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Because of accelerated demands of advanced technologies like power station, chemical pro-

duction and microelectronics, it necessitates the need of novel type of °uids with more heat

transfer capability. Due to synergistic e®ect, ternary composite nano°uids (TCNFs) ensure
better thermophysical and Rheology properties thereby acting as better suitable heat transfer

°uid in wire coating, metal spinning, aerodynamics, medicine and engineering industries, etc. In

view of such relevance, °ow and heat transfer aspects of TCNF MWCNT + Al2O3 + TiO2 +

water induced by linear and nonlinear slips over arbitrarily inclined moving thin needle are
investigated in this study. Thompson and Troian nonlinear slip model is modi¯ed by developing

it in polar coordinates. Quadratic thermal radiation phenomenon is adopted. Fourth-order

Runge–Kutta method is used to obtain requisite numerical solution. Major outcomes indicate
that °uid velocity of TCNF whittles down with ampli¯cation of magnetic parameter due to

the °ow induced by either linear or nonlinear slips. Lower value of Reynolds number

favoring linear slip leads to e®ective intensi¯cation of nondimensional temperature
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distributions. Surface viscous drag and heat transfer rate get ameliorated with growth in size of

thin needle under the in°uence of both linear and nonlinear slips.

Keywords: MHD; ternary composite nano°uid; modi¯ed Thompson and Troian slip; quadratic

thermal radiation.

PACS numbers: 44.40 +a, 65.80 +n, 68.65 –k.

1. Introduction

Amelioration of heat transportation by nano°uids leads to wide range of applications

in photonics, heat exchangers, electronics, chillers, boiler and energy associated in-

dustries.1 These nano°uids comprise of base °uid and nanometer-sized particles

(formed of metals, carbides, carbon nanotubes, metals or oxides).2,3 To understand

how diverse nano°uid compositions can improve conduction qualities, many

researchers have studied the subject.4–8 Later, binary composite nano°uids and their

°ow and thermal behavior subject to several surfaces under di®erent constraints were

examined by many researchers. For instance, Akinshilo and Ali9 studied double

di®usive magnetohydrodynamic squeezing °ow of nano°uid between two parallel

disks with slip and temperature jump boundary conditions. Nayak et al.10 discussed

3D radiative convective °ow of ZnO-SAE50nano-lubricant in presence of varying

magnetic ¯eld and heterogeneous reactions. They observed that the enhanced

strength of magnetic ¯eld controls the °ow of ZnO-SAE50nano-lubricant.

Akinshilo11 investigated the nano°uid conveying porous medium through nonpar-

allel plates using the Akbari–Ganji method. Zidan et al.12 studied the thermal

management and natural convection °ow of nanoencapsulated phase change mate-

rial (NEPCM)–water suspension in a reverse T-shaped porous cavity enshrining two

hot ba®les, Sobamowo and Akinshilo13 analyzed the squeezing °ow of nano°uid

between two parallel plates under the in°uence of magnetic ¯eld. They observed that

rise in magnetic parameter leads to decelerated motion of nano°uid. Nayak et al.14

investigated the e±cacy of diverse structures of wavy ba®les on heat transfer am-

pli¯cation of double-di®usive natural convection inside a C-shaped enclosure ¯lled

with hybrid nano°uid. Akinshilo and llegbusi15 investigated Lorentz force e®ect on

steady nano°uid °ow and heat transfer through parallel plates.

A theoretical model for the heat conduction of binary composite nano°uids has

been developed by Chougule and Sahu.16 Further, Akinshilo et al.17 studied thermal

and entropy generation analysis of hybrid nano°uid °ow through stretchable ro-

tating system with heat source/sink. They found that increasing volume of nano-

particles concentration ameliorates entropy generation. The e®ect of nanoparticle

volume concentration depicts an increase in Bejan's number. Wang et al.18 assessed

the e®ective thermal conductivity of °uid and nanoparticles mixed. In addition,

Selvakumar and Suresh19 investigated how cooling electronic components with a

hybrid CuO–Al2O3/water nano°uid would a®ect the environment. Huang et al.20

investigated superiority of binary composite nano°uid over simple nano°uids in

S. S. Samantaray et al.
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terms of high heat transfer rate and low pressure drop. Nayak et al.21 examined

entropy optimized assisting and opposing nonlinear radiative °ow of hybrid nano-

°uid. The increase in temperature ratio parameter leads to the enhancement of

°uid temperature as observed in their study. Further, Nayak et al.22 carried out a

numerical investigation of Numerical computation for entropy generation in

Darcy–Forchheimer transport of hybrid nano°uids with Cattaneo–Christov double

di®usion.

Ternary composite nano°uids (TCNFs) were established to achieve more e®ective

outcomes in terms of the augmentation of heat transfer, despite the fact that

nano°uids/binary composite nano°uids have diversi¯ed engineering applications in

°uid °ows because of their improved thermal properties. Compared to straightfor-

ward nano°uids, they exhibit thermophysical characteristics that are substantially

better. Simultaneous improvement of both thermophysical and heat transfer prop-

erties together could be attained in TCNFs. Because of such outstanding properties,

TCNFs are used in energy transport and several thermal transmission applications

such as solar collectors, heat pipes, heat exchangers, minichannel heat sink and

others. Recent years have visualized development of very few experimental models

of TCNFs as well as studies exploiting them. For instance, Dezfulizadeh et al.23

examined an experimental study on dynamic viscosity and thermal conductivity of

water–Cu–SiO2–MWCNT TCNFs. Xuan et al.24 analyzed on sensitivity and ther-

moeconomic aspects of TCNFs. Sahoo25 discussed thermohydraulic properties of

radiator using TCNFs. Quero and Rosenkranz26 explored the performance of

binary and ternary composite MXene/nanocellulose hydrogels and aerogels.

Boroomandpour et al.27 investigated thermal conductivity of a TCNF with

MWCNTs TiO2–ZnO/water EG (80:20). Kashyap et al.28 explored the regenerative

evaporative cooler e±ciency by using TCNFs. The device yields the highest coe±-

cient of performance, exergy e±ciency and sustainability index; however, surface

modi¯cation leads to higher running cost and equivalent CO2 emission. Sarangi

et al.29 analyzed rotational °ow and thermal behavior of ternary hybrid nanoma-

terials at small and high Prandtl numbers. Their numerical results conveyed that

prominent decelerated °ow of ternary hybrid nano°uid (THNF) is attained due to

ampli¯cation of rotation parameter in Darcy–Forchheimer medium subject to both

low Pr (Pr ¼ 0:01) and high Pr (Pr ¼ 10; 000) than unary nano°uid (UNF). Axial

velocity peters out by 11.76% (at low Pr (Pr ¼ 0:01)) and 12.5% (at high Pr

(Pr ¼ 10; 000)) for THNF while it whittles down by 21.42% (at low Pr) and 20%

(high Pr) for UNF subject to °uid (UNF/THNF) °ows in Darcy medium (Fr ¼ 0)

and non-Darcy medium (Fr ¼ 3). In addition, heat transfer rate from the rotating

surface emaciates signi¯cantly by 119% for THNF at Br ¼ 1:5, Bi ¼ 1 from low Pr

(Pr ¼ 0:01) to high Pr (Pr ¼ 10; 000). Further, Sarangi et al.30 investigated hydro-

thermal behavior and irreversibility analysis of B€odewadt °ow of radiative and

dissipative ternary composite nanomaterial due to a stretched rotating disk. The

ternary composite/hybrid nanomaterial is a mixture of water as base °uid and

Al2O3, graphene and MWCNT as nanoparticles. The numerical solution is obtained

Hydro-magneto-thermal aspects of ternary composite nanomaterial
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by using bvp4c method through MATLAB. The most important physical conclusion

of the present investigation is that introduction of TCNF to the B€odewadt °ow over

a stretched rotating disk gives rise to controlled motion subject to slip condition

reduces surface viscous drag e®ectively and ameliorates heat transfer rate thereby

imparting signi¯cant cooling compared to binary hybrid nano°uid and mono

nano°uid.

The boundary layer °ow over thin needle is applied in wind velocity measure-

ment, wire coating, aerodynamics, etc. As far as boundary layer °ow over thin needle

is concerned, works such as boundary layer °ow,31 boundary layer °ow induced by a

parallel-free stream,32 assisting and opposing °ows,33 nonlinear thermal radiation

e®ect,34 heat generation and nonlinear radiation e®ects,35 buoyancy driven convec-

tive MHD °ow,36 and EMHD °ow of non-Newtonian nano°uids37 were carried on

e®ectively.

Taking intensive literature survey and analyzing the works there, it is visualized

that the e®ect of linear and nonlinear slips on °ow and heat transfer of TCNF over

arbitrarily inclined (horizontal-inclined and vertical-inclined) thin needle subject to

quadratic thermal radiation is yet to be investigated. The objective of this study is to

investigate the °ow and heat transfer of radiative and dissipative TCNF over arbi-

trarily inclined thin needle in°uenced by linear and nonlinear slips. The novelty of

this study includes the following aspects:

. Linear and nonlinear slip e®ects featured in Modi¯ed Thompson and Troian slip

model are newly considered.

. Quadratic thermal radiation model is newly introduced in °ow over thin needle.

. TCNF °ow is newly implemented over thin needle.

2. Mathematical Description and Equations of the Physical Model

In the present problem, we consider a steady, laminar boundary layer °ow of TCNF

over an arbitrarily inclined (horizontal-inclined and vertical-inclined) thin needle

moving with a constant velocity Uw. Assume that water as base °uid is dispersed

with ternary nanoparticles such as MWCNT, Al2O3, TiO2 in order to ameliorate

thermal conductivity of water so as to make it as best coolant. A uniform magnetic

¯eld of strength B0 is assumed to be applied normal to the stretching surface of thin

needle. The magnetic Reynolds number is considered to be small and therefore the

induced magnetic ¯eld and electric ¯eld are neglected.

The following assumptions are made for the present problem:

. There is no pressure gradient along the thin needle.

. Let the radius of thin needle be r ¼ RðxÞ, where r and x represent radial and axial

coordinates, respectively.

. Modi¯ed Troian and Thomson slip model is considered.

. Quadratic thermal radiation phenomenon is implemented.

S. S. Samantaray et al.
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. Magnetohydrodynamic °ow pattern is adopted.

. Viscous dissipation as well as Ohmic heating is taken into account.

. Convective boundary condition is introduced.

Figures 1 and 2 depict the °ow geometry and the related coordinate system.

Under the above assumptions, the boundary layer equations framed are

Continuity equation

@

@x
ðruÞ þ @

@r
ðrvÞ ¼ 0: ð1Þ

Momentum equation for horizontal-inclined needle

u
@u

@x
þ v

@u

@r
¼ �TCNF

@2u

@r2
þ 1

r

@u

@r

� �

þ g�TCNFðT � T1Þ sin�� �TCNFB
2
0u

�TCNF
: ð2Þ

Fig. 1. (Color online) Flow geometry of horizontally-inclined needle.
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Momentum equation for vertical-inclined needle

u
@u

@x
þ v

@u

@r
¼ �TCNF

@2u

@r2
þ 1

r

@u

@r

� �

þ g�TCNFðT � T1Þ sinð90� � �Þ � �TCNFB
2
0u

�TCNF
: ð3Þ

Energy equation

u
@T

@x
þ v

@T

@r
¼ �TCNF

1

r

@

@r
r
@T

@r

� �
þ 48��T 21

3k�ð�cpÞTCNF
� 1

r
T
@T

@r

� �
þ @T

@r

� �
2

þ T
@2T

@r2

� �
� 32��T 31

3k�ð�cpÞTCNF
� 1

r

@T

@r
þ @2T

@r2

� �
þ �TCNF

ð�cpÞTCNF
@u

@r

� �
2

þ �TCNFB
2
0u

2

ð�cpÞTCNF
: ð4Þ

Fig. 2. (Color online) Flow geometry of vertically-inclined needle.
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Boundary conditions

Here, u and v, respectively, are the axial and radial components of velocity, �TCNF,

�TCNF, �TCNF, �TCNF, �TCNF, ð�CpÞTCNF, �TCNF, kTCNF are, respectively, dynamic

viscosity, kinematic viscosity, density, thermal expansion coe±cient, electrical con-

ductivity, speci¯c heat capacity, thermal di®usivity, thermal conductivity of TCNF,

B0 is uniform magnetic ¯eld strength, ðT ;T1Þ are temperature of TCNF within

boundary layer and ambient, g is gravitational acceleration, � is the tilting angle, ��

is Stefan–Boltzmann constant, k� is mean absorption coe±cient, �� is slip length (m)

and 	� is the inverse of the critical shear rate ðsÞ.
Physical, thermal and electrical properties ternary composite nano°uid

The thermophysical properties of TCNF are

The density of TCNF is25,28

�TCNF ¼ 
1�1 þ 
2�2 þ 
3�3 þ ð1� 
1 � 
2 � 
3Þ�f ; ð6Þ
where �1; �2; �3 are the densities, 
1; 
2; 
3 are the volume fractions of ¯rst, second

and third nanoparticles, respectively, �f is the density of base °uid.

The speci¯c heat capacity of TCNF25,28

ð�CpÞTHNF ¼ 
1ð�CpÞ1 þ 
2ð�CpÞ2 þ 
3ð�CpÞ3 þ ð1� 
1 � 
2 � 
3Þð�CpÞf ; ð7Þ
where ð�CpÞ1; ð�CpÞ2; ð�CpÞ3 are speci¯c heat capacities of ¯rst, second and third

nanoparticles, respectively, and ð�CpÞf is the speci¯c heat capacity of base °uid.

The dynamic viscosity of TCNF is25,28

�TCNF ¼ ð
1�nf;1 þ 
2�nf;2 þ 
3�nf;3Þ



; ð8Þ

where �nf;1; �nf;2; �nf;3 are dynamic viscosities of ¯rst, second and third nanoparticles,

respectively.

The thermal conductivity of TCNF is25,28

kTCNF ¼ 
1knf;1 þ 
2knf;2 þ 
3knf;3
� �



; ð9Þ

where knf;1; knf;2; knf;3 are thermal conductivities of ¯rst, second and third nano-

particles, respectively. Here, 
 ¼ 
1 þ 
2 þ 
3 is the total volume fraction.

For ith nanoparticle suspension (of given shape), we have

�nf;i ¼ �fð1þBi
þ Ci

2Þ; ð10Þ

Hydro-magneto-thermal aspects of ternary composite nanomaterial
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knf;i
kf

¼ kp;i þ ðmi � 1Þkf þ ðmi � 1Þ
ðkp;i � kfÞ
kp;i þ ðmi � 1Þkf � 
ðkp;i � kfÞ

; ð11Þ

where B and C are viscosity enhancement coe±cients.

Similarity transforms

u ¼ 2Uf 0ð�Þ; v ¼ � �f
r
f þ �

�f
r
f 0ð�Þ;

�ð�Þ ¼ T � T1
Tw � T1

; � ¼ Ur2

�fx

9>>=
>>;
; ð12Þ

where U the sum of is Uw and U1. By setting � ¼ A (refers to the wall of needle) in

Eq. (12), RðxÞ ¼ Avx
U

� �
1=2 is the surface shape of axisymmetric body.

Nondimensional governing equations

Using Eqs. (6)–(12) in Eqs. (2)–(5), we have

�TCNF

�f

� �
�f

�TCNF

� �
f 00 þ 2�f 000ð Þ þ ff 00 þ f 00ð1þ 2Wef 00Þ

þ 1

4

1

�TCNF

�f

� �
� sin�� 1

2

�hnf

�f

� �
�f

�TCNF

� �
Mf 0 ¼ 0; ð13Þ

�TCNF

�f

� �
�f

�TCNF

� �
ðf 00 þ 2�f 000Þ þ ff 00 þ f 00ð1þ 2Wef 00Þ

þ 1

4

1

�TCNF

�f

� �
� sinð900 � �Þ � 1

2

�hnf

�f

� �
�f

�TCNF

� �
Mf 0 ¼ 0; ð14Þ

Table 1. Thermophysical properties of base °uid (water) and nanoparticles (MWCNT, Al2O3,

TiO2) at 300K.38

Physical properties Water MWCNT Al2O3 TiO2

Speci¯c heat capacity (J/kg K) 4179 410 765 686.2

Thermal conductivity (W/m K) 0.613 3007.4 40 8.9538

Density (kg m�3) 997.1 2100 3970 4250

Electrical conductivity (S m�1) 0.05 0:5� 104 10�12 0:1� 10�12

Thermal expansion coe±cient ð� � 10�5K�1Þ 21 1.6 0.85 0.9

Shape Spherical Cylindrical Spherical Spherical

Table 2. Parameters for describing shape and
properties of nanoparticles.38

Shape of nanoparticles B C m

Platelets 37.1 612.6 5.7
Cylindrical 13.5 704.4 4.9

Spherical 2.5 6.2 3

S. S. Samantaray et al.
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khnf
kf

�TCNF

�f

� � ð�CpÞf
ð�CpÞTCNF

Þð�0 þ 2��00
� �

þ Pr f�0

þ R
ð�CpÞf

ð�CpÞTCNF

� �
½8ð1þ ��DÞð�0 þ 2��00Þ þ 16��Dð�0Þ2 � 4ð�0 þ 2��00Þ�

þ 4
ð�CpÞf

ð�CpÞTCNF

� �
ReBrðf 00Þ2 þ �hnf

�f

ð�CpÞf
ð�CpÞTCNF

� �
M Brðf 0Þ2 ¼ 0: ð15Þ

Nondimensional boundary conditions

f 0ðAÞ ¼ 1

2
"þ � 2f 00ðAÞ � 1

A f 0ðAÞ� 	
1� 	 f 00 Að Þ � 2

A f 0ðAÞ
 �� 	1
2

; fðAÞ ¼ Af 0ðAÞ;

kTCNF
kf

�0ðAÞ ¼ � 1

2
Bi½1� �ðAÞ�;

f 0ð1Þ ¼ 1

2
ð1� "Þ; �ð1Þ ! 0

9>>>>>>>>=
>>>>>>>>;
: ð16Þ

Nondimensional parameters

M ¼ �fB
2
0x

U�f
; 
 ¼ g�fðTf � T1Þx

U2
; �D ¼ Tf � T1

T1
;

R ¼ 4��T 31
3k�kf

; Pr ¼ �f
�f

; Ec ¼
U2

ðcpÞfðTf � T1Þ ; Br ¼ PrEc;

� ¼ ��
Ur

�fx
; 	 ¼ 	�U2r

�fx
; Re ¼ Ur

�f
; " ¼ Uw

U
; Bi ¼ hf

kf
Ur
�fx

� 


9>>>>>>>>>=
>>>>>>>>>;

: ð17Þ

Here, M; 
; �D;R;Pr;Ec;Br;Re; �; 	; ";Bi, respectively, represent magnetic param-

eter, mixed convection parameter, temperature di®erence parameter, quadratic

thermal radiation parameter, Prandtl, Eckert, Brinkman and Reynolds numbers,

velocity slip parameter, modi¯ed inverse of critical shear rate, velocity ratio

parameter, Biot number.

Parameters of importance

The skin friction and Nusselt number are, respectively,

Re
1
2
xCf ¼ 8

�TCNF

�f

ffiffiffiffiffiffiffi
A�

p
½f 00 þ 2Weðf 00Þ2� ð18Þ

and

Re
� 1

2
x Nu ¼ �2

ffiffiffiffiffi
A

�

r
kTCNF
kf

þ 16Rð1þ ��DÞ � 8R

� �
�0ðAÞ; ð19Þ

where � ¼ r=x is the coordinate ratio parameter.
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3. Results and Discussion

This section highlights physical interpretation of variation of °ow velocity, °uid

temperature, skin friction and Nusselt number subject to disparate physical para-

meters with their ¯xed values such as � ¼ �=4, 
 ¼ 0:1, M ¼ 1, L ¼ 0:2, R ¼ 0:1,

�D ¼ 0:5, Re ¼ 5, Br ¼ 0:1, Bi ¼ 1, Pr ¼ 7:56. The present explores the boundary

layer °ow and heat transfer of MWCNTþAl2O3 þ TiO2 þ water TCNF subject to

arbitrarily inclined (horizontal-inclined and vertical-inclined) thin needle under the

in°uence of linear slip ð	 ¼ 0Þ and nonlinear slip ð	 6¼ 0Þ conditions.

3.1. Representative pro¯les of °uid velocity

On the onset of the discussion, let us come to Fig. 3 which indicates the variation of

velocity f 0ð�Þ of for sundry magnetic parameter M where rise in MðM ¼ 1; 1:5; 2Þ
leads to controlled motion of TCNF under the in°uence of both linear and nonlinear

slips for horizontal-inclined thin needle. In fact, rise in magnetic parameter intensi¯es

the strength of Lorentz force which in turn impedes the °uid motion e®ectively. In

case of horizontal-inclined, thin needle linear slip dominates over nonlinear unless

until pressure di®erence is taken into consideration. This means that at ¯xed mag-

netic ¯eld strength f 0ð�Þ attains higher value under the impact of linear slip than

nonlinear slip. Velocity pro¯les in the form of overshoots appear in vicinity of thin

needle surface for both types of slips. This is because the velocity of TCNF is greater

in the vicinity of the needle surface than that of the ambient °uid. Further to say

0.2 2 4 6 8 10
0.248

0.249

0.25

0.251

0.252

0.253

0.254

0.255

0.256

M = 1, 1.5, 2

Horizontal-inclined Needle
Linear slip

Non-linear slip

Fig. 3. (Color online) f 0ð�Þ for di®erent M and slips with horizontal-inclined needle.
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that same decaying trend of f 0ð�Þ appears for ampli¯cation of MðM ¼ 1; 1:5; 2Þ
under the favor of both types of slips for °uid motion along vertical-inclined thin

needle (Fig. 4). It is an amazing result that nonlinear slip dominates in respect of

amelioration of f 0ð�Þ than linear slip at particular strength of applied magnetic ¯eld.

3.2. Representative pro¯les of °uid temperature

Let us now explore the thermal behavior due to °ow of TCNF over arbitrarily

inclined (horizontal-inclined and vertical inclined) thin needle subject to linear and

nonlinear slips under in°uence of pertinent parameters. Figure 5 reveals that rise in

quadratic thermal radiation parameter RðR ¼ 0:1; 0:3; 0:5Þ leads to the upgradation

of temperature distribution throughout the °ow domain for both the slips. There is

an amazing result that at low RðR ¼ 0:1Þ, �ð�Þ attains greater magnitude in presence

of nonlinear slip than linear slip. At moderate RðR ¼ 0:3Þ, �ð�Þ attains greater value
for linear slip than nonlinear one. However, at larger RðR ¼ 0:5Þ nonlinear slip

dominates over linear slip in respect of intensi¯cation of �ð�Þ e®ectively. Increase in

radiation parameter implicates more thermal radiation indicating more heat being

received by the nearby TCNF from hot needle surface. As a result, the °uid tem-

perature ameliorates. Figure 6 indicates that �ð�Þ ameliorates for rise in temperature

di®erence parameter �Dð�D ¼ 0:8; 1:5; 2Þ irrespective of nature of slips. In this case,

the temperature of the TCNF near the surface of the hot thin needle is more than

that of the ambient °uid. It is observed that linear slip dominates over nonlinear one

0.2 2 4 6 8 10
0.2495

0.25

0.2505

0.251

0.2515

0.252

0.2525

0.253

0.2535

M = 1, 1.5, 2

Vertical-inclined Needle

Linear slip

Non-linear slip

Fig. 4. (Color online) f 0ð�Þ for di®erent M and slips with vertical-inclined needle.
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0

0.2

0.4

0.6

0.8

1

1.2

R = 0.1, 0.3, 0.5

Linear slip

Non-linear slip

Fig. 5. (Color online) �ð�Þ for di®erent R with linear and nonlinear slips.

0.2 2 4 6 8 10
0

0.2

0.4

0.6

0.8

1

1.2

Linear slip

Non-linear slip

D
 = 0.8, 1.5, 2

Fig. 6. (Color online) �ð�Þ for di®erent �D with linear and nonlinear slips.
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in enhancing �ð�Þ for low and moderate �D ð�D ¼ 0:8; 1:5Þ. However, opposite trend

is visualized for higher �D ð�D ¼ 2Þ exhibiting nonlinear slip dominance. Amplifying

Reynolds number Re ðRe ¼ 20; 40; 60Þ yields diminution of �ð�Þ pro¯les in the entire

boundary layer region. Physically, Reynolds number is the ratio of inertial force to

viscous force. Increase in Reynolds number implicates more inertial force. This fur-

ther accelerates the °uid motion e®ectively. Therefore, the nanoparticles stay less

time in the °ow region contiguous to the solid boundary. Consequently, the °uid

temperature peters out. Lower value of Re ðRe ¼ 20Þ contributes the dominancy of

linear slip, however, higher values of Re ðRe ¼ 40; 60Þ accounts for the dominancy of

nonlinear slip in e®ective augmenting �ð�Þ distributions (Fig. 7). Further, Fig. 8

implicates that rise in Brinkman number Br ðBr ¼ 0:2; 0:4Þ upgrades �ð�Þ signi¯-

cantly. Physically, Brinkman number is the ratio of direct heat conduction from the

needle surface to the viscous heat generated by shear in the boundary layer. Increase

in Brinkman number leads to more heat produced by heat transport through mo-

lecular conduction thereby intensi¯es the °uid temperature. At low Br, �ð�Þ varia-
tion is insigni¯cant, however, it is prominent at higher Br (exhibiting nonlinear slip

dominancy). Rise in magnetic parameterM ðM ¼ 1; 1:5; 2Þ upsurges �ð�Þ for both the
slips. Linear slip dominates in uplifting �ð�Þ in the domain of lower magnetic ¯eld

strength; however, it reverses in the domain of higher magnetic ¯eld strength (Fig. 9).

 

0.2 2 4 6 8 10
0

0.2

0.4

0.6

0.8

1

1.2

Re = 20, 40, 60

Linear slip

Non-linear slip

Fig. 7. (Color online) �ð�Þ for di®erent Re with linear and nonlinear slips.
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Linear slip

Non-linear slip

Fig. 8. (Color online) �ð�Þ for di®erent Br with linear and nonlinear slips.
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Fig. 9. (Color online) �ð�Þ for di®erent M with linear and nonlinear slips.
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It is obvious that increase in magnetic parameter enhances Lorentz force which

o®ers resistance to the °uid motion. Therefore, nanoparticles experiences long du-

ration near the hot needle surface. As a result, temperature of TCNF elevates. When

Biot number Bi ampli¯es, �ð�Þ lifts up irrespective of type of slips (linear or

nonlinear). Lower Bi ðBi ¼ 3Þ yields the dominancy of linear slip, however, higher

Bi ðBi ¼ 6; 10Þ is responsible for the dominancy of nonlinear slip in the intensi¯cation

of �ð�Þ distribution. The �ð�Þ amelioration is most prominent for high BiðBi ¼ 10Þ
in°uenced by nonlinear slip mechanism (Fig. 10). It is due to the fact that rise in

Biot number indicates more convective heating by the hot °uid beneath the needle

surface thereby enhancing the temperature of the TCNF within the boundary

layer region.

3.3. Representative pro¯les of skin friction and Nusselt number

The variation of skin friction Re
1
2
xCf

� 

for di®erent values of size of thin needle A,

M ;L under the in°uence of linear and nonlinear slips is mentioned in Table 3. Rise in

size of thin needle ðA ¼ 0:1; 0:2; 0:3Þ accounts for the amelioration of skin friction

(surface viscous drag) for both linear and nonlinear slips for moving horizontal-

inclined needle. Further, rise in M ;L yields emaciation of surface viscous drag for

both slips for horizontal-inclined needle. Table 4 conveys surface viscous drag

Re
1
2
xCf

� 

variation in response to disparate pertinent parameters A;M ;L subject to

both linear and nonlinear slips for a vertical-inclined thin needle. It is obtained that

0.2 2 4 6 8 10
0

0.2

0.4

0.6

0.8

1

1.2

Bi = 3, 6, 10

Linear slip

Non-linear slip

Fig. 10. (Color online) �ð�Þ for di®erent Bi with linear and nonlinear slips.
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rise in A upgrades Re
1
2
xCf while that of M and L declines it for both slips for the °ow

of TCNF due to vertical-inclined thin needle. Table 5 informs the variation of

Nusselt number Re
� 1

2
x Nu

� 

for disparate R; �D;Re;Br for both linear and nonlinear

slips inducing the °ow of TCNF along vertical-inclined thin needle tilting at an angle

� ¼ �=4. It is visualized that rise in size of the needle A and Bi ameliorates the heat

transfer rate from the surface of thin needle while that of R; �D;Re;Br;M follows

decreasing trend.

3.4. Validation

We have compared our results with the existing literature of Soid et al.39 and

Madhukesh et al.40 for f 00ðAÞ with horizontal needle under certain constraints which

shown in Table 6 and we have observed a very good agreement with those results. It

gives us con¯dence in our numerical scheme and outcomes.

Table 3. Skin friction for horizontal-inclined needle with linear

and nonlinear slips.

Re
1
2
xCf

A M � Linear slip ð	 ¼ 0Þ Nonlinear slip ð	 6¼ 0Þ
0.1 1 0.2 0.00811 0.00859

0.2 0.01165 0.01249

0.3 0.01337 0.01442

0.2 1.5 0.01070 0.01156
2 0.00978 0.01062

0.1 0.01443 0.01549

0.3 0.00975 0.01047
0.01186 0.01273

0.01207 0.01299

Table 4. Skin friction for vertical-inclined needle with linear

and nonlinear slips.

Re
1
2
xCf

A M � Linear slip ð	 ¼ 0Þ Nonlinear slip ð	 6¼ 0Þ
0.2 1 0.2 0.00780 0.00839

0.1 0.00530 0.00565

0.3 0.00902 0.00978

0.2 1.5 0.00687 0.007467
2 0.00594 0.00655

0.1 0.00967 0.01040

0.3 0.00653 0.00703

0.00789 0.00851
0.00799 0.00862
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4. Conclusions

Flow and heat transfer aspects of TCNF (MWCNTþ Al2O3 þ TiO2 þ water) in-

duced by linear and nonlinear slips over arbitrarily inclined moving thin needle are

investigated in this study. Because of synergistic e®ect of TCNFs, they possess better

thermophysical and rheology properties thereby acting as better suitable heat

transfer °uid in wire coating, metal spinning, aerodynamics, transportation, lubri-

cation medicine, engineering industries, etc., subject to °ow and heat transfer over

thin needle. Modi¯ed Thompson and Troian nonlinear slip and quadratic thermal

radiation phenomena are newly introduced in this study. Fourth-order Runge–Kutta

method is implemented to obtain requisite numerical solution. The major outcomes

of the present investigation are highlighted as follows:

. It is accomplished that f 0ð�Þ peters out with ampli¯cation ofM due the °owof TCNF,

MWCNTþ Al2O3 þ TiO2 þ water induced by either linear slip or nonlinear slip.

Table 6. Validation with the existing literature for f 00ðAÞ
with horizontal needle and 
1 ¼ 
2 ¼ We ¼ 
1 ¼ M ¼
R ¼ Br ¼ � ¼ 0, Bi ! 1 when Pr ¼ 6:2 and A ¼ 0:1.

Soid et al.39 Madhukesh et al.40 Present

" ¼ 0 1.288778 1.289731 1.2889732

" ¼ �1 3.703713 3.711607 3.7091349

Table 5. Nusselt number for linear and nonlinear slips with � ¼ �=4.

Re
� 1

2
x Nu

R �D Re Br M Bi A Linear slip ð	 ¼ 0Þ Nonlinear slip ð	 6¼ 0Þ
0.5 2 40 0.2 2 10 0.2 7.46678 7.29223

0.1 6.76817 6.72427

0.3 6.57192 5.29463
0.8 8.05564 7.94101

1.5 7.44219 6.86482

20 9.59265 9.25129

60 5.74365 4.81961
0.1 9.37406 9.23124

0.4 8.06025 8.02903

1 11.11404 11.00727

1.5 9.91003 9.60001
3 4.04129 4.00967

6 7.24794 5.93737

6.24869 5.41247
4.38542 3.39957

0.1 3.25253 3.42693

0.3 8.57119 8.83728
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. Lower value of Re;Bi favors the dominancy of linear slip, however, higher values of

Re;Bi account for the dominancy of nonlinear slip in e®ective intensi¯cation of

�ð�Þ distributions.
. Surface viscous drag intensi¯es due to rise in A while that exhibits reverse nature

with increment in M for both slips inducing the °ow of TCNF over thin needle

irrespective of its positions.

. It is remarked that rise in size of thin needle and convective heating ameliorates

heat transfer rate from the surface of inclined ð� ¼ �=4Þmoving thin needle due to

the °ow of TCNF induced by both linear and nonlinear slips.
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