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Abstract

The main objective of this work is to investigate viscous dissipation with thermal radiation impact on hybrid nanofluid flow past an
exponentially stretching/shrinking surface along with magnetic field, and heat source/sink, slip boundary conditions. Water (H,0O)
is taken into account as a host fluid with copper (Cu) and alumina (Al,O5) as nanoparticles to form a hybrid nano liquid (Cu-H,O
-Al,05). The coupled nonlinear partial differential equations are transmuted into ordinary differential equations using similarity
transformations with boundary conditions and these ODEs are simplified using numerical solver, bvp4c in MATLAB. The behavior
of momentum profiles, thermal profiles, coefficient of heat transfer (Nux;) and skin friction (C;) are explored using the pertinent
parameters such as Eckert Number (Ec,), Suction Parameter (S,), Magnetic Parameter (M), Radiation Parameter (Nr,), Stretch-
ing/Shrinking Parameter (1), Velocity and thermal slip Parameters (A, and B), Heat source/sink Parameter (§,), variable thermal
Parameter (¢), thermal conductivity (K) are depicted through tables and graphs. The present simulation is more stable and conver-
gence when compared with the existing literature, which is portrayed in the tables. The presence of dual solution is noticed for Ec,;
=0.1, 0.11,0.12 when the critical value of 1 (=4,) are /ICI =—1.60355799, ACZ =—1.60322884 and )’03 =—1.6031348, respectively.
The existence of the dual solution is reported due to the presence of shrinking surface and suction, further, the first solution is found
to be more stable. The novelty of the current simulation includes MHD hybrid nano liquid flow stability with the impact of viscous
dissipation and thermal radiation past stretching/shrinking permeable plane to fill the research gap in the existing literature. The
applications of transmission of heat by stretching/shrinking surface in boundary layers is used in various fields such as polymer and
material processing, biomedical engineering, heat exchangers, etc.

Keywords Stretching/Shrinking sheet - bvp4c - Viscous dissipation - Thermal radiation - Slip conditions - Similarity
Transformations
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Re,, Reynolds Number

S, Suction/Injection parameter

K Thermal conductivity (Wm_lK_ 1)

T, Temperature (K)

T, Temperature at stretching/shrinking surface (K)
T, Free Stream Temperature (K)

a, b, Constants

X,y 2D-space cartesian coordinates

Uy, v, Fluid velocity elements in x,, y,-direction

Greek Letters

b1, by Nanoparticle volume fraction of Cu, Al,O,
respectively

n Similarity variable

K Thermal conductivity (Wm_1 K)

U Dynamic viscosity (Kg m~' S7%)

v Kinematic viscosity (m? S~}

P Density (Kg m~3)

I Heat Source/Sink Parameter

A Stretching/Shrinking parameter

o Electrical Conductivity (©2/m)

o* Stefan-Boltzmann Constant (W m~2 K=%)

0, Dimensionless temperature

v Stream function

€ Variable thermal conductivity parameter

Subscripts

f Host fluid

nf Nanofluid

hnf Hybrid nanofluid

Introduction

The boundary layer behavior instigated by continuous
stretching/shrinking plane plays an important role in man-
ufacturing processes in Industries. The attributes of fluid
motion over a stretching/shrinking porous plane with fluid
viscosity as well as the cooling of permeable surface by
polymer extrusion along stagnant fluid are a challenging
problem in polymer industry. The hybrid nanofluid flow
applications result more efficient in rate of heating/cooling
enhancement.

Nanofluids have a great potential in improving thermal
performance and the requirement of thermal efficacy is
significant in the present micro-engineering content. Hence,
the application of nanofluids is hugely expanding in several
engineering industries, electrical and biomedicine. [1] first
discussed the concept of nanofluid in 1995. The first research
article on expandable surface in nanofluids which portrays
the impacts of Brownian motion and thermophoresis using
implicit finite difference method is introduced by [2]. [3]
explained a numerical simulation on linear stretching surface
of nano liquid flow with convective boundary conditions.
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Brownian motion and thermophoresis effects on a non-linear
stretching plane is numerically evaluated by [4]. [5] explored
the hydromagnetic impact on nano liquid with gyrotactic
microorganisms past a vertical expandable upright surface.
Several researchers [6—10] investigated the applications
of nano liquids on different geometries. Researcher [11]
numerically examined the effect of magnetic field on the
heat transfer rate of nanofluid in a square enclosure with
wavy circular heater. [12] inspected the free convective heat
transfer rate of nanofluid confined in square porous cavity
saturated with nano-encapsulated phase change materials.
As of late, [13] analyzed the thermal performance of non-
Newtonian nano-encapsulated phase change materials in a
slant channel with the complicated internal heat source.

Hybrid nanofluids are mixture of two or more different
metals or non-metals with fundamental fluids like water, eth-
ylene, engine oil unused which results more ability in heat
transfer enhancement in contrast to nanofluids. Hybrid nano-
fluids with MHD have various applications in the fields of
medicine, naval structures, solar energy conversion, defense,
microelectronics, warming procedure in buildings, etc.
Authors [14, 15] demonstrated the experimental analysis on
hybrid nano liquid through heat exchangers. Other accept-
able investigations on hybrid nano liquids are explored by
the investigators [16—19]. [20] studied the magnetic radiative
flow of hybrid nano liquid in three-dimensional flow with
transmission of heat past a stretching sheet using Lobatto
IITA technique. The time-dependent Casson fluid flow
with hybrid nano particles past a horizontal porous plane
is numerically elaborated by [21]. [22] numerically exam-
ined the two-dimensional natural convective flow of hybrid
nano liquid past an erect surface with magnetic and radia-
tion. Numerical simulation of exponential shrinking surface
of hybrid nano liquids with thermal energy is explored by
[23]. Very recently the investigators [24—28] numerically
evaluated the solutions on different geometries over stretch-
ing/shrinking surface. [29] numerically scrutinized unsteady
hybrid nano liquid flow over an oscillating plate under heat
generation and radiation effects.

In the analysis of a hybrid nanofluid boundary layer
flow over stretching/shrinking surface, the terms heat
generation/absorption, thermal radiation and viscous dis-
sipation play a significant role in enhancement of heat
transmission with magnetic effects. Several engineering
applications are aerodynamics, paper production, geo-
physical flows, polymer processing flows, roofing mate-
rials, spinning of fibers, steam turbines, etc. Influence
of thermal radiation over elongating/dwindling surface
on convective flows are analyzed by several researchers
[30-37]. [38] numerically examined the effect of radia-
tion of nanofluid flow past an elongated plane with mag-
netism and viscous dissipation. A numerical simulation
on nano liquid flow past an exponentially expandable
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plane with influence of viscous-dissipation is studied by
[39]. [40] theoretically and numerically investigated heat
generation with thermophoresis on non-linear expandable
sheet. Recently, the heat sink/source on steady state lami-
nar flow of hybrid nano liquid along a nonlinear stretched
plane with thermophoresis is numerically elaborated
by [41]. Very recently, [42] studied about the numeri-
cal computation on hybrid CNTs past an exponentially
elongated surface with slip flow with the influence of
inclined Lorentz forces. The scrutinizer [43] monitored
the effect of the periodic magnetic field on the free-
convective heat transfer rate of alumina nano liquid in a
hexagonal-enclosure. Several studies with suspension of
nano-encapsulated phase change materials over different
geometries is scrutinized by [44—46].

The inspiration behind the current article is
aforementioned references in which several investigators
presumed several fluids with distinct nanoparticles and
a fascinating result for their thermal characteristics are
observed. A novel scheme of two-dimensional stability
simulation of MHD flow of hybrid nanofluid past an
elongating/dwindling surface with impacts of radiation,
slip boundary conditions and viscous dissipation is
modelled in current numerical simulation. On employing
similarity elements, the balanced equations of fluid flow
equations (PDE’s) in the transmuted into an ODE system.
Numerical solver, namely bvp4c, utilizing MATLAB is
employed to solve transmuted nonlinear coupled ODEs
with boundary conditions. The graphical explanation is
presented on velocity, temperature, coefficient of heat
transfer and skin friction with varying parameters. An
analysis of flow stability is found to stable and accuracy
when compared with existing literature. The current
work has novel characteristics that are helpful in many
applications such as pharmaceutical processes, magnetic
resonance imaging, dynamic sealing, thermal recovery
of oil, etc.

Fig.1 Geometrical model AV

Porous surface

— SHriNKiNg surface

Problem description

A system of cartesian coordinate with x; —coordinate normal
to the y,—coordinate as portrayed in Fig 1., for an incom-
pressible, laminar and steady, laminar flow of boundary
layer of Cu — Al,05 — H,O hybrid nano liquid toward an
exponentially penetrable elongating/dwindling sheet in
account of varied thermal conductivity and heat source/sink
are considered. u;, v, are the velocities in x,, y,—directions,
respectively. The surface velocity of stretching/shrinking
sheet is represented as u; (x)) = c,;e*/" The heat source
is ¢ = goe™/" and temperature as Ty, T =T, + T, e"/*"
is the variable wall temperature with 7, >0. 4, >0
denotes the stretching surface whereas A, <0 and 4, =0
denotes the expandable and motionless surface, respec-
tively. B, = B,e*/?", an applied magnetic field with mag-
netic strength - B, is governed normal to the plane y, = 0.
Tables 12 and 13 expose numerical values and heat transfer
of fluids of two nanoparticles (Cu and Al,O5) with base fluid
(H,0). The below system of equations with aforementioned
assumptions represents continuity, momentum and energy
equations of fluid flow with boundary condition ([59]).

ou; 0Jv; —0

ox; - dy; %
Ju Ju u o

it IRt W Mt 21 _ Tl g2, Hinf € @)
ox, i Pt Y] Pht Prnt Ky

oT, N oT, 1 0 <K* (T)0T1>
uy—+v,—= —— —
Poxg T oy T (pcy), O\ ey,
3
_ 1 %_ Ql (T -T )+ Hhnt <%>2 ( )
1 1, v
(pCP)hnr o (pCP>hnf (pCP)hnf o

Boundary Conditions:

Momentum boundary layer ‘
3

Thermal boundary layer

" -

® «— Hybrid nanoparticles

TTTT e

G——Stretching surface

—

—
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ﬂhnf al"] 1 Kh f Kh f
up = uy(0)A + A —— =5V = V3 — T (1 +€6,)+Nr, |0 +e—= 0"
1 14, lphnfay] 1 Pr1[< K, (1+¢€6,) oy re K !
o, . ) (PCpbmt
T, =T1w(x)+Bla—y1 aty,; =O,u1 - 0; < p7hn )(flg’ _fl/) 9)

T, - T, aty, - o0

where Q, = Q,e"/" represents constant of heat source
([59]), A, =a;e™/? and B, = b,e™™/?" denotes the
momentum and thermal slip factors dependent on x; (Yan
et al.[43]). Heat capacitance ((pCp)hnf), density (pyyr)-

dynamic viscosity ( /,thnf), electric conductivity (o-hnf), ther-
mal conductivity (Khnf), which are thermal physical attrib-
utes of fluid flow and active in Eqs (1)- (4) are explored in
Table 11. Hybrid nano liquid have complex interactions
among themselves and the fundamental fluid, which includes
scattering, absorption and radiation. On considering this,
Rosseland approximation [47] of thermal radiation for an
optically dense layer, we have

3K* dy,’

qr = &)

here, o* is the constant of Stefan-Boltzmann, K = mean
absorption coefficient. The term Tf can be exposed a tem-
perature linear function and expanding in Taylor series about
T and neglecting terms in higher order, we have

T} = 4T}T, - 3T} . (6)

The following represents the similarity transformations [48,
49] which gratify Eq. (1)

y = /22 LCH (i = ye /2ty [ =

2\/1:L
T, -T, oy
0 =————u, = —; 7)
! T\ T ! Iy,
oy
v, =——
! 0x,

and reduce the aforementioned balanced Eq’s (2) - (4) as

(ﬂhnf/”f >fm +1 +f1 1// _ 2f1/2
Prnt/ Pr ®)
B <6hnf/0'f>le1/ _ (ﬂhnf/ﬂf)Kfl/ =0,
Prnt/ Pr Prnt/ Pr
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(pcp)f

+ 4,0, + P Ee (7 =0,
Hy

where, the emerging parameters, Prandtl number = Pr,, Eck-
ert number = Ec |, Magnetic field parameter = M/, Thermal
radiation parameter=Nr;, Heat source/sink parameter=f,
Wall mass transfer parameter=S, in which §, > 0(v, < 0) =
suction parameter and S} < O(v, > 0) =injection parameter
and are defined as

vi(pC,) 166*T) 20,L
ry = Kf f; ry= 3[(le* b= CO (pCP)f’
2B%Lo;
Ee, = (“1“,(35)) M, = 0 ‘71; =— Vo ;
(T1W - Tlm)(cp)f Pi¢ \ /%
K = 2va ,Ml (-xl) =C€XIL,

(10)

subjected to the boundary conditions

fi=S13fl=4A+Af":6,=1+B0,; atn=0,  (11)

fil—=0;0,-0atn— oo (12)

Here
Hinf ¢ c
A=A 1/—;B =B1/—.
! 2Phnf 2viL : : 2vL (13)

Physical quantities

The physical quantities, important as to be worthy, like
coefficient of skin friction, drag force and heat flux have
ample applications such as skin friction coefficient is
useful in understanding the resistance experienced by
an object moving through a fluid, drag force is useful in
designing vehicles, sports equipment and heat flux helps to
design effective cooling system for electronic devices, etc.
Mathematically computed expressions for Nusselt num-
ber (Nuxl) and Skin friction coefficient (Cy) are defined as
[50-52]
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Fig.2 Working flowchart

Fluid problem

Problem description: two dimensional H,O-
Cu-Al,O4 past a stretching/shrinking surface
with porositv and viscous dissidation

Partial differential equations describing the

hybrid nanofluid flow

Applying similarity
Transformation to convert
PDE’s into system of
Ordinary differential
Equation’s

Non-linear ODE’s representing hybrid
nanofluid flow

Evaluating first order ODE’s using
bvp4c (MATLAB functions)

Determining the outcomes lin terms of dual solutions for momentum

and thermal consequences, heat transfer and skin friction coefficient

values, and comparing Nu,; and eigen values with existing results to
provide excellence of current simulation in results and discussion.

_an
[Kh"f( ay, ) * qr] @y,=0

o K(T, —T,)/2L

oT, 46* oT#
S ) (5
[h“f ayi ) 3k oy J]ay,=0

= an
KT, =T, )/2L

C = Hhnt (a”1>
f=— | —
pfu%w ayl @y,

By using the Eq. (7), Eq’s (13) - (14), ([53, 54]) are trans-
formed as follows

4

as)

K,

f

Hint (16)
1/2 — n 1
Re,/*C; = i h (0),
uy, (@)X
where Re, = ——— represents Reynolds number.

Vi

Figure 2 profvides the pictorial representation
(Flowchart) of present study step by step which includes
transmission of PDE’s system into ODE’s system on
employing suitable similarity transformation and then
using MATLAB bvp4c numerical solver. Functions
generated a code to compile the momentum, thermal,
heat transmission and skin friction coefficients results
at various values of emerging parameters of current
numerical computation.
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FE————

First solution
- - - - Second solution

A;=02,04,06

By=24,¢,= ¢,=001, £=0.1, 1=—1

S;=0.2,Nr=0.1, Eg = 0.07, K= 0.5, M = 0.05,
, By =0.02

Fig.3 Velocity profile varying A; = 0.2, 0.4, 0.6

0.35
| First solution
0.30 — """ Second solution
\\,“
0.25 4 | A,=02,Nr, =0.1, Ec, = 0.07, K= 0.5, M, = 0.05,
\\ S1=2.4,£= 0.1, 4,=0.01,¢,=0.01, 2=-1
\\
—~ 0204 \
< \
I ‘
0.15 A
B,=0.2,04,06
0.10
0.05
0.00 I T .
0.0 0.2 0.4 0.6 0.8
n

Fig.4 Temperature profile varying B, = 0.2, 0.4, 0.6

Flow stability

It can be observed that for shrinking parameter, dual solu-
tions exist. Therefore, stability analysis is performed to inspect
whether the solution is stable with respect to time and physi-
cally reliable. [63] concluded that first branch solution is physi-
cally reliable on the contrary second branch solution are not
physically reliable. To investigate the flow stability, numerical
simulation is employed introducing a time dependent form of

Eq’s. (2-3) in Eq’s (8-9), respectively
<mmf/uf>ﬁ L Th _2<@)2 _
Prat/ Py ) On® " on? on

_ < Ot/ O > M
Prn/ Pt

9’fy
onot

Punt/Ps) 0N
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i [ Mt/ Hy K% ~0
on B

a7

620.4,2= 1,9, =¢,=001,

A=B,=02Nr =0.1,8 =24,M =0.05K=0.5

- Second solution

First solution

—~ 0.20
£
< 015 4 py=1.2.3
0.10
0.05
0.00 . — I
0.0 0.2 0.4 0.6 0.8
n
= -0.64 A=B,=02,Nr =01,
M,=0.1,8,=05
-0.84 £=0.1,24= -1,
¢, = ¢,=001,
—10 4
\’,,/
-1.2 T T T T
0 1 2 3 4 5
n
Fig.6 Velocity profile varying Ec, =1, 3, 5
K 00, Ky (06,\°
€ < Wl (1 +€6,) + Nr1> — h“fe<—1)
Pr, K; on K; on
(PCopnt [ 00 00
hf[ Py %y _1] (18)
(pCp)s on ot
aZ
+ 5,0, + Mh“fEcli =0.
f on?
with boundary conditions
92
£0,7)=5,, fl(o )= A+A, fl(o 7),
(19)

6,(0,7) =1 +Bla—nl(o, 7)
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0.5

First solution
- - - - Second solution

0.4

\  A=B,=02p,=02Nr,=01,M=01K=05
\  £=0.1,2=-1

Ec,=0.1,03,05

0,(n)

0.8

Fig. 7 Temperature profile varying Ec, = 0.1, 0.3, 0.5

i(oo 7) =0, 6,(c0,7) = 0. (20)

The system perturbation equations are significant from
where stability is tested, and positive or negative sign of the
smallest eigenvalue 6, determine stability of the outcomes.

Using this theory of stability, f,(x7) = f,(), 0,(n) = f,(n), and
o1s aset of eigenvalues where §; < 6, < 63 < +=+ < ,_; < 0,

Let perturbation equations be ([55])

filn, ) 0o + € "G, ().,

@1

where, F,() and G,(n) are small respective to f,(n) and
0,(n), and 6 represents eigenvalue parameter that is to be
evaluated.

Adopting Eq. (21) into Eq’s (17-20) and set the value
of 7 to zero, and linearized eigenvalue problem is taken as

( ﬂhnf/ M

Phat/ Py
O] O,

_ ( ot/ f>M1F; + </4hnf/ﬂf>KF; =0,
Phat/ Pt Phat/ Pt

K,
1 [( I?f(l + €by) + Nr, > G/ + —t e(G’l)z]
f

=ﬁ)(’1) + e_ﬁrFl (’1) s 0](’1’ T) =

>F;" + F\fy) + Ffy — 4fyF| + 6F)
(22)

f
(PCpn
+(p%f;ff[F9’ Glfy—Fl0y— Gif, +6G,|  (23)
+5,G, + “fE o Fyf) =0.

with corresponding boundary conditions

Fi(0)=0; F|(0)=AF{(0); G,(0) =B,G|(0), (24)

0.35

First solution

"""" Second solution

0.30 4

A=B,=02, Nr,=0.1, K=05,p, =002, M, =0.1, Ec1 = 0.07,
0.25 fs 24,4, = $,=001

0.20

0,(n)

0.15
£=0,0.3,05
0.10

0.05

0.00

0.0 0.6 0.8

Fig.8 Temperature profile varying € =0, 0.3, 0.5

First solution

0.30

\\ - - -- Second solution

025’\ A=B,=02 Nr,=01,8=24, f =0.02¢=0.1,4 =¢,=0.01,

0.20

K=0.1,0.3,0.5
£ 0154

0.10

0.05 +

0.00

0.0 0.6 0.8

Fig.9 Temperature profile varying K = 0.1, 0.3, 0.5

0.0
——— First solution
-0.2+4 K=0.1,03,05
—~—0.31
£
“ o044
- 0.5 /
//
- 0.6 1 A =B,=028,=24,Nr, =0.1,Ec,=0.07,M, =01,
B,=002,£=01,4 =¢,=001,2=-1
-0.7 T T I
0.0 0.5 1.0 1.5 2.0
n

Fig. 10 Velocity profile varying K = 0.1, 0.3, 0.5
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First solution
- - - - Second solution

Nr,=0.1,1,2

A =B =02,S =24, Ec,=0.01,M =0.05K=05,
£=01,A=-1 (])1 =¢,=001

Fig. 11 Temperature profile varying Nr; = 0.1, 1, 2

=024

0.6
0.4\
024\

0.0,

—04]/
06

—-0.8

1.0 /
—124

First solution
- --- Second solution

A=1,01,-1

.S, =24, Ec,=0.07, M, =0.05,Nr, =0.1,K=0.5,
0.02,4,= ¢,=0.01

Fig. 12 Velocity profile varying A =0.1, 1, 2

0.40

0.35

0.05 +

0.00

First solution
---- Second solution
B, =028 =24, Ec,=0.07,M, =0.05 Nr, =0.1,K=05,
0.1, ¢, = ¢,=0.01

./ A=-2,-1,05

0.0

Fig. 13 Temperature profile varying A = -2, -1, 0.5
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3.82 Ec,=0.1,0.11,0.12 B
- - - - Second solution _—
3.80 - 4
3.78 { A, =B,=02,Nr,=0.1,£=0.1, | - 7
1 1 ! ’ ’ -
376 - M, =01, ¢, = ¢,=0.01. /)\/
x < g |\
S =002, K=05
2 374" / e
q P
o 3.72 - \
o A1 \
3.70 4 ‘—1.60:§§5799 \\
3.68 - ) / \\
566 * e (160322884 \
3644 7, -re0s1348 |
3.62 T T T :
-1.60 -1.55 -1.50 -1.45 -1.40

Fig. 14 Influence of 4 on Nu, , Varying Ec; = 0.1, 0.11, 0.12

A, =B, =02K=01,Nr,=0.1,¢&=01:
1.0 Ec,=01,8,=0014,=9¢,=001.

hor=-15631
Ao =—1.604
First solution N
Second solution 3 =—1.6647
T T T
-1.65 -1.60 -1.55 -1.50 —-1.45

A

Fig. 15 Influence of 4 on C;, Varying M, = 0.05, 0.1, 0.15

F1(0) = 0;G(c0) = 0. 25)

Using Eq. (19), the unsteady state outcome f,(#, 7) con-
verges to the steady-state outcome F(n) as T — oo if 6 > 0.
[56] retrieved boundary conditions with a new one to pos-
sess a non-trivial outcome eigenvalue to get justified val-
ues of 6. In the current numerical simulation, F' ;(oo) -0
is retrieved with F'(0) = 1. A bvp4c function in MATLAB
is used to obtain the 6-unknown values and to ascertain the
hybrid nano liquid flow stability §; > 0 implies that the out-
come is real and stable whereas negative value of smallest
eigenvalues concludes that the solution is not realistic.
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Table 1 Values for varied ¢, with A} = B, =0.2, §; =0.02, K = 0.5,
S, =24,M, =Ec, =€ =Nr, =0.1, A= —1.5,¢, = 0.01

b, Nux1 [n
First Outcome Second Out- First Outcome Second
come Outcome
0.01 3.779456923  3.508352265 2.255471505 0.474538561
0.02 3.833533045 3.544390942  2.314695478  0.485754091
0.03 3.886707709 3.578878470  2.373933845 0.498572351

Results and discussion

Tables 1-7 explores the Nusselt and Skin friction val-
ues with different parameter values whereas Tables §—10
describes the comparison of present outcomes with exist-
ing investigation to conclude the excellence of the current
development of the research article. Tables 11-13 provides
the properties of water and nanoparticles which are used to
obtain the behavior of hybrid nanofluids (H,0-Cu-Al,O5).
Nanoparticles thermal conductivity influences the improve-
ment in the thermal conductivity of the nano liquid. Base
fluid H,O has high thermal conductivity compared to the
other base fluids. Adding nanoparticles Cu and Al,O,
which have high and good thermal conductivity contributes
to intensify heat transfer performance of hybrid nanofluid.
The results section describes the significance of computed
outcomes and presents the analysis of momentum, thermal,
heat transfer and skin friction characteristics and also analy-
ses the nature of duality of solutions of hybrid nano liquid
(Cu — Al,O5 — H,0) with fixed Prandtl number, Pr; = 6.2
in this complete study. MATLAB software helped to per-
form the numerical computation using bvp4c function.
Figures 3—15 shows the existence of two solutions (First
and Second) with respect to the boundary conditions for
certain values of A, which depends on the S-strength. At
A = A, the outcomes bifurcate, where A, = critical value of
4. Hence, to observe dual solutions nature, initial guesses
are taken in two sets and # — oo as 15 with the values of
pertinent parameters. Figure 3 refers to the profile of veloc-
ity stencil for enhancing values in momentum slip parameter
(A; =0.2,0.4,0.6) for both the solutions where first solution
in solid lines reveals that momentum is an increasing func-
tion and second solution in dotted lines, is a deceleration
function. Physically, it is anticipated owing to the positive
fluid velocity gradient adjacent to the plane that leads to
thinning of momentum boundary layer. Further, presence of
momentum slip forces the more fluid to slip at the surface
of the shrinking plane by decreasing the fluid resistance,
and enhancing momentum flow; thus, an elevated degree
of velocity slip is needed to intensify flow velocity and vice
versa. For pivot values of A; =0.1,0.2,0.4 which are in
increasing order as explored in Table 3, it is viewed that

heat transmission coefficient elevates whereas skin friction
coefficient drops for both I and II outcomes. It is seen that
1st outcome is more stable compared to the 2nd outcome for
both coefficients of heat transmission and skin friction. It is
since, fluid velocity enhancement results an amplification in
fluid motion which leads to an increase in rate of heat trans-
mission between the plane and liquid. When the motion of
fluid is upsurges, the convection currents are stronger lead-
ing amplification in heat transfer coefficient.

Table 2 Values for varied ¢, with A} = B; = 0.2, §; =0.02, K = 0.5,
S, =24,M,=Ec,=e=Nr, =0.1,A1=-15,¢, =0.01

¢2 Nux‘ Ct
First Outcome Second Out- First Outcome Second
come Outcome
0.01 3.779456923  3.508352265 2.255471505 0.474538561
0.02 3.836590942 3.523548651 2.410918961 0.434142832
0.03 3.893056011  3.534208880  2.563270807 0.392785456

Table3 Values for varied A, with B, =02, §, =0.02, K =0.5,
S, =24,Ec, =003, M, =e=Nr, =0.1, A= 15,¢, = ¢, = 0.01

A Nu, Ce
First Outcome Second Out- First Outcome Second
come Outcome
0.01 3.917408978  3.843704498 2.380747195 0.608031380
0.02 3.969183360 3.848829559  2.255470065 0.475393552

0.04 4.030373451  5.614962599  1.865874301  1.851983078

Table4 Values for varied B, with A, =0.2,4, =0.01, K=0.5,
S, =24,Ec; =00, M, =e=Nr; =01, A=-15,¢, = ¢, =0.01

B, Nu

X

First Outcome Second Outcome

0.02 4.024013354 3.947171209
0.04 2.373314008 2.341794765
0.06 1.681521623 1.663193667

Table5 Values for varied S; with A, =0.2, g, =0.02, K =0.5,

S, =24, Ec =01 M, =005 e=Nr,=01 1i=-15,
¢, = ¢, = 0.01
S, Nu,

First Outcome Second Outcome
2.30 3.702613892 3.3513361801
2.35 3.741898171 3.530197024
2.40 3.778972445 3.546117991
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Table6 Values for varied ¢ with A =B, =02, g, =0.02,
K =05, Ec, =001, M, =001, S, =24, Nr,=0.1, A=-15,
¢1 = ¢, =0.01

€ Nu

X

First Outcome Second Outcome

0.05 4.040724879 3.964892247
0.10 4.023594399 3.947817761
0.15 4.006119109 3.925755461

Table7 Values for varied Nr; with A; =04 B, =0.2, f, =0.01,

K=05, Ec, =001, M =005 S =22, ¢=0.1, A=-2,
¢, = ¢, = 0.005
Nry Nu,,

First Outcome Second Outcome
0.1 3.786516264 3.816049415
0.2 4.023152779 3.996955597
0.3 4272616154 4.208260611

In Fig. 4, variation in thermal profiles for different values
of thermal slip parameter is delineated. From the figure, it
is concluded that with the rise in thermal slip parameter
(B; =0.2,0.4,0.6) at the shrinking plane (A = —1 and — 1.5,
respectively) thermal boundary layer thickness decreases
even when only a small amount of heat is transferred to
the plane by the fluid. Effect of thermal slip parameter
on the Nusselt number is presented in the Table 4. From
the numerical values, it is well established that increase
in the thermal slip parameter slowdowns the heat transfer
mechanism. On the other hand, rise in thermal distribution
as heat source/sink parameter (which depends on amount
of heat source/sink in the liquid) (f, = 1,2, 3) improves
is shown in Fig. 5. It is also viewed that the first outcome
plotted in solid lines is lower than that of second solution
plotted in dotted lines. It is real, since upsurge in thermal slip
parameter causes an elevation in the rate of heat transmission
with a decrement in thermal stencil.

Figure 6 portrays that velocity upsurges as Eckert
number (Ec, = 1, 3,5) rises for both upper (first) branch
and lower (second) branch. For higher values of viscous
dissipation parameter Ec, velocity reaches to —0.37809604

Table 9 Comparison of —8,(0) for viscous fluid (¢, = ¢, = 0) when
S, =3,Nr, =8, =A, =B, = f, =0 for stretching plane (1 = 1)

Pr, M, EL Aziz[57] Ishak[58] Waini[60] Present Results
0.5 0 0.594493 0.594339  0.59668759
1.0 0 0954785 0.9548 0.954783  0.95481061
20 O 14715 1.471460  1.47146137
30 0 1.869074 1.8681 1.869074  1.869087481
50 0 2500132 2.500132  2.500133544
10,0 0  3.660372 3.660372  3.660369315
1.0 1 0.8611 0.861984  0.861508655

for upper branch (first) solution and —1.14675653 for lower
branch (second) solution and there by increases reaching to
its free stream at Ec; = 5. Figure 7 describes the variation
in thermal profile for Ec;(= 0.1, 0.3,0.5). It is an important
factor for studying the thermal profile of the fluid flow. It is
noticed that temperature distribution rises as Ec; enhances.
At Ec, = 0.5, temperature reaches to 0.401713002, for first
solution as exposed in solid lines and temperature reaches
to 0.408873912, for second solution as explored in dotted
lines. Physically, it is true since Eckert number is measure
of thermal energy dissipated during the conversion of
kinetic energy of fluid molecules to thermal energy. This
energy conversion releases the heat to the system, and
hence enhances the temperature. An upsurge in thermal
conductivity due to enhancement in temperature speed up
the thermal conduction from the surface into the liquid,
causes thermal stencil to grow and Nu, reduce as variable
thermal conductivity parameter e(= 0,0.3,0.5) amplifies
as depicts in Fig. 8 and Table 6.

Figures 9 and 10 captures the temperature and momen-
tum behavior of thermal conductivity of hybrid nano
liquid. An improvement in velocity profile is noticed,
whereas a reverse trend in temperature stencil is noticed
with enhancement in K (=0.1, 0.3, 0.5). Since, the nano-
particle temperature rises, the internal particle veloc-
ity grows and transfers heat with less resistance causes
decrease in thermal profile.

The thermal variation for different enhanced values
of thermal radiation Nr (= 0.1,1,2) is seen in Fig. 11. It
manifests that temperature is an accelerating function of
Cu — Al,O5 — H,0. The physical reason behind this is an

Table 8 Comparison
of f/(0) and -/ (0) for
viscous fluid (¢, = ¢, = 0)

Existing Literature

when S| =3, Pr; = 0.7,
M,=Nr,=A,=B,=p,=¢=0
for shrinking sheet (4 = —1)

Ghosh and Mukhopadhyay [61]
Waini, Ishak, and Pop [60]

Gopinath Mandal and Dulal Pal [25]

Present Outcomes

10 -61(0)

First Outcome Second Outcome First Outcome Second Outcome
2.39082 —0.97223 1.7710 0.84838
2.390814 —0.972247 1.771237 0.848316
2.390814 —0.97218 1.771238 0.847849
2.390813634 —0.972247455 1.771237307  0.848315747
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Ta.ble 10 Comparison of Least A, A Y1s75- 1591 Y1275 [25] Current Outcomes
Eigenvalues
I Outcome II Outcome I Outcome II Outcome I Outcome II Outcome
0.2 —1.441 0.6126 0.06126485 —0.06119732 0.06126486  —0.06119732
—1.448 0.01326 —0.01326 0.01325891 —0.01325575 0.01325891 —0.01325576
04 —2.03 0.134477  —0.02518 0.13445924  —0.13450106  0.13445928  —0.1345011
—2.036  0.00711 —0.00713 0.00712339  —0.00712348 0.00712338  —0.00712348
Table 11 Thermophysical properties of nanofluid and hybrid nanofluid [25]
Properties Nanofluid Hybrid Nanofluid
Densit Puf Ps1 .
ensity = =(-¢)+¢— Pt (1= )+ by 2| + 9, 22
P Pr Pr Pt Pt
Heat Capacitance PC,)ns (PC,)q (PC s (rCps (PC))
- =(1-¢)+ ¢, —"] - —(1—¢2)[(1—¢1>[#”+¢2[ ‘”]
(C,)x (0C,)x (C,) (0Cy)x (C,)x
Dynamic Viscosity Mot _ 1 Mot _ 1
e (L=¢)» He o (L= @)1 = ¢y)?3
Electrical Conductivity 3 (1 oy ) 3 ( _ oy )
Iof _ g 4 hmf _ 1 _ s . Obnf _ Onf o ot
Oy <2+"_~1>+¢1(1_&> Onf <2+2>+¢2< _6._<z) " o Oy Onf
o Of Onf Onf
Thermal Conductivity Ky _ Ky + 2K =26, (K; — Kyy) King Ko + 2K —2¢)(Kis —Kp)  Kipg  Kine _ Kig
K; K + 2K + ¢, (K — Ky)) Ko Ko + 2K s+ ¢, (Kyp — Kp) . K Ky K;
Variable Thermal Conductivity T,-T
Kp (D) =Ky L +€ T -7,
Tab.le 12 Num(f,r ical values Of_ Properties Base fluid H,O Nano Particles
various properties for base fluid
and nanoparticles [25] Cu Al O
Density (p) (Kg m™) 997.1 8933 3970
Thermal Conductivity (K) (W m~'K™ 0.613 400 40
Specific Heat (C,) JKg™'K™) 4179 385 765
Electrical Conductivity (o) 0.05 5.96 x 10* 35x10*
increment in thermal radiation diminishes the Rosseland The temperature of fluid with stretch in A(= —2,—1,0.5),

radiative absorption and, consequently, the radiative heat
flux results amplification in the thermal boundary layer
thickness.

Figures 12 and 13 manifests the distributions of
momentum and thermal varying Stretching sheet/Shrinking
sheet parameter A(= 1,0.1, —1) for hybrid nanofluid. When
A =1, velocity of Cu —Al,0; — H,O accelerate. This is
because by stretch, which decelerate viscous effect on fluid
flow causing momentum to enhance. For A = —1, momentum
of Cu—Al,O; — H,0O diminishes, when the shrinking
parameter is increased. Since, the resistance to movement
of the flow due high viscosity causes velocity not to enhance.

shrinks because stretching surface intensify hybrid nanofluid
velocity which in turn enhances thermal boundary layer
thickness causes reduction in the thermal stencil.

The effect of heat transfer and skin friction coefficient
for varied values of Ec; and M, are exemplified in Figs. 14
and 15, respectively. The presence of dual solution is
noticed for Ec;(=0.1,0.11,0.12) when the critical value
of (/1 = /IC) are A, = —1.60355799, 4., = —1.60322884
and 4, = —1.6031348, respectively. It is seen that heat
transfer coefficient Nu, enlarge as Ec, rises gradually. An
improvement in Ec; causes the transformation of kinetic
energy into internal energy by work that is done against
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Table 13 Enhancement in heat transmission of fluids using different
nanoparticles [62]

Base Fluid Nanoparticle Development in Volume
Conductance Concentra-
tion
Water - H,O Cu 34% 0-16%
Water - H,O Al,O4 31% 0-18%

the viscous fluid stresses. Due to this, temperature of the
hybrid nano liquid increases as Ec, increases. The skin
friction variation with magnetic field M, (= 0.05,0.1,0.15)
is captured with 4 = [—1.65, —1.45], and critical values are
viewed at 4, = —1.5631, 4., = —1.604 and 1., = —1.6647.

The influence of enhanced volume fraction of copper
nanoparticle ¢, ¢,(=0.01,0.02,0.03) on heat transfer
and skin friction coefficient in Tables 1 and 2 is viewed
to improve and more convergent than the second solu-
tion of hybrid nano liquid. From this observation, we
can say that first solution is more stable than the sec-
ond solution with A, =B, =0.2,4, =0.02, K = 0.5,
S, =24,M,=Ec;=00l,e=Nr;=0.1,1=-15 and
¢, = ¢, = 0.01, respectively. It is true because the presence
of hybrid nanoparticles can disrupt by altering the flow pat-
tern of thermal boundary layer which leads to elevate the rate
of heat transfer and skin friction coefficient. As slip velocity
is the relative velocity between the fluid and the solid sur-
face, it affects both heat transfer and skin friction coefficient.
An enhancement in the velocity slip parameter implies a
larger slip velocity at the wall, reduce the shear stress at the
wall which leads to decelerate the coefficient of skin friction
and accelerate the coefficient of heat transfer as portrayed
in Table 3. Table 4 depicts the reduction in Nusselt number
with rise in thermal slip parameter. An increase in thermal
slip parameter results a reduction in the temperature gradient
at the fluid to solid interface and it implies less effective ther-
mal boundary layer in transferring heat from solid surface to
the fluid. As a consequence, the convective heat transfer is
reduced which leads the Nusselt number to reduce. Tables 5
and 7 exhibit the impact of S, and Nr, on Nu, as intensifying
values as both parameters enhance, respectively. Heat trans-
mission coefficients amplify as suction parameter amplifies
with a fact that in enhancement in suction, thermal profile
diminishes and gradient of temperature rises, so the con-
vection coefficient of heat transfer which depends on ther-
mal gradient grows, improving the Nusselt number accord-
ingly. Maximum values of Nu, noticed as 3.778972445
at upper branch and 3.546117991 at lower branch when
S,=24 and A=-15,4.272616154,4.208260611
when Nr; = 0.3 and A = -2, at first and second out-
comes of Cu-—AlL,O;—H,0. The least eigen val-
ues for preferred values of A, and 4 with S, = 2.4,

@ Springer

Nri=M,=Ec, =0,¢, =¢,=0.01,B, =0.2, 4, =0.02
is discussed in Table 9 and found to be accurate with exist-
ing investigation [25, 59].

The comparison Tables 8 and 9 expose that the pre-
sent numerical simulation is excellent when com-
pared with existing literature [25, 48, 61] for and when
viscous liquid (¢, =¢,=0),5,=3,Pr;=0.7, and
M, =Nrj=A;, =B, =p =e=0for A=-1and [57, 58,
60] varying with Pr;=0.5, 1,2, 3,5, 10 and M, =0, 1 for
(dual results) when viscous liquid (¢; = ¢, = 0), 5, =3, and
Nri=S, =A =B, =p,=e¢=0for 1 =1. As bvpdc is
mainly computed with initial guess for the dependent vari-
able at the left boundary and often for the derivatives of
the dependent variable w.r.t. the independent variable, we
assume that the initial guess taken in the present simulation
makes excellence with the existing investigation as cited
above.

Conclusions

The outcomes of a MHD hybrid nano liquid slip flow of
thermal radiation with influence of viscous dissipation over
an exponentially stretching/shrinking plane is numerically
explored using a MATLAB solver and are elevated as below:

e The existence of expandable/diminishing surface, as well
as a sufficient amount of suction, helps in occurrence of
dual solutions, and found that upper branch is stable.

e Nanoparticles of copper and alumina elevate the effec-
tiveness of heat transmission in dual solutions.

* As suction parameter enhances Nu, elevates, whereas
reverse trend is noticed C; in both first and second solu-
tions.

e The elevation in velocity slip parameter, explores the
intensification of momentum distribution, for first out-
come and reverse phenomena for second outcome, N,
intensifies as A, elevates.

e Enhancement in Ec, describes the improvement in
both momentum and thermal profiles as well as the
heat transmission coefficient with critical values —
1.60355799, —1.60322884, —1.6031348.

e The temperature profile with increase in thermal slip
factor is viewed to drop whereas enhancement is
noticed with rise in heat generation/ absorption param-
eter and variable thermal conductivity parameter, since
temperature slip causes an elevation in heat transfer
with a deceleration in thermal profile.

e Velocity profile is observed to elevate as stretching/
shrinking surface parameter improves whereas the ther-
mal profile is captured to diminish.

e The current study is viewed to be excellent when
compared with existing literature and can be further
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extended for mixed convection with non-similarity
transformation.

¢ Due the presence of viscous dissipation, heat trans-
fer rate decreases by 7.17% for first solution and 1.3%
for second solution, and there is no change in C; due
to Eckert number, because Ec, is not directly associ-
ated with momentum equation. Heat transfer and C;
increases by 3.07% and 10.82%, respectively for first
solution, whereas Nux1 increases by 1.69% for first solu-
tion and C; decrease by 6.11% for second solution.

The future scope of the present article is useful to elevate
the several attributes of three-dimensional flow in mixed
convection of hybrid nanofluid through advanced comput-
ing techniques based on machine learning.
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