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Aggregated studies of graphene nanoparticles is important for the effective utilization of their striking thermo-
physical properties and extensive industrial applications. This investigation is one such computational study to
explore the flow of graphene oxide nanofluids with temperature dependant viscosity between two concentric
cylinders. Buongiorno model is used to develop the flow of graphene nanofluids including the impacts of Soret
and Dufour effects and the effects of nanoparticle characteristics such as thermophoresis and Brownian motion.
The modelled equations are transformed and are numerically solved using linearization method together with
Chebyshev’s spectral collocation method under convective conditions. The impacts of embedded parameters
on temperature, concentration and skin friction profiles of the chosen nanofluid and their consequent impacts
on the predominant cause for the generated entropy are studied. From the tabulated values of Nusselt number
and Sherwood number, it is observed that convective heat transfer can be enhanced by thermal Biot number
whereas Soret number enhances diffusive mass transfer and variable viscosity parameter preferably reduces
the skin friction. A comparison table is presented and it shows that the values obtained from the present method
are in good agreement with existing literature. Also, the obtained results are depicted and interpreted in detail.
Furthermore, entropy generation is analysed and its irreversibilty is calculated.
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1. INTRODUCTION
Nanofluids are preferable for their efficiency compared to
conventional viscous fluids and microfluids. Unlike other
fluids with larger dispersed particles, they are devoid of
deposition, clogging and erosion of flow channels, besides
their striking heat transfer enhancement. Suggestions from
literature showed that the nanoparticles could develop slip
velocity from various attributes. But, Buongiorno in 2006,1

documented that the slip mechanisms are insignificant
in turbulence, except, when the particles are carried by
turbulent eddies. Our focus is on laminar flow where, ther-
mophoresis and Brownian motion are the only two influ-
ential slip mechanisms. The other mechanisms such as
gravity settling, fluid drainage, Magnus effect and diffu-
siophoresis can be neglected. Besides, the advantages of
nanofluids on the whole, the nanoparticles dispersed in
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the fluids greatly influences the behaviour of the nanoflu-
ids. In view of the thermophysical properties, graphene
nanoparticles are an excellent choice for an enhanced ther-
mal performance. Graphene is a two-dimensional structure
of carbon atoms derived from naturally occuring graphite
which is obtained as crystalline carbon. For its, striking
heat transfer enhancement and thermal conductivity, it is
marginally used by researchers in their studies. Some of
the applications of graphene based nanofluids include their
uses in lithium-ion batteries, biosensors, supercapacitors,
medical suspensions etc.
Classical studies on fluid flow between concentric cylin-

ders such as the study on two dimensional natural con-
vection for low Rayleigh numbers by Mack and Bishop2

and stability analysis of Couette flow by Renardy3 have
paved the ways for further exploration of the geometry.
The flow in concentric cylinders have numerous practi-
cal applications such as viscometers, rheometers, mixing
devices such as Taylor-Couette reactors etc. Some of the
other computational studies on water based nanofluid flow
between concentric cylinders to be noted are the natu-
ral convection of water based aluminium oxide, silver,
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copper and titanium oxide nanofluids in an annulus is
studied by Abu-Nada and Hijazi.4 From the conclusions,
it is established that, near the inner cylinder, for larger
Rayleigh numbers, alumina nanofluid enhances convec-
tive heat transfer whereas for lower values, the Nusselt
number is enhanced. The study conducted by Yu et al.5

investigates the water based copper oxide particles for four
different volume fractions and concludes that the time-
averaged Nusselt number decreases with volume fraction.
Abedini and Emadoddin6 investigated the mixed convec-
tion of water based titanium oxide, copper, aluminium
oxide and silver nanofluids in an annulus. In this study,
the results show that increasing the Richardson number
and Rayleigh number enhances the Nusselt number. The
convection of copper nanofluids in water is studied numer-
ically by Liu et al.7 with porous medium in two geometries
and is inferred to enhance the Nusselt number with poros-
ity in both the geometries. Recently, Gouran et al.8 pre-
sented an examination on MHD (magnetohydrodynamic)
flow in concentric cylinders with a conclusion that the
temperature profiles decrease with Hartmann number and
radiation parameter whereas Nusselt number increases.
Pordanjani and Aghakhani9 presented a numerical exami-
nation of alumina nanofluid flow in an inclined channel of
concentric cylinders under the influence of magnetic field
with an inferred enhancement in conductive heat transfer.

Commonly, the fluid flows are computationally investi-
gated with constant fluid properties like constant viscosity
and constant thermal conductivity, in view of calcula-
tive convenience. But, practically these fluid properties
tend to vary with temperature, for example, in flow fields
with non-uniform temperature distributions, fluid viscos-
ity varies noticeably. Hence, it is important to consider
the variabilities to accurately study the mechanisms of
heat transfer. Lai and Kulacki10 were the first to report
the impacts of temperature dependant viscosity and porous
media due to the fluid flowing over a plate. Eyring-
Powell fluid flow over a stretching cylinder assuming
the viscosity to be linearly dependant on temperature is
examined by Malik et al.11 Hussain and Ullah12 analyti-
cally studied Walter’s B fluid flow with variable viscos-
ity along a stretching cylinder. Kaladhar et al.13 studied
the Joule heating effects of the flow in a vertical channel
with porous medium. Srinivasacharya and Jagadeeshwar14

numerically examined the MHD flow with temperature
dependant thermal conductivity and viscosity over a sheet
stretching exponentially. They15 further extended the study
on the effects of Joule heating in an exponentially stretch-
ing sheet. Irfan et al.16 numerically investigated the fluid
flows with constant as well as variable properties along a
sheet whose thickness varies, where the numerical analy-
sis is conducted using a simplified finite difference method
(SFDM).

By Fouriers and Ficks laws, cross diffusion effects
acquire trivial importance in heat and mass transfer inves-
tigations, because of their negligible contribution. But, in

fluid flows, the energy fluxes are complexly related with
riding potentials and are associated with temperature and
concentration gradients. Such heat flux due to concentra-
tion gradient is called the Dufour effect whereas mass
flux due to thermal gradient is Soret effect. In academic
branches such as geosciences, hydrology, petrology, aero-
dynamics etc., these cross-diffusion effects strengthen and
hence are irresistible to ignore as acknowledged by Eckert
and Drake.17 Computational studies on the flow of fluids
with cross-diffusion effects and varying properties such as
the study reporting the impacts of temperature dependant
thermal conductivity and temperature dependant viscosity
due to the nanofluid flow over a wavy surface is investi-
gated by Srinivasacharya et al.18 The fluid flow between
two rotating discs with cross-diffusion effects were mod-
elled and analytically solved by Shah et al.19 Rehman
and Salleh20 studied the flow of graphene oxide nanoflu-
ids with water and ethylene glycol as basefluids of vary-
ing thermal conductivity over a linearly stretching surface.
Srinivasacharya and Jagadeeshwar21 conducted a study on
viscous fluids with constant electrical conductivity along
a stretching sheet under Hall current and cross-diffusion
effects. Casson nanofluid flow with variable properties in
non-Darcian porous medium with slip and convective con-
ditions is examined by Gbadeyan et al.22 Sharma et al.23

presented a numerical and statistical investigation on Joule
dissipation effect due to Maxwell nanofluid with dispersed
graphene nanoparticles flowing past a stretching sheet.
Some notable computational studies on nanofluids

include, the study of slip flow and radiative heat trans-
fer behavior of Titanium alloy and ferromagnetic nanopar-
ticles along with suspension of dusty fluid by Souayeh
et al.24 Reddy et al.25 focused on the two dimensional
flow of an incompressible hybrid dusty fluid through a
Darcy-Forchheimer medium over a stretched sheet. Reddy
et al.26 investigated the magnetohydrodynamic flow and
heat transfer of water based molybdenum disulfide and
ferro sulfate hybrid nanofluid over a rotating disk by con-
sidering the Arrhenius activation energy. Kumar et al.27

conducted a stability analysis of heat transfer enhance-
ment occurring due to the influence of significant proper-
ties variation of fluids in the presence of solar radiation
with ferromagnetic hybrid nanofluids. Ganesh Kumar28

conducted a stream lime analysis on aluminium alloys over
a stretching sheet in the presence of radially varying mag-
netic dipole field using Koo and Kleinstreuer model. Naik
et al.29 conducted a bidirectional investigation of the effect
of activation energy on carbonized fluid flow and radiative
heat transfer across a stretched surface. Prakasha et al.30

studies the impacts of a magnetic dipole on swirling flow
and radiative heat transmission of water based alumina
nanofluids over a deformable cylinder. Sudharani et al.31

proposed a novel mathematical model for improving heat
transfer using trihybrid nanofluids by investigating the slip
flow and radiative heat transfer over a moving sheet with
polymer-based tri hybrid nanofluid.
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Furthermore, graphene has the highest thermal conduc-
tivity of all the known materials. For its advantageous
thermophysical, mechanical and chemical properties, its
immense use as coolants is raising aloft. The contribu-
tion to renewable energy reassures economically large
scale practical applications in view of power storage and
capacity. Such significance interests us in computation-
ally studying graphene based nanofluid flow in several
geometries. Henceforth, limited applied and computational
studies demands the attention of applied mathematicians
and engineers for further investigations of graphene based
nanofluids in different geometries. Also, variable thermo-
physical properties has industrial applications such as man-
ufacturing of dyes, fertilizers and polymers etc. Inspite
of all the computational studies on the geometry of con-
centric cylinders, literature lacks the convective study
of graphene oxide nanofluid flow with combined cross-
diffusion effects in concentric cylinders. The aim of this
paper is to bridge such a gap by modelling and analysing
the flow of water based graphene oxide nanofluid with
temperature dependant viscosity, between two concentric
cylinders, thereby contributing to the model and parameter
analyses of flows in concentric cylinders such as space-
crafts, turbines, atomic plants, missiles, satellites etc. The
modelled equations are numerically solved and the values
are graphically represented.

2. GOVERNING EQUATIONS
Two vertically aligned infinite concentric cylinders are
considered with radii a and b such that �b > a� and
the outer cylinder is assumed to rotate with an angular
velocity �. Any fluid particle in the flow is represented
by the cylindrical coordinates �r��� z�. Graphene oxide
nanofluid flows between the cylinders with a tangential
velocity u and constant pressure gradient �P/��. The flow
is assumed to be fully developed and axisymmetric. The
variable nanofluid viscosity is given by 1/�bf = b�T −
Tr�, where the constants b = 	/�� and Tr = T�−1/	 are
dependant on the thermal property of the fluid 	 and the
reference state. A constant heat source Q0 introduced. The
body forces due to gravity, Soret and Dufour effects, the
effects caused by characteristic nanoparticle phenomena
namely thermophoresis and Brownian motion are consid-
ered. The schematic representation of the flow is given in
Figure 1.
Considering the body force due to gravity, cross-

diffusion effects and the effects caused by characteristic
nanoparticles phenomena namely Brownian motion and
thermophoresis and adapting the nanofluid model,1 the
appropriate governing equations at the boundary layer are
given by

�u

��
= 0 (1)


nf u
2

r
= �p

�r
(2)

Fig. 1. Schematic representation of the flow in concentric cylinders.
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The corresponding convective no-slip boundary conditions
are18

at r = a� u= 0� −�nf

�T

�r
= h�Ta−T ��

−Dm
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�r
= km�Ca−C�

at r = b� u= b�� −�nf
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−Dm
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⎫⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎬
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎭

(6)

The notations Ta and Tb indicate the fluid temperatures at
the inner and outer cylinders respectively, and similarly
Ca and Cb are nanofluid concentrations at the inner and
outer cylinders, KT , Cs , h and km are the thermal diffu-
sion ratio, concentration susceptibility, coefficients of heat
transfer and mass transfer and � denotes thermal conduc-
tivity and Dm mass diffusivity.
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The thermophysical properties of nanofluids defined in
Refs. [36, 37] are taken as

�nf =
�bf

�1−��2�5
� 
nf = �1−��
bf +�
sp�

�nf =
�nf

�
Cp�nf
�

�nf

�bf

= �sp +2�bf +2���bf −�sp�

�sp +2�bf −���bf −�sp�
�

�
Cp�nf = �1−���
Cp�bf +��
Cp�sp�

�
��nf = �1−���
��bf +��
��sp�

The suffixes bf , nf , sp denote base fluid, nanofluid and
solid particle and the quantities �, 
, Cp, �, � and �
denote dynamic viscosity, density, specific heat capacity,
thermal diffusivity, thermal expansion coefficient and ther-
mal conductivity respectively. The values of thermophys-
ical properties of water and graphene oxide are presented
in Table I.

The similarity variables used for transformation can be
defined as follows:

� = r2
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(7)

Using these variables, the equations (1)–(6) are written as
the given ordinary differential equations.
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The corresponding transformed boundary conditions are
written as
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(11)

The constant coefficients and the nondimensional numbers
used, namely, the Grashof number Gr , Reynolds num-
ber Re, buoyancy ratio Nr , constant pressure gradient P1,
heat source parameter q1, variable viscosity parameter �r ,

thermophoresis parameter Nt , Soret number Sr , Brownian
motion parameter Nb, Dufour number Du, Schmidt num-
ber Sc, thermal diffusivity �nf , thermal and concentration
Biot number Bit and Bic and heat capacity ratio 
 are
defined as
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The variable viscosity parameter is �r =
−1/�	�Tb−Ta��, by definition, and by using appropriate
simplifications, it is written as �r = Tr −Ta/Tb−Ta. It
is notable that, as �r → �, variable viscosity behaves
as a constant ��bf = ��� and hence the Prandtl number
behaves as constant �Pr = Pr��.
The numbers of practical importance namely local Nus-

selt number Nuz, local Sherwood number Shz and skin
friction Cf are derived as

Nu�

2
=−�′����

Sh�

2
=−�′����

�Cf Re� = A6

(
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�r

)−1

��f ′���− f ����
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(12)

where A6 = 4�1−��−2�5�1−�+��
sp/
bf ��
−1 is a con-

stant. We propose an assessment for the generated entropy
and derive the entropy generation number, in the next
section.

Table I. Values of thermophysical properties32–35

Property (Units) Water Graphene oxide


 (kg/m3) 997�1 1800
Cp (J/kg K) 4179 717
� (W/mK) 0�613 5000
� (10−5/K) 21 28�4
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3. ENTROPY GENERATION ANALYSIS
The generated entropy depends on three parts namely, the
entropy generated due to temperature term, the entropy
caused by viscous dissipation term and that due to con-
centration term. Hence the entropy generation rate, SG can
be written as38

SG = �nf

T 2
a

(
�T

�r
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+ �nf

Ta

(
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�r
− u

r

)2
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1
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(
�C

�r

)
+ 1

Ta

(
�T

�r

))
(13)

where the first term on the RHS gives the thermodynamic
irreversibility induced by temperature, the next term is
the irreversibility induced by viscous dissipation whereas
the last term is ascribed to concentration. The charac-
teristic entropy generation rate SG0

, is given by SG0
=

�nf �Tb −Ta�
2/�TaL�

2. From SG and SG0
, the dimensionless

entropy generation number is given by

NS =
SG
SG0

(14)

Using the similarity variables, the NS can also be written as(
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= NSh
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(16)

where NSh
is the irreversibility by heat transfer, NSf

is the irreversibility by fluid friction and NSm
is the

irreversibility caused by mass transfer. The nondimen-
sional parameters in (15) are defined as Eckert number
Ec =�2/�Cpbf

�Tb −Ta��, constant parameter � = d2/L2,
temperature parameter �T = �Tb −Ta�/Ta, concentration
parameter �C = �Cb −Ca�/Ca and the combined heat and
mass transfer parameter Mm = RDBCa/�bf .
The predominant cause for entropy generation is deter-

mined from Bejan number, Be = NSh
/NS . Eliciting from

the entropy distribution ratio given by Bejan,39 Poeletti
et al.40 proposed if Be > 0�5, then the irreversibil-
ity influenced by heat transfer is the major cause of
entropy generation, if Be < 0�5, then the entropy gen-
eration is influenced by fluid friction and mass trans-
fer irreversibilities and if Be = 0�5, then contribution to
the generated entropy comes equally from all the three
irreversibilities namely, fluid friction, heat transfer and
mass transfer.

4. NUMERICAL SOLUTION
The Spectral quasilinearization method (SQLM)18,41,42 is
adapted to solve the ODEs (8)–(10) and the associated

boundary conditions (11). We linearize the nonlinear terms
by using Taylor series expansion. Let fr , �r and �r be the
solution of the differential equations. Then, assuming fr+1,
�r+1 and �r+1 to be the improved solutions, the ODEs
are solved. By expanding the nonlinear terms using Taylor
series expansion about the solution and neglecting higher
order derivatives, the following linearized equations are
obtained:

a1�rf
′′
r+1+a2�rfr+1+a3�rfr+1+a4�r�r+1
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The coefficients in the above equations are given by
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Table II. Comparison of f ��� values calculated by the present method
for Gr = P1 = Rd = CR = 0.

� Present study Sinha and Chaudhary45

1 1 1
0.98165 0.975528 0.97546
0.92838 0.904509 0.90453
0.84542 0.793894 0.79386
0.74088 0.654510 0.65453
0.625 0.500003 0.5
0.50912 0.345494 0.34546
0.40458 0.206110 0.20613
0.32162 0.095493 0.09546
0.26835 0.024472 0.02453
0.25 0 0
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(a)
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(b)

Fig. 2. Influence of Re on (a) f , (b) NS and (c) Be.
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We apply the spectral collocation method to iterate
the functions using Chebyshev polynomials and Gauss
Lobatto collocation points. The Gauss Lobatto collocation
points are defined as �j = cos��j/N �� j = 0�1�2� � � �N
and the space ��0�1� is mapped to these collocation points
by � = ��1−�0��+ �1+�0��/2. Hence the unknown
functions are approximated as

fr+1��� �

N∑
k=0

fr+1��k�Tk��j��

�r+1��� �

N∑
k=0

�r+1��k�Tk��j� &

�r+1��� �

N∑
k=0

�r+1��k�Tk��j� (21)

where Tk��� = cos
(
k cos−1���

)
is the Chebyshev polyno-

mial. Furthermore, the derivatives are given by

drfr+1

d�r
=

N∑
k=0

Dr
kjfr+1��k�

dr�r+1

d�r
=

N∑
k=0

Dr
kj�r+1��k� &

dr�r+1

d�r
=

N∑
k=0

Dr
kj�r+1��k��

j = 0�1� � � �N (22)

Here D =D/2 is called Chebyshev spectral matrix of dif-
ferentiation. We substitute the approximations (4) and the
derivatives (4) in (17)–(20) to obtain a matrix equation of
the form,

�Y r+1 =�r � (23)
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(a) (b)

(c) (d)

Fig. 3. Influence of Nb on (a) f , (b) �, (c) NS and (d) Be.

(a) (b)

(c) (d)

Fig. 4. Influence of Nt on (a) f , (b) �, (c) NS and (d) Be.
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associated with the boundary conditions

fr+1��0�=b�

�2D00+A3Bit��r+1��0�+2
N∑
k=1

D0k�r+1��k�

=A3Bit�2D00+Bic��r+1��0�+2
N∑
k=1

D0k�r+1��k�=Bic

fr+1��N �=0�

2
√
�0

N−1∑
k=0

DNk�r+1��k�+�2
√
�0DNN −A3Bit��r+1��N �=0

2
√
�0

N−1∑
k=0

DNk�r+1��k�+�2
√
�0DNN −Bic��r+1��N �=0

⎫⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎬
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎭

(24)

We choose the initial functions as f0 = ��−�0�/
�1−�0�, �0 = �A3Bit��−�0�+2

√
�0�/�A3Bit�1 − �0�

+2�1+√
�0��, �0 = �Bic��−�0�+2

√
�0�/�Bic�1−�0�

+ 2�1+√
�0�� to satisfy the boundary conditions (20).

These initial conditions are iterated to obtain the numerical
solution.

5. RESULTS
The matrix equation is solved and the obtained values
of velocity, temperature and concentration are depicted
graphically in this section by varying the parameter values
in the practical range.43,44 Since, the Newtonian behaviour
water based graphene oxide nanofluid is considered, we
take the fixed values of nanoparticle volume fraction and
Prandtl number to be � = 0�01 and Pr = 6�5. The values

(a) (b)

(c) (d)

(e)

Fig. 5. Influence of Bit on (a) f , (b) � and (c) �, (d) NS and (e) Be.
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of other parameters are chosen as Bit = 0�7, Bic = 0�8,
Nb = 2×10−4, Nt = 4×10−4, Re = 700, Nr = 0�2, Gr =
2×106, q1 = 1, �r = 0�1, Du= 0�001 and Sr = 0�01 unless
mentioned otherwise. The order of SLM approximation is
taken to be N = 100 and the convergence of results are
obtained at third iteration. The results for the case of Gr =
P1 = Rd = CR = 0, from the present study are compared
to the results from Sinha and Chaudhary45 in Table II and
the values are observed to be in good agreement.
Figure 2 depicts the influence of Re on f , NS and Be.

As the Reynolds number increases, the impacts of viscous
forces decrease and the flow velocity increases near the
inner cylinder. But near the outer cylinder, the velocity
is observed to decrease (Fig. 2(a)). Similarly, the increas-
ing Re values reduces the loss of entropy and hence the
entropy number also decreases (Fig. 2(b)). This results in
an increase in the Bejan number, suggesting the contribu-
tion of fluid friction and mass transfer to the generated
entropy (Fig. 2(c)).
The impacts of Nb on f , �, NS and Be are depicted

in Figure 3. There is an increase in velocity near the
inner cylinder and decrease near the outer cylinder as Nb

increases (Fig. 3(a)). The increase in Brownian motion
parameter increases the Brownian motion of the nanopar-
ticles and hence the velocity increases. Also, the Brownian

diffusion causes the nanoparticle concentration to deplete
and hence � decreases (Fig. 3(b)) and the diluted fluid
moves with greater velocity. Consequently, there is a
reduction in the entropy number (Fig. 3(c)), which causes
the Bejan number to increase, suggesting the contribution
of fluid friction and mass transfer to the generated entropy
(Fig. 3(d)).
Figure 4 presents the impacts of Nt on f , �, NS and

Be. The increase in thermophoresis parameter enhances
the thermophoresis and the concentrated fluid moves with
lesser velocity and hence f decreases (refer Fig. 4(a)). The
increase in thermophoresis parameter increases the ther-
mophoretic diffusion of the nanoparticles and hence the
nanofluid concentration increases (refer Fig. 4(b)). Con-
sequently, there is a depletion in the entropy number
(Fig. 4(c)), which causes the Bejan number to decrease,
suggesting the contribution of heat transfer to the gener-
ated entropy (Fig. 4(d)).
Figures 5 represents the effects of Bit on f , �, �, NS

and Be. When Bit increases, an increase in the veloc-
ity is observed, whereas for maximum Bit , a shift in the
velocity values are obtained sooner because of the higher
convection (refer Fig. 5(a)). Whereas, increasing the Bit
increases the heat transfer coefficient thus increasing the
heat transfer from the inner cylinder to the outer cylinder.

(a) (b)

(c) (d)

Fig. 6. Influence of Bic on (a) f , (b) �, (c) NS and (d) Be.
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Hence there is a rise in the temperature of the nanofluid
at the outer cylinder and decrease at the inner cylinder
(Fig. 5(b)). Figure 5(c) shows that the there is a decrease in
the concentration of the nanofluid. From Figure 5(d), it is
observed that NS increases with the values of Bit . This is
because, the increasing heat transfer coefficient increases
the nanofluid temperature and hence NS increases. This
results in an increased Be thus emphasising the dominance
of heat transfer on the increased entropy (Fig. 5(e)).

The impacts of Bic on f , �, NS and Be is shown in
Figure 6. An increase in Bic boosts the mass transfer
by enhancing the coefficient of convective mass transfer.
This results in an enhanced nanofluid velocity (Fig. 6(a)).
The enhanced mass transfer is supposed to cause an
increase in concentration values but the concentration pro-
files decrease because of the variable viscosity (Fig. 6(b))
and the thinner fluid moves with lesser velcity (Fig. 6(a)).
Similarly, there is a reduction in NS (Fig. 6(c)). This results
in an increasing Be (Fig. 6(c)). Hence, fluid friction and
mass transfer contribute to the entropy in the flow channel.

Figure 7 shows the impacts of �r on f , NS and Be.
As the �r values increase, there is a reduction in velocity
profiles (Fig. 7(a)). Whereas, NS increases with increasing
variable viscosity parameter (Fig. 7(b)) and consequently
Be decreases (Fig. 7(c)). This implies the irreversibility is

solely responsible for the increased entropy generation is
by fluid friction and mass transfer.
The impacts of Soret number on �, NS and Be is

depicted in Figure 8. An increase in the values of Sr
implies there is an increase in thermophoretic diffusion
which causes an increase in dimensionless concentration
(Fig. 8(a)). Likewise, NS increases with increasing Sr val-
ues (Fig. 8(b)) and consequently Be decreases (Fig. 8(c)).
This implies the irreversibility is solely responsible for the
increased entropy generation is by fluid friction and mass
transfer.
Table III presents the values of Nu, Sh and Cf at the

surface of the inner cylinder. By definition, Nusselt num-
ber is the ratio between convection to conduction at the
surface, and at the surface, Nu increases with icreasing
Bit. This implies that the convection at the surface of the
cylinder increases with convective heat transfer, because,
as the thermal Biot number increases, convective heat
transfer increases and the nanoparticles move with higher
kinetic energy, thus improving the convective heat transfer
at the surface. Similarly, when Nb increases, the values of
Sh increases. Thus, Brownian motion parameter enhances
the concentration profiles by convection. While, Nt and
Sr enhance the diffusion at the surface by respectively
enhancing thermophoretic diffusion and chemical reaction.

(a) (b)

(c)

Fig. 7. Influence of �r on (a) f , (b) NS and (c) Be.
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(a) (b)

(c)

Fig. 8. Influence of Du on (a) �, (b) NS and (c) Be.

Table III. Nusselt number, Sherwood number and skin friction values.

Nb Nt Sr �r Bit Bic −�′��0� −�′��0� Cf Re

0.0001 0.0002 0.01 0.1 0.3 0.3 0.013907 −0�672776 −172�627418
0.0002 0.0002 0.01 0.1 0.3 0.3 0.013907 −0�442728 −117�462511
0.0003 0.0002 0.01 0.1 0.3 0.3 0.013907 −0�366046 −99�074193
0.0004 0.0002 0.01 0.1 0.3 0.3 0.013907 −0�327704 −89�880028
0.0004 0.0002 0.01 0.1 0.3 0.3 0.013907 −0�327704 −89�880028
0.0004 0.0003 0.01 0.1 0.3 0.3 0.013907 −0�385216 −103�671239
0.0004 0.0004 0.01 0.1 0.3 0.3 0.013907 −0�442728 −117�462441
0.0004 0.0005 0.01 0.1 0.3 0.3 0.013907 −0�500240 −131�253633
0.0004 0.0002 0 0.1 0.3 0.3 0.013907 −0�325404 −89�328377
0.0004 0.0002 0.01 0.1 0.3 0.3 0.013907 −0�327704 −89�880028
0.0004 0.0002 0.02 0.1 0.3 0.3 0.013907 −0�330005 −90�431679
0.0004 0.0002 0.03 0.1 0.3 0.3 0.013907 −0�332305 −90�983331
0.0004 0.0002 0.01 0.1 0.3 0.3 0.013907 −0�327704 −89�880028
0.0004 0.0002 0.01 0.2 0.3 0.3 0.013907 −0�327704 −104�527447
0.0004 0.0002 0.01 0.3 0.3 0.3 0.013907 −0�327704 −109�826100
0.0004 0.0002 0.01 0.4 0.3 0.3 0.013907 −0�327704 −112�545775
0.0004 0.0002 0.01 0.1 0.5 0.3 0.035950 −0�400289 −96�317111
0.0004 0.0002 0.01 0.1 0.6 0.3 0.050001 −0�435092 −94�257305
0.0004 0.0002 0.01 0.1 0.7 0.3 0.065784 −0�468977 −93�599504
0.0004 0.0002 0.01 0.1 1 0.3 0.121761 −0�565600 −107�034625
0.0004 0.0002 0.01 0.1 0.3 0.7 0.013907 −0�565309 −72�314274
0.0004 0.0002 0.01 0.1 0.3 0.8 0.013907 −0�617888 −70�382783
0.0004 0.0002 0.01 0.1 0.3 0.9 0.013907 −0�668105 −68�792922
0.0004 0.0002 0.01 0.1 0.3 1 0.013907 −0�716118 −67�447396
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Similarly, the skin friction drag, even if it is very small is
impacted by the embedded parameters. Moreover, Nb, Bit
and Bic enhance the skin friction, while, Nt, Sr and �r

reduce the skin friction drag at the surface.

6. CONCLUSION
Investigating the flow of water based graphene oxide
nanofluids with temperature dependant viscosity in the
geometry of concentric cylinders with the impacts of
cross-diffusion effects, we infer the following:

• Velocity can be improved by improving the Reynolds
number, Brownian motion parameter, thermal and concen-
tration Biot number.

• Heat transfer can be enhanced by enhancing the ther-
mal Biot number.

• Concentration can be increased by amplifying the val-
ues of thermophoresis paramater and Soret number which
enhances diffusive mass transfer and thermal Biot num-
ber which enhances convective mass transfer. Therefore,
improving the rate of chemical reaction will improve the
mass transfer.

• Skin friction is preferably reduced by enhancing the
thermophoresis parameter, Soret number, variable viscos-
ity parameter and thermal Biot number.

• Bejan number is calculated to be Be < 0�5 for 0�25≤
� ≤ 1, and hence the generated entropy is predominantly
due to fluid friction and combined heat and mass transfer.

As mentioned earlier, the present study is a paramet-
ric analysis and the significance widely ranges from the
manufacturing of turbines, propulsion systems for space-
crafts, cooling of ships, automobile radiators, cooling tow-
ers, shell and tube heat exchangers to the study of blood
flow in drug delivery systems. The investigation can be
further extended by examining the flow of graphene oxide
nanofluid in various other geometries and also by explor-
ing the non-Newtonian behaviour of the nanofluid.

NOMENCLATURE
T Temperature of the nanofluid
Ta Temperature of the nanofluid at the inner cylinder
Tb Temperature of the nanofluid at the outer cylinder
C Concentration of the nanofluid
Ca Concentration of the nanofluid at the inner cylinder
Cb Concentration of the nanofluid at the outer cylinder
u Radial velocity component
w Axial velocity component
r Radial co-ordinate
z Axial coordinate
g Acceleration due to gravity

Cp Specific heat capacity
DB Brownian diffusivity
DT Thermophoretic diffusivity
h Heat transfer coefficient

k Mass transfer coefficient
f Dimensionless velocity
Nr Buoyancy ratio
Pr Prandtl number
Ec Eckert number
Nb Brownian diffusion coefficient number
Nt Thermophoretic diffusion coefficient number
Bit Thermal Biot number
Bic Concentration Biot number
Nu Nusselt Biot number
Sh Sherwood number
Cf Skin friction
Re Reynolds number
R Universal gas constant
SG Entropy generation rate
NS Dimensionless entropy generation number
Sr Soret number
Du Dufour number
�r Variable viscosity parameter
� Angular velocity

 Density
� Thermal expansion coefficient
� Thermal conductivity
� Dynamic viscosity
� Kinematic viscosity

 Heat capacity ratio
� Nanoparticle volume fraction
� Similarity variable
� Stream function
� Dimensionless temperature
� Dimensionless concentration
� Constant parameter

�T Temperature parameter
�C Concentration parameter
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