameter grows, the °uid's °ow velocity and temperature rise, which

improves viscous heating and thermal dissipation and hence Bejan number pro¯le

enhances at the interfacial region of immiscible °uid. A similar nature of plot is

reported in the works of Refs. 32 and 34 which validate our results.

5.2. Impact of Hartmann number Ha

Here, we discuss the impact of Hartmann number on various °ow properties such as

entropy production characteristics, Bejan number distribution, thermal pro¯le and

°ow regime of immiscible type of couple stress °uid. Figures 6 and 7 are aimed to

elucidate the impact of Hartmann number pro¯le on °ow behavior and temperature

of immiscible type of couple stress °uid within the porous conduit when P ¼ �1:5,

Fig. 4. (Color online) Entropy generation number with couple stress parameter.
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Da ¼ 0:1, Nr ¼ 2, � ¼ 0:5, s2 ¼ 8, nK ¼ 1:2, s1 ¼ 18, Re ¼ 2, Br ¼ 0:7, � ¼ 1,

n� ¼ 0:9, nk ¼ 1:1, n� ¼ 0:9, n� ¼ 1:1. These ¯gures conclude that the magnetic ¯eld

shows the same kind of e®ect on the °ow behavior and temperature pro¯le of im-

miscible couple stress °uid as couple stress parameter does. From Fig. 6, we exam-

ined that the couple stress °uid velocity diminishes with the ascending values of

Hartmann number. In other words, we can say that the couple stress °uid velocity

can be suppressed by boosting the applied magnetic ¯eld strength. This is due to the

fact that the applied magnetic ¯eld which is perpendicular to the °ow direction tends

to control the motion of the °uids in the channel by creating a retarding force called

the Lorentzian drag force that acts in the opposite direction of the °ow. This phe-

nomenon takes place due to resistive impact of Lorentzian drag force which arises

because of applied magnetic ¯eld in the °ow domain.

Fig. 5. (Color online) Bejan number with couple stress parameter.

Fig. 6. (Color online) Velocity pro¯le with Ha.
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It is noticeable because of its enormous applications in the metal industries where

the hot °uid °ow controls during the metal processing mechanism. In Fig. 7, de-

pendency of thermal characteristics with various favorable values of Ha is portrayed.

This graph illustrates that the temperature pro¯le diminishes on increasing values of

magnetic ¯eld strength. Figure 8 describes the impact of Ha on entropy generation

characteristics of immiscible couple stress °uid inside the porous conduit when

P ¼ �1:5, Da ¼ 0:1, s1 ¼ 8, � ¼ 0:5, n� ¼ 1:1, Re ¼ 35, s2 ¼ 8, nk ¼ 1:1, n� ¼ 1:1,

n� ¼ 1:1, nK ¼ 1:1, Nr ¼ 1, Br ¼ 0:5, nD ¼ 1:1, Sc ¼ 5, Sr ¼ 0:6, � ¼ 0:1, � ¼ 0:3,

� ¼ 0:1, nR ¼ 1:1. This plot elucidates that the production of entropy decreases with

the enlargement of magnetic ¯eld intensity parameter Ha nearby the plates of the

porous duct. Hence, Ha can be utilized to control the generation of entropy in the

°ow medium. From this plot, it is examined that the entropy production number

achieved extremum values in the lower porous region as compared to upper porous

region of the duct. The rise of entropy generations caused by heat conduction and

Fig. 7. (Color online) Temperature distribution with Ha.

Fig. 8. (Color online) Entropy generation number with Ha.
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conducting °uid friction in immiscible couple stress °uids can be signi¯cantly lessen

or stopped by increasing the Hartmann number. It can be analyzed from Fig. 9

that the Bejan number distribution enhances on ascending values of Ha when

P ¼ �0:1, Da ¼ 0:1, s1 ¼ 8, � ¼ 0:5, n� ¼ 1:1, Re ¼ 35, s2 ¼ 8, nk ¼ 1:1, n� ¼ 1:1,

n� ¼ 1:1, nK ¼ 1:1, Nr ¼ 1, Br ¼ 0:1, nD ¼ 1:1, Sc ¼ 2, Sr ¼ 2, � ¼ 0:1, � ¼ 0:1,

� ¼ 0:1, nR ¼ 1:1. The nature of plots of °ow velocity, entropy production char-

acteristics, thermal pro¯le and Bejan number distribution with Ha shows excellent

agreement with the work of Refs. 33 and 34.

5.3. In°uence of permeability parameter Da on °ow properties

In this section, the permeability parameter e®ects on thermal characteristics, en-

tropy production number, velocity distribution and Bejan number distribution for

immiscible couple stress °uid in both the porous zone of the duct are discussed.

Figures 10 and 11 represent the impact of permeability parameter on the °ow

characteristics and temperature of nonmiscible type of couple stress °uids in the

porous domain when P ¼ �1:5, Ha ¼ 0:5, Nr ¼ 2, � ¼ 0:5, s2 ¼ 8, nK ¼ 1:2,

s1 ¼ 18, Re ¼ 2, Br ¼ 0:7, � ¼ 1, n� ¼ 0:9, nk ¼ 1:1, n� ¼ 0:9, n� ¼ 1:1. We ob-

served from Fig. 10 that an ascending trend in permeability parameter leads to

reduction in the movement of the °uid within the porous domain. This is so because

the permeable nature of porous material reduces on increasing the permeability

parameter and it develops resistance to the °ow ¯eld and hence the °ow distribution

of immiscible type of °uid decreases. This result is authenticated by the investigation

of Refs. 39 and 56.

It is examined from Fig. 11 that the permeability parameter reduces the thermal

pro¯le of couple stress °uid in both the regions of the °ow conduit. This result

shows that less permeable medium reduces heat transfer within the porous medium.

Fig. 9. (Color online) Bejan number with Ha.
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This result is approved with the work of Ref. 58. This ¯gure illustrates that the

temperature pro¯le attains extremum value in upper porous region of the duct.

Figure 12 has been plotted to analyze the production of entropy against the

permeability parameter when P ¼ �1:5, s1 ¼ 8, H ¼ 0:5, � ¼ 0:5, n� ¼ 1:1,

Re ¼ 35, s2 ¼ 8, nk ¼ 1:1, n� ¼ 1:1, n� ¼ 1:1, nK ¼ 1:1, Nr ¼ 1, Br ¼ 0:5, nD ¼ 1:1,

Sc ¼ 5, Sr ¼ 0:6, � ¼ 0:1, � ¼ 0:3, � ¼ 0:1, nR ¼ 1:1 and concluded that entropy

generation reduces as the permeability parameter increases in both the region of the

porous conduit. Entropy production in porous media is primarily dominated by the

drag and friction forces between the °ow and the porous solids. Figure 13 is presented

to discuss the impact of permeability parameter on the Bejan number pro¯le of

immiscible couple stress °uid in the porous medium when P ¼ �0:1, Ha ¼ 0:5,

s1 ¼ 8, � ¼ 0:5, n� ¼ 1:1, Re ¼ 35, s2 ¼ 8, nk ¼ 1:1, n� ¼ 1:1, n� ¼ 1:1, nK ¼ 1:1,

Fig. 10. (Color online) Velocity pro¯le with Da.

Fig. 11. (Color online) Temperature pro¯le with Da.
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Nr ¼ 1, Br ¼ 0:1, nD ¼ 1:1, Sc ¼ 2, Sr ¼ 2, � ¼ 0:1, � ¼ 0:1, � ¼ 0:1, nR ¼ 1:1.

From this plot, we concluded that Bejan number diminishes with the ascending

values of permeability parameter nearby the interfacial region of the conduit, how-

ever Bejan number gets enhanced on increasing the permeability parameter in the

other region of the porous conduit. This result is validated with the work done by

Refs. 33 and 34.

5.4. Impact of Schmidt number Sc

In this section, the in°uence of Schmidt number on entropy generation number,

concentration distribution and Bejan number pro¯le of immiscible type of couple

stress °uid in a porous saturated duct is discussed. The Schmidt number describes

the relative ease of mass exchange and molecular momentum and is very crucial in

computations of binary mass transfer in various multiphase °ows. Schmidt numbers

Fig. 12. (Color online) Entropy generation number with Da.

Fig. 13. (Color online) Bejan number with Da.
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for the most interesting chemical species that di®use in air range from 0.1 to 10.

Figures 14 and 15 illustrate the impact of Schmidt number on concentration pro¯le

and entropy production number of immiscible type of couple stress °uid in a porous

saturated duct when P ¼ �1:5, Da ¼ 0:1, Ha ¼ 0:5, � ¼ 0:5, Nr ¼ 1, s2 ¼ 8,

nK ¼ 1:2, s1 ¼ 8, Re ¼ 2, Br ¼ 0:8, � ¼ 1, n� ¼ 0:9, nk ¼ 1:1, n� ¼ 0:6, n� ¼ 0:7,

� ¼ 0:3, � ¼ 0:3, � ¼ 0:3, Sr ¼ 0:6, nD ¼ 1:2, nR ¼ 2. From Fig. 14, we observed

that the concentration pro¯le of immiscible °uid decreases with the enhancing values

of Schmidt number Sc. This demonstrates that heavier di®using molecules have a

stronger retarding in°uence on the °ow ¯eld's concentration distribution. The

physics behind this is that the extremum values of Schmidt number lead to decrease

in the mass di®usivity, which diminishes the concentration distribution of immiscible

type of couple stress in a porous saturated duct. According to Fig. 14, a rise in the

Schmidt number signi¯es a decrease in the solute di®usivity, which results in a

Fig. 14. (Color online) Concentration pro¯le with Schmidt number Sc.

Fig. 15. (Color online) Entropy generation number with Schmidt number Sc.
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shallower penetration of the solute e®ect. Therefore, as Sc levels rise, concentration

falls. The concentration pro¯le attains extremum values in upper porous channel as

compared to lower porous channel. This ¯nding correlates fairly well with Refs. 59

and 60. The entropy generation increases signi¯cantly towards the wall of the duct

while it is slightly minimum at the interfacial zone of the duct (Fig. 15). It is no-

ticeable that the entropy production attains higher values in upper porous region of

the channel. Our results with entropy production number versus Schmidt number

are well veri¯ed with Ref. 61. The dependency of Bejan number with various fa-

vorable values of Schmidt number when P ¼ �0:1, Da ¼ 0:1, Ha ¼ 0:5, � ¼ 0:5,

Nr ¼ 1, s2 ¼ 8, nK ¼ 1:1, s1 ¼ 8, Re ¼ 35, Br ¼ 0:8, � ¼ 1, n� ¼ 1:1, nk ¼ 1:1,

n� ¼ 1:1, n� ¼ 1:1, � ¼ 0:1, � ¼ 0:1, � ¼ 0:1, Sr ¼ 5, nD ¼ 1:1, nR ¼ 1:1 is dis-

played in Fig. 16. From this plot, we observed that the increasing values of Schmidt

Fig. 16. (Color online) Bejan number with Schmidt number Sc.

Fig. 17. (Color online) Concentration pro¯le with Soret number, when P ¼ �1:5, Da ¼ 0:1, Ha ¼ 0:5,
� ¼ 0:5,Nr ¼ 1, s2 ¼ 8, nK ¼ 1:2, s1 ¼ 8, Re ¼ 2, Br ¼ 0:8, � ¼ 1, n� ¼ 0:9, nk ¼ 1:1, n� ¼ 0:6, n� ¼ 0:7,

� ¼ 0:3, � ¼ 0:3, � ¼ 0:3, Sr ¼ 0:6, nD ¼ 1:2, nR ¼ 2.
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number enhance the Bejan number pro¯le of immiscible type of couple stress °uid in

a rectangular porous pipe.

5.5. Impact of Soret number Sr

The impact of Soret number Sr on various °ow properties such as entropy generation

number, concentration and Bejan number pro¯le is displayed in Figs. 17–19. The
concentration ¯eld of immiscible nature of couple stress °uid for various favorable

values of Soret number Sr is illustrated in Fig. 17. It is observed that the concen-

tration pro¯le of immiscible °uid diminishes with the ascending trend of Soret

number Sr. From this ¯gure, it reveals that the concentration pro¯le of couple stress

Fig. 18. (Color online) Entropy generation number with Soret number when P ¼ �1:5, Da ¼ 0:1,
Ha ¼ 0:5, � ¼ 0:5, Nr ¼ 1, s2 ¼ 8, nK ¼ 1:2, s1 ¼ 8, Re ¼ 35, Br ¼ 0:5, � ¼ 0:1, n� ¼ 1:1, nk ¼ 1:1,

n� ¼ 1:1, n� ¼ 1:1, � ¼ 0:1, � ¼ 0:1, � ¼ 0:3, Sr ¼ 0:6, nD ¼ 1:1, nR ¼ 1:1.

Fig. 19. (Color online) Bejan number with Soret number when P ¼ �0:1, Da ¼ 0:1, Ha ¼ 0:5, � ¼ 0:5,
Nr ¼ 1, s2 ¼ 8, nK ¼ 1:1, s1 ¼ 8, Re ¼ 35, Br ¼ 0:8, � ¼ 1, n� ¼ 1:1, nk ¼ 1:1, n� ¼ 1:1, n� ¼ 1:1,

� ¼ 0:1, � ¼ 0:1, � ¼ 0:1, Sc ¼ 5, nD ¼ 1:1, nR ¼ 1:1.
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°uid with the increasing values of Soret number Sr in upper porous region (Region-2)

is higher as compared to lower porous region of the channel. The impact of Soret

number on entropy production of immiscible type of couple stress °uid in a porous

saturated duct is depicted in Fig. 18. Figure 18 illustrates that ascending values of Sr

enhance the production of entropy for immiscible nature of couple stress °uid in a

porous saturated channel. Ascending values of Sr enhance the entropy production at

the upper wall of the conduit while small increment is noticed on the lower wall of the

duct. The variations in Bejan number pro¯le of immiscible couple stress °uid due to

the increase of Soret number are displayed in Fig. 19. It is clearly examined that the

Bejan number diminishes with the ascending values of Sr.

6. Particular Case

6.1. When two immiscible °uids are Newtonian and Newtonian

When �1 ! 0 and �2 ! 0, i.e., s1 ! 1 and s2 ! 1 in Eqs. (47)–(52), the afore-

mentioned model will reduce to a model of two immiscible (Newtonian–Newtonian)

°uids °ow through porous channel under the impact of thermal radiation and

magnetic ¯eld. The comparison of °ow velocity and concentration ¯eld for both the

cases of immiscible °uids (couple stress-couple stress °uids and Newtonian–
Newtonian °uids) is shown in Figs. 20 and 21. In these ¯gures, the dotted lines show

the variation in °ow velocity and concentration ¯eld for immiscible Newtonian–
Newtonian °uid model whereas the solid lines depicts the variation in °ow velocity

and concentration ¯eld for couple stress-couple stress °uid model. From these ¯gures,

it can be concluded that the °ow velocity and concentration ¯eld for the two-°uid

system (Newtonian–Newtonian) is greater than the °ow velocity and concentration

¯eld of immiscible couple stress-couple stress °uid. Our results correlate favorably

well with the work.62

Fig. 20. (Color online) Velocity pro¯le with Da when P ¼ �0:1, Re ¼ 2, Ha ¼ 0:5, � ¼ 0:5, nK ¼ 1:2,

nk ¼ 1:1, n� ¼ 0:9, n� ¼ 0:9.
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7. Conclusion

In the present °ow problem, convective heat transfer, °ow velocity, Bejan number

and entropy production number of two nonmiscible couple stress °uid within a

porous medium had been analyzed. To the best of authors' knowledge, the produc-

tion of entropy and Bejan number due to concentration distribution of nonmiscible

couple stress °uid in a porous saturated medium is not discussed yet. We provided a

thorough description of the generation of entropy during the °ow of immiscible °uids

through a porous saturated channel under the in°uence of radiative heat transfer,

magnetic ¯eld and mass transfer. The considered problem's di®erential equations are

analytically solved using the traditional method, and the results include a mathe-

matical expression for the temperature pro¯le, concentration distribution and °ow

¯elds of immiscible °uids. Graphs are used to illustrate the e®ects of various

emerging parameters on the Bejan number pro¯le, concentration distribution,

thermal pro¯le, entropy production number and °ow characteristics. The emerging

parameters include Soret number, Schmidt number, permeability parameter, couple

stress parameter and Hartmann number. The study of Schmidt number, which is the

ratio of momentum di®usivity and mass di®usivity, provides the information that

how the di®usion of °uid particles a®ects the entropy generation. The range of these

emerging design parameters can be helpful from an engineering perspective for those

looking to create more e±cient thermal systems. This study of entropy formation of

immiscible °uids °owing via a channel has numerous practical applications that are

used in thermal fusion reactors, cooling systems, petroleum products, etc. The

solutions found for the subject under consideration can be applied to the cooling of

thermal power plants, nuclear reactors, aircraft and more. Therefore, the entropy

study o®ers prior knowledge for raising system e±ciency, improving system design

and optimizing system operating conditions. In presence of this framework, the

current discussion o®ers the ¯nest outcomes for the minimization of entropy

Fig. 21. (Color online) Concentration pro¯le with Sr when P ¼ �0:9, Da ¼ 0:1, Re ¼ 2, Ha ¼ 0:5,

� ¼ 0:5, nK ¼ 1:2, nk ¼ 1:1, n� ¼ 0:9, n� ¼ 0:6, Br ¼ 0:5, Nr ¼ 1, nD ¼ 1:1, Sc ¼ 5.
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formation by examining the impact of numerous thermal and °ow parameters. The

evaluation of entropy production is carried out using the second law of thermody-

namics. The impact of radiative heat exchange, mass exchange, porous medium and

magnetic ¯eld on various °ow variables has been discussed. The major ¯ndings of

this research work are outlined as

(1) The porous material reduces the friction-related heat dissipation in the porous

saturation channel and also suppresses frictional dissipation. This is a crucial

use for thermal engineering machinery.

(2) The temperature pro¯le, entropy production number and °ow velocity enhance

on increasing the couple stress parameter.

(3) Hartmann number can be utilized to decrease the °ow distribution, convective

heat transfer and entropy production within the °ow medium.

(4) The production of entropy and temperature pro¯le of immiscible °uid are

reduced on enhancing the radiation parameter.

(5) Permeability parameter reduces the °ow velocity, production of entropy and

thermal characteristics of immiscible couple stress °uid.

(6) An important conclusion that arises from this study is that the extremum value

of entropy production is achieved in lower porous region of the duct, however

thermal characteristics achieved its extremum value in upper porous region.

(7) The generation of entropy gets increased on enhancing the viscous dissipation

parameter.

(8) The concentration pro¯le of immiscible nature of couple stress °uid diminishes

with the ascending values of Schmidt number and Soret number.

(9) Increasing values of Soret number and Schmidt number enhance the entropy

production of immiscible type of couple stress °uid in a porous saturated duct.

(10) The distribution of Bejan number reduces with the ascending values of Schmidt

number and Soret number.

(11) The result of viscous Newtonian °uids can be obtained in this study as a special

case when � ! 0.

(12) At the center of the channel, Bejan number is the maximum. This indicates a

greater amount of workable energy and a lesser degree of irreversibility.

(13) As compared to Region-1, Region-2's rate of entropy formation is higher close

to the plate. This might be because the °uid in Region-2 is more viscous. This

shows that entropy production increases as °uid viscosity increases.

(14) The formation of entropy is maximum close to the wall surface in both the

region in contrast to channel's midpoint. This shows that the frictional forces

are predominant close to the wall surface and these forces increase the pro-

duction of entropy. In contrast, Bejan numbers have greatest values close to

the interface and minimum values close to the plates.
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Appendix A

Flow velocity of couple stress °uid in Region-1 of the conduit:

u1ðyÞ ¼ e�	yc1 þ e	yc2 þ e�
yc3 þ e
yc4 � ðPRes1Þ=A2s1: ðA:1Þ
Temperature distribution in Region-1 of the conduit:

�1ðyÞ ¼ Br1ðDa2y2c1c2 þ 8e�yð	þ
Þð	þ 
Þ12c1c3 þ 8eyð	þ
Þc1c3ð	� 
Þ12c2c3Þ
þ Br1ð8eyð�	þ
Þc1c3ð	� 
Þ12c1c4 � 8�ey		1

2c2 � 8eyð�	þ
Þð	
� 
Þ21c1c4�Þ þ Br1ð8eyð	þ
Þc1c3ð	þ 
Þ12c2c4 þ 4Da2y2
4c3c4

þ 4Ha2y2
4c3c4 � 8�e�y		1
2c1Þ þ Br1ð�8�e�y

1

2c38e
�yð	þ
Þð	

þ 
Þ21c1c3
� 8eyð	�
Þð	� 
Þ12c2c3�Þ þ Br1ð�8�ey

1
2c4 þ 8eyð	þ
Þð	

þ 
Þ21c2c4
þ �1e
2y	c2

2	2 þ �e2y
c4
2
2Þ þ 2y2Br1ðP 2Re2 þ 2Da2c1c2

� 2Da2	2c1c2 þ 4Da2Ha2�2c1c2 � 2Ha2�2	2c1c2Þs1 þ 2y2Br1ð2Ha4�4c1c2

þ 2Da4c3c4 � 2Da2
2c3c4 þ 4Da2Ha2�2c3c4 � 2Ha2
2�2c3c4Þs1
þ Br1ð4Ha4�4c3c4y

2s1 þ 2e�2yð	þ
Þ�e2y	c32
2 þ 2e�2yð	þ
Þ�1e2y
c12	2Þ
þ c5 þ yc6: ðA:2Þ

Concentration ¯eld in Region-1 of the channel:

n1ðyÞ ¼ c7 þ yc8 þ Br3ð4Da2y2	4c1c2 þ 4Ha2�2y2	4c1c2 þ e2y		2A2c2
2Þ

þ Br3ð8A2ðe�2yð2	þ
Þþyð3	þ
Þ	2
2c1c3ð	þ 
Þ12 þ eyð	�
Þ	2
2c2c3

� ð	� 
Þ12ÞÞ þ Br3ð8A2ðeyð�	þ
Þ	2
2c1c4ð	� 
Þ12 þ eyð	þ
Þ	2
2c2c4

� ð	þ 
Þ12ÞÞ þ Br3ð4A2

4c3c4 þ e2y

2ðDa2 þHa2�2Þc42 � 8ðDa2

þ Ha2�2ÞPRes1	1
2ðc1e�y	 þ c2e

y	ÞÞ þ Br3A2s1ðe2y	c22	1
2

� ðDa2 þ 	2 þ Ha2�2Þ � 8e�y
PRec3
1
2Þ þ Br3ð8e�yð	þ
ÞðDa2 þ 	


þ Ha2�2Þc1c3ð	þ 
Þ12 þ 8eyð	þ
ÞðDa2 þ 	
 þ Ha2�2Þc2c4ð	þ 
Þ12Þ
þ Br3A2s1ð8e	�
c2c3ð	� 
Þ12ð�Da2 þ 	
 � Ha2�2Þ � 8ey
PRec4
1

2Þ
þ 2y2Br3ðP 2Re2 þ 2Da4c1c2 � 2Da2	2c1c2 þ 4Da2Ha2�2c1c2

� 2Ha2	2�2c1c2 þ 2Ha4�4c1c2Þs1 þ 2y2Br3ðP 2Re2 þ 2Da4c1c2

� 2Da2	2c1c2 þ 4Da2Ha2�2c3c4 � 2Ha2
2�2c3c4 � 2Da2
2c3c4Þs1
þ 2y2Br3ð�2Ha2�2
2c3c4 þ 2Ha4�4c3c4 þ 2Da4c3c4Þs1
þ Br3A2e

�2yð2	þ
Þð�8e3yð	þ
Þð�Da2 þ 	
 � Ha2�2Þc1c4s1ð	� 
Þ12Þ
þ Br3A2e

�2yð2	þ
Þðe4y	c32ð
4 þDa2s1 þ 
2s1 þHa2�2s1Þ
1
2Þ

þ Br3A2e
�2yð2	þ
Þðe2yð	þ
Þð	4c1

2 þDa2c1
2s1 þHa2�2c1

2s1Þ	1
2Þ

þ Br3A2e
�2yð2	þ
Þðþe4yð	þ
ÞðDa2 þ 
2 þ Ha2�2Þc42s1
1

2Þ: ðA:3Þ
The °ow distribution of couple stress °uid in Region-2 of the porous pipe:

u2ðyÞ ¼ c9e
��y þ c10e

�y þ c11e
��y þ c12e

�y � ðPRenkÞ=A1: ðA:4Þ
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Temperature distribution in Region-2 of the conduit:

�2ðyÞ ¼ c13 þ yc14 � Br2ð�8e��yc7�1
2!� 8e�yc8!�1

2 � 8e��y!c9�1
2

� 8e�y!c10�1
2 þ e2y�c8

2�1
2"Þ þ Br2ðe2y�c102�12%þ 8eyð�þ�Þc8c10ð�

þ �Þ21�þ 2y2Ha2�4�2c9c10nK
2n�n�Þ þ 8Br2ðeyð���Þc8c9ð� � �Þ12�

þ eyð��þ�Þc7c10ð� � �Þ12�þ e�yð�þ�Þc7c9ð� þ �Þ12�Þ þ Br2y
2

� ð2Da2�4c7c8nKn�
2 þ 2Da2�4c9c10nKn�

2 þ 2Ha2�4�2c7c8nK
2n�n�Þ

þ Br2y
2ð�2Da2�2c9c10nKn�

2s2 þ 4Da2Ha2�2c7c8nKn�n�s2 þ 4Da2

� Ha2�2c9c10nKn�n�s2Þ þ 2Br2y
2ð�Ha2�2�2c7c8nk

2n�n�s2

� Ha2�2�2c9c10nk
2n�n�s2 þ Ha4�4c7c8nK

2n�
2s2Þ þ 2Br2y

2

� ðDa4c7c8n�
2s2 þ e2y��c7

2%�1e
�2yð�þ�Þ�1�1Þ þ P 2y2Re2nK

2s2Br2

þ Br2y
2ð�2Da2�2c7c8nKn�

2s2 þ 2Ha4�4c9c10nK
2n�

2s2 þ e�2yð�þ�Þ�1�1
� ðe2y��c72"�1ÞÞ: ðA:5Þ

Concentration distribution in Region-2 of the conduit:

n2ðyÞ ¼ c15 þ yc16 � 8PReBr4nKs2Aðe�y�c9�1
2 þ c10e

y��1
2 þ e�y��1

2c11

þ ey�c12�1
2Þ þ Br4ð8eyð���Þc10c11AðDa2n�s2 þ nKð��n�ð�� � s2Þ

þHa2�2n�s2ÞÞð� � �Þ12Þ þ Br4ðe2y�c210AðDa2n�s2 þ nKðHa2�2n�s2

þ �2n�ð�2 þ s2ÞÞÞ�12Þ þ Br4ð8e�yð�þ�Þc9c11AðDa2n�s2 þ nKðHa2�2n�s2

þ ��n�ð�� þ s2ÞÞÞð� þ �Þ12Þ þ Br4ð8eyð�þ�Þc10c12AðDa2n�s2

þ nKðHa2�2n�s2 þ ��n�ð�� þ s2ÞÞÞð� þ �Þ12Þ þ 2Br4y
2ð2Da4

� ðc9c10 þ c11c12Þn�
2s2 þ 2Da2nKn�ð2Ha2�2ðc9c10 þ c11c12Þn�s2ÞÞ

þ 2Br4y
2ðn�ð�4c9c10 þ �4c11c12 � ð�2c9c10 þ �2c11c12Þs2ÞÞ

þ 2Br4y
2ðnK

2ðP 2Re2 þ 2Ha4�4ðc9c10 þ c11c12Þn�
2Þs2Þ

þ 2Br4y
2ð2Ha2�2n�n�ð�4c9c10 þ �4c11c12 � ð�2c9c10 þ �2c11c12Þs2ÞÞ

þ Br4A1ð8e3yð�þ�Þc9c12ðDa2n�s2 þ nKð��n�ð�� � s2Þ þ Ha2�2n�s2ÞÞ
� ð� � �Þ12Þ þ Br4A1ðe2yð�þ�Þc92ðDa2n�s2 þ nKðHa2�2n�s2

þ �2n�ð�2 þ s2ÞÞÞ�12Þ þ Br4A1ðe4y�c112ðDa2n�s2 þ nKðHa2�2n�s2

þ �2n�ð�2 þ s2ÞÞÞ�12Þ þ Br4A1ðe4yð�þ�Þc122ðDa2n�s2 þ nKðHa2�2n�s2

þ �2n�ð�2 þ s2ÞÞÞ�12Þ; ðA:6Þ
where

	 ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
s1 �

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
s1ð�4Da2 � 4Ha2�2 þ s1Þ

qr
=

ffiffiffi
2

p
; ðA:7Þ


 ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
s1 þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
s1ð�4Da2 � 4Ha2�2 þ s1Þ

qr
=

ffiffiffi
2

p
; ðA:8Þ

� ¼ 	2
2ðDa2 þ Ha2�2Þ; � ¼ PRes1ðDa2 þ Ha2�2Þ; ðA:9Þ
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 ¼ s1ðDa2 þ Ha2�2ÞðDa2 þ 	
 þ Ha2�2Þ; ðA:10Þ
� ¼ s1ðDa2 þ Ha2�2Þð�Da2 þ 	
 � Ha2�2Þ; ðA:11Þ

�1 ¼ ðDa2 þ Ha2�2Þð	4 þDa2s1 þ 	2s1 þHa2�2s1Þ; ðA:12Þ
� ¼ ðDa2 þ Ha2�2Þð
4 þDa2s1 þ 
2s1 þHa2�2s1Þ; ð	þ 
Þ1 ¼ 1=ð	þ 
Þ;

ðA:13Þ
ð	� 
Þ1 ¼ 1=ð	� 
Þ; ! ¼ PRenKs2�1

2ðDa2n� þHa2�2nKn�s2Þ; ðA:14Þ
Br1 ¼ 3Br=ð3þ 4NrÞðDa2 þ Ha2�2Þs1; 	1 ¼ 1=	; 
1 ¼ 1=
; ðA:15Þ

� ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
s2
2
� 1

2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
�4Da2s2

nK

� 4Ha2�2n�s2
n�

þ s22

svuut ; ðA:16Þ

� ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
s2
2
þ 1

2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
�4Da2s2

nK

� 4Ha2�2n�s2
n�

þ s22

svuut ; ðA:17Þ

" ¼ ðDa2n� þHa2�2nKn�Þð�4nKn� þDa2n�s2 þ �2nKn�s2 þ Ha2�2nKn�s2Þ;
ðA:18Þ

% ¼ ðDa2n� þHa2�2nKn�Þð�4nKn� þDa2n�s2 þ �2nKn�s2 þ Ha2�2nKn�s2Þ;
ðA:19Þ

� ¼ ðDa2n� þ Ha2�2nKn�Þð�2�2nKn� þDa2n�s2 � ��nKn�s2 þHa2�2nKn�s2Þ;
ðA:20Þ

�1 ¼ 1=�; ð� � �Þ1 ¼ 1=ð� � �Þ; �1 ¼ 1=�; ðA:21Þ
Br2 ¼ 3Br=ð4ð4Nrþ 3nkÞnkðDa2n� þ Ha2�2nKn�Þs2Þ; ð� þ �Þ1 ¼ 1=ð� þ �Þ;

ðA:22Þ

Br3 ¼
3Br Sc Sr

4ð3þ 4NrÞðDa2 þ Ha2�2Þs1
; ðA:23Þ

Br4 ¼
3Br Sc Sr

4ð3nk þ 4NrÞnKðDa2n� þ Ha2�2nKn�Þs2
; ðA:24Þ

A1 ¼ ðDa2n� þHa2�2nKn�Þ; ðA:25Þ
A2 ¼ ðDa2 þ Ha2�2Þ: ðA:26Þ
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