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A B S T R A C T

Magnetohydrodynamic free convection liquid considering Hall along with ion-slip current has many engineering
usages. In addition, boundary layer flow of power-law fluids due to a stretching plane possesses sundry appli-
cations in biological sciences, geophysics, and petroleum industries. Further, hybrid nanofluids are important
due to their high heat transfer capability. In view of such relevance, the goal of this investigation is to analyze
Hall along with ion-slip effects on thermo-fluidic flow of magnetic power-law hybrid nanofluid so as to
accomplish effective cooling in the desired thermal systems. Present investigation’s novelty is adding hybrid
nanostructure to power-law fluid flow influenced by Hall and ion-slip mechanism and implementation of
modified Fourier’s law featured with velocity and temperature gradients. The key results are that fluid velocity
amplifies with rise in ion-slip and Hall parameters. Modified Prandtl numbers and Hall parameter ameliorate
heat transfer rate while ion-slip parameter diminishes it.

1. Introduction

Many researchers have been inspired over the years to study flow
and heat transfer (HT) over an extendable surface because of its
numerous important engineering utilizations, like rapid spray cooling,
glass blowing, polymer extrusion, and microelectronics’ cooling. The
primary pioneer to examine the boundary layer flow (BLF) on stretched
surfaces theoretically was Crane [1]. Since then, many scholars [2–9]
have come forward to contribute to our understanding of many facets of
flow andHT issues embodying stretched planes. Further, the influence of
interior heat production/absorption (Mukhopadhyay and Vajravelu
[10]), mass transfer (Mukhopadhyay et al. [11]), thermal stratification
(Mukhopadhyay et al. [12]), partial slip (Mukhopadhyay et al. [13]),
and chemical reaction (Mukhopadhyay [14]) subject to the flow of
disparate fluids over sundry stretched surfaces have been studied well.
Nomenclature
(u,v,w) velocity along (x, y, z) directions
HT heat transfer

(continued on next column)

(continued )

HNF hybrid nanofluid
MHD magnetohydrodynamic
PLF power-law fluid
PLHNF power-law hybrid nanofluid
ODE ordinary differential equation
PDE partial differential equation
ρhnf ,ρnf ,ρf ,ρs1 ,ρs2 effective density of HNF, nanofluid, base

fluid,Cu,TiO2
(
kg m− 3)

(
ρCp
)

hnf ,
(
ρCp
)

nf ,
(
ρCp
)

f ,
(
ρCp
)

s1
,
(
ρCp
)

s2

specific heat capacity of the HNF, nanofluid, base
fluid, Cu,TiO2

μhnf ,μnf ,μf effective dynamic viscosity of HNF, nanofluid, base
fluid

khnf ,knf ,kf ,ks1 ,ks2 thermal conductivity of HNF, nanofluid, base
fluid,Cu,TiO2

σhnf ,σf ,σs1 ,σs2 electrical conductivity of HNF, nanofluid, base
fluid, Cu,TiO2

βhnf ,βf ,βs1 ,βs2 thermal expansion coefficient of HNF, base
fluid,Cu,TiO2

υhnf ,υnf ,υf kinematic viscosity of HNF, nanofluid, base fluid

(continued on next page)
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(continued )

λ stretching ratio
ϕ1 ,ϕ2 solid volume fractions for Cu and TiO2 respectively
T fluid temperature
T∞ ambient fluid temperature
Tw temperature at the surface of the sheet
Tref reference temperature
uw stretching velocity
τij Cauchy stress tensor
n power-law index
Γ1,Γ2 positive constants
Υ flow consistency index
q heat flux
Ω angular velocity
βe ion-slip parameter
βi Hall parameter
hf heat transfer coefficient
a( > 0) stretching constant
M magnetic parameter
K buoyancy parameter
Pr1 first modified Prandtl number
Pr2 second modified Prandtl number
Pr3 third modified Prandtl number
Bi1 first modified Biotnumber
Bi2 second modified Biot number
Bi3 third modified Biot number
hnf: hybrid nanofluid
f: base fluid
s1 first nanoparticle (Cu)
s2 second nanoparticle (TiO2)

Industrial and regular liquids do not comply with the Newton’s law of
viscosity as the viscosity of said fluids is not consistent with the strain
rate. This type of fluids is known as non-Newtonian fluid. Among these
fluids, there are some non-Newtonian liquids that exhibit properties
where the rate of shear is not independent of the direction of the flow
[15–19]. These shear-rate dependent fluids can further be classified into
different classes such as Casson fluids, Herschel–Bulkley, Carreau-
Yasuda fluids, Bingham fluids, Power-Law fluids and Carreau fluids.
Among these, Power-Law fluids have garnered much attention of
scholars due to their various technological and industrial usages, like
hydrocarbon oils, drilling mud, chemical catalytic reactors or heat ex-
changers, paints, greases, geothermal energy systems etc [20–22].

In the past ten years, a growing number of researchers have become
interested in studying nanofluids due to their intriguing and important
engineering focus. These applications and uses embody safer surgery,
cooling in cancer therapy, transportation, solid state lighting, extremely
powerful computers, military-grade electronic devices, biomedicine,
and various process industries etc. The primary goal of using nanofluids
in these kinds of systems is to improve heat transfer capacity and ther-
mal conductivity in order to get superior cooling. Choi discovered this
through experimentation [23]. Further progress in the relevant study
was made by Xie et al. [25] and Eastman et al. [24], who demonstrated
that the use of nanofluids may achieve greater thermal conductivities in
thermal systems. Moreover, Ghosh and Mukhopadhyay [26] investi-
gated the HT and flow of NF over a porous sheet that is exponentially
diminishing. They discovered that when the Lewis number rises, the
heat transmission rate may decrease. A computational study of NF over
an upright wedge was conducted by Abbas et al. [27]. It was discovered
that increasing the velocity slip parameter increased the rate of HT.
Increasing the amount of solid nanoparticles decreased the thickness of
the momentum BL. Additionally, a mathematical model of the
temperature-dependent power-law NF flow over a changeable expand-
able Riga plane was created by Abbas et al. [28]. They found that
temperature profiles significantly increased with increase in Eckert
number, thermophoresis and heat production parameters, but not with
the Prandtl number. Moreover, the related works such as Jeffrey NF flow
over an oscillatory stretchable surface (Awan et al. [29]), micropolar NF
over a nonlinear stretched Riga surface (Abbas et al. [30]), and
Newtonian/.non-Newtonian nanofluid flow over deformed surfaces

(Nayak et al. [31–34]) were conducted effectively.
To further increase the heat transferring abilities of nanofluids, re-

searchers came up with the ideas of hybrid nanofluids (HNFs) as
extension of nanofluids in more recent years. These fluids are believed to
have improved thermophysical and rheological properties and better
heat transferring ability. HNFs are obtained by incorporating more than
one kind of nanomaterials in the base fluid. Many research papers so far
have suggested significant improvement in heat transfer (HT) in heat
exchangers due to the usage of HNFs and also the potential of more
improvement with the help of further research on topics such as the
different combinations of the nanoparticles, the mixing ratio etc. The
applications of HNFs include industrial cooling agents, smart fluids,
cancer treatment, liquid cooling of processors etc. Sultana et al.[35]
studied flow with hybrid nanostructure. Babu et al. [36] examined some
results tied to how hybrid nano-composites helped HT in base fluids and
also some applications related to it. Cimpean et al. [37] studied the
convective HT of HNF in a porous medium. Sadiq [38] has included the
fundamental law of heat transport in fluid to the power-law rheological
model with thermophysical features. In light of these facts, Zeeshan
et al. [39] used the Modified Fourier Law to analyse the melting heat
effect on ethylene–glycol based nanofluid and HNF through a curved
surface. The related works were observed in [40–44]. The energy and
mass transmission of a power-law liquid was studied by Cheng [45].
Flow of a power-law fluid (PLF) over a stretchable surface under suc-
tion/ injection, thermal radiation, and magnetohydrodynamic (MHD)
conditions was studied by Mahapatra et al. [46]. The works dealing with
the impact of MHD subject to non-Newtonian fluid flow are visualized in
[47–49].

When a liquid is partially ionized, it displays distinct properties from
regular liquids under the efficacy of MHD and in this case the partially
ionized fluid faces the Hall force as the consequences of ion force,
magnetic force and electrons’ collision. One of the processes to generate
these Hall currents in a partially ionized stream is to incorporate Ohm’s
law [50] together with the laws from Maxwell’s equation. Nawaz et al.
[51] perused the MHD flow of partially ionized liquids following the
aforementioned laws. Free stream velocity as well as Hall currents’
impacts on a movable plane under a magnetic field were examined by
Takhar et al. [52]. Krishna et al. [53] researched the impacts of Hall as
well as ion-slip on rotating magnetized flow that is unsteady and free
convective. Utilizing the Casson theory, Nazir and Mukdasai [54]
explored impact of viscous dissipation and Hall effects on the movement
of ethylene glycol carrying titania, silica and alumina nanomaterials.
Elsaid and AlShurafat [55] explored the efficacy of Joule heating and
Hall current on a spinning hybrid radiative NF over a stretchable plane.

From the literature survey, it is revealed that many researchers have
worked on the flow and thermal analysis of PLFs, nanofluids over several
stretched surfaces subject to different boundary conditions of motion.
However, the flow and thermal analysis of power-law HNF over a
stretched sheet subject to modified Fourier’s law featured with tem-
perature and velocity gradients is yet to be published. In view of the
relevance of power-law fluids/nanofluids and superior thermophysical
properties of HNFs, and in order to bridge the gap in the existing liter-
ature, authors have been motivated to carry out the investigation in the
related aspects.

The objective of the present investigation would be to analyze the
flow and thermal analysis of power-law HNF over a stretched sheet
subject to modified Fourier’s law with temperature and velocity gradi-
ents. The novelties would be as follows:

• Introduction of Fourier’s law modified by temperature and velocity
gradients.

• Consideration of the Hall along with ion-slip effects on the power-
law fluid with hybrid nanostructure (Cu + TiO2 + EG).

The current study may contribute the very effective cooling to the
industrial thermal systems embodying HNFs flow subject to Hall along

N. Sultana et al.
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with ion-slip mechanism.

2. Formulation of the problem

We considermagneto-power-law fluid flow with hybrid nano-
structure (Cu + TiO2 + EG) past stretched linear sheet subject to Hall
current and Joulean dissipation. The HNF comprises of ethylene glycol
(EG) as base fluid and Cu&TiO2 as nanoparticles. The stretching velocity
of linear sheet is assumed as uw = λx (λ is stretching rate; s− 1). Assume
that positive y-axis is parallel to plate’s surface, positive z-axis is normal
to plane xy, and positive x-axis is measured in the direction of fluid
motion as portrayed in Fig. 1. An external magnetic field of uniform
strength B0 is imposed normal to the sheet. The values of HNF’s ther-
mophysical features are mentioned in Table 1. The suppositions of the
present study would be as follows:

• The flow may well be incompressible and steady.
• Hall effect and ion-slip mechanism are introduced.
• Joulean dissipation is assumed.
• The base fluid (ethylene glycol) and nanomaterials (Cu&TiO2)would
be in thermic equilibrium.

• Power-law fluid model is adopted.
• Modified Fourier’s law is introduced.

The power-law Cauchy stress tensor is defined as (Bird [56])

τij = − Υ
⃒
⃒
⃒
̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅
0.5(Ω • Ω)

√ ⃒
⃒
⃒
− (1− n)

Ω

here n,Υ,Ω are respectively power-law index, flow consistency index,
and symmetrical rate of deformation tensor. The above relation for 0 <

n < 1 specifies Pseudo-plastic stream, n > 1 describes dilatant liquid and
n = 1represents Newtonian fluid.

The PLF formulation in the form of shear stress along x and z
directional components are expressed as (Bird [56])

τyx = Υ
⃒
⃒
⃒
⃒
∂u
∂y

⃒
⃒
⃒
⃒

n− 1∂u
∂y
, τzx = Υ

⃒
⃒
⃒
⃒
∂w
∂y

⃒
⃒
⃒
⃒

n− 1∂w
∂y

Based on thermal conductivity affected by both velocity gradient [57]
and temperature gradient [58], a modified Fourier’s law is introduced as

q = khnf

(

Γ1

⃒
⃒
⃒
⃒
∂u
∂y

⃒
⃒
⃒
⃒

n− 1

+ Γ2

⃒
⃒
⃒
⃒
∂T
∂y

⃒
⃒
⃒
⃒

n− 1
)

∂T
∂y

where q displays the heat flux, T describes the temperature, khnf would
be thermal conductivity, Γ1&Γ2 are positive constants and represent
different weights such that Γ1 + Γ2 = 1.

Based on the modified Fourier’s law, the convective HT at the
stretched surface is modified as

khnf

(

Γ1

⃒
⃒
⃒
⃒
∂u
∂y

⃒
⃒
⃒
⃒

n− 1

+ Γ2

⃒
⃒
⃒
⃒
∂T
∂y

⃒
⃒
⃒
⃒

n− 1
)

∂T
∂y

= hf (T − Tw)

Using above mentioned assumptions and Hall effect along with ion-slip
concepts, governing equations are [2,18,51,53,57,58]:

∂u
∂x

+
∂v
∂y

= 0 (1)

u
∂u
∂x

+ v
∂u
∂y

= υhnf
∂
∂y

(⃒
⃒
⃒
⃒
∂u
∂y

⃒
⃒
⃒
⃒

n− 1∂u
∂y

)

+
g*(ρβ)hnf

ρhnf
(T − T∞)

−
σhnf B2

0[(1 + βeβi)u − βew ]

ρhnf
[
β2

e + (1 + βeβi)
2 ]

(2)

u
∂w
∂x

+ v
∂w
∂y

= υhnf
∂
∂y

(⃒
⃒
⃒
⃒
∂w
∂y

⃒
⃒
⃒
⃒

− (1− n)∂w
∂y

)

+
g*(ρβ)hnf

ρhnf
(T − T∞)

−
σhnf B2

0[(1 + βeβi)w + βeu ]
ρhnf
[
β2

e + (1 + βeβi)
2 ]

(3)

u
∂T
∂x

+ v
∂T
∂y

= αhnf
∂
∂y

{(

Γ1

⃒
⃒
⃒
⃒
∂u
∂y

⃒
⃒
⃒
⃒

− (1− n)

+ Γ2

⃒
⃒
⃒
⃒
∂w
∂y

⃒
⃒
⃒
⃒

− (1− n)

+ Γ3

⃒
⃒
⃒
⃒
∂T
∂y

⃒
⃒
⃒
⃒

− (1− n)
)

∂T
∂y

}

+
σhnf B2

0(u2 + w2)
(
ρcp
)

hnf

[
β2

e + (1 + βeβi)
2 ] (4)

With boundary conditions [59]:

u= uw = λx,v= 0,w= 0,

khnf

(

Γ1

⃒
⃒
⃒
⃒
∂u
∂y

⃒
⃒
⃒
⃒

− (1− n)

+Γ2

⃒
⃒
⃒
⃒
∂w
∂y

⃒
⃒
⃒
⃒

− (1− n)

+Γ3

⃒
⃒
⃒
⃒
∂T
∂y

⃒
⃒
⃒
⃒

− (1− n)
)

∂T
∂y

= hf (T − Tw)aty= 0

u→0,w→0,T→T∞asy→∞

⎫
⎪⎪⎪⎪⎪⎬

⎪⎪⎪⎪⎪⎭

(5)

Here, (u, v,w) are velocities, g* would be gravitational constant, ρhnf ,

μhnf , βhnf , σhnf , khnf ,
(
ρCp
)

hnf are density, dynamic viscosity, thermal
expansion coefficient, electrical conductivity, thermal conductivity,
specific heat capacity of HNF, Ω indicates angular velocity, n is power-
law index, βe&βi are ion-slip and Hall parameters, T is temperature of
HNF, T∞ would be the ambient temperature, Tw is temperature at the
plane’s surface, and hf is HT coefficient, a > 0 is stretching constant, Γ1,

Γ2, Γ3 are positive constants so that Γ1 + Γ2 + Γ3 = 1.
Tw can be demonstrated as

Tw = T∞ + Tref bλx(Tw > T∞) (6)
Fig. 1. Flow geometry.

Table 1
Nanofluid’s thermo-physical features(Si et al. [34], Aziz et al. [35]).

ρ(Kg/m3) CP(J/KgK) k(W/mK)
β×

10− 5
(
1
K

)

σ
(
Sm− 1)

Ethylene
Glycol

1114 2415 0.252 57 5.5×
10− 6

Cu 8933 385 400 1.67 5.96×
107

TiO2 4250 686.2 8.9538 0.9 2.38×
106

N. Sultana et al.
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Where Tref is the reference temperature, uw is the stretching velocity, and
υf is the kinematic velocity of the base liquid.

The transformations are [59]:

ψ(x, y) = λ
2n− 1
n+1 υ

1
n+1
f x

2n
n+1f (η)

u = xλf ′, v = −

(
2n

n + 1

)

λ
2n− 1
n+1 υ

1
n+1
f xn− 1

n+1f ,w = xλg,

θ(η) = T − T∞

Tw − T∞
, η = λ

2− n
n+1υ− 1

n+1
f x1− n

n+1y

⎫
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎬

⎪⎪⎪⎪⎪⎪⎪⎪⎪⎭

(7)

The velocity components u&v are related with stream function ψ by the
relation

u =
∂ψ
∂y
&v = −

∂ψ
∂x

(8)

The HNF’s thermophysical features are:

μhnf

μf
= (1 − φ1)

− 2.5
(1 − φ2)

− 2.5 (9)

ρhnf

ρf
= (1 − φ2)

{

(1 − φ1)+φ1

(ρs1

ρf

)}

+φ2

(ρs2

ρf

)

(10)

(
ρCp
)

hnf(
ρCp
)

f

= (1 − φ2)

{

(1 − φ1)+φ1

((
ρCp
)

s1(
ρCp
)

f

)}

+φ2

((
ρCp
)

s2(
ρCp
)

f

)

(11)

βhnf

βf
= (1 − φ2)

{

(1 − φ1)+φ1

(
βs1

βf

)}

+φ2

(
βs2

βf

)

(12)

σhnf

σf
=

[
σs2 + 2σbf − 2φ2

(
σbf − σs2

)

σs2 + 2σbf + φ2
(
σbf − σs2

)

]

×

[
σs1 + 2σf + φ1

(
σf − σs1

)

σs1 + 2σf − 2φ1
(
σf − σs1

)

]

(13)

khnf

kf
=

[
ks2 + (m − 1)kbf − (m − 1)φ2

(
kbf − ks2

)

ks2 + (m − 1)kbf + φ2
(
kbf − ks2

)

]

×

[
ks1 + (m − 1)kf + φ1

(
kf − ks1

)

ks1 + (m − 1)kf − (m − 1)φ1
(
kf − ks1

)

]

(14)

Here, the base fluid is Ethylene Glycol while the nanoparticles are
Cu&TiO2.

Using eqs. (6), (7), (9)-(14), eqs. (2)-(5) take the form
⎛

⎜
⎜
⎝

μhnf
μf
ρhnf
ρf

⎞

⎟
⎟
⎠

(⃒
⃒f ˝
⃒
⃒n− 1f ˝

)′
+

(
2n

n + 1

)

ff ˝ − (f ′)2
+

(βhnf

βf

)

Kθ

− M

⎛

⎜
⎝

σhnf
σf
ρhnf
ρf

⎞

⎟
⎠

{
(1 + βeβi)f ′ − βeg
β2

e + (1 + βeβi)
2

}

= 0

(15)

⎛

⎜
⎜
⎝

μhnf
μf
ρhnf
ρf

⎞

⎟
⎟
⎠

(
|g′|n− 1g′ )′ +

(
2n

n + 1

)

fg′ − f ′g+
(βhnf

βf

)

Kθ

− M

⎛

⎜
⎝

σhnf
σf
ρhnf
ρf

⎞

⎟
⎠

{
(1 + βeβi)g − βef ′

β2
e + (1 + βeβi)

2

}

= 0

(16)

f ′(0) = 1, g(0) = 0, f (0) = 0,

khnf

kf

{
1

Bi1

⃒
⃒f ˝
⃒
⃒n− 1θ′ +

1
Bi2

|g′|n− 1θ′ +
1

Bi3
|θ′|n− 1θ′

}

= θ(0) − 1

f ′(∞)→0, g(∞)→0, θ(∞)→0

⎫
⎪⎪⎪⎪⎬

⎪⎪⎪⎪⎭

(18)

Here, the non-dimensional parameters are:

M =
σf B2

0

λρf
, K =

gβf Tref uw

λ2υf
,Pr1 =

υf

Γ1αf
,Pr2 =

υf

Γ2 αf
,Pr4 =

υf T1− n
ref b1− n

Γ3αf
,

Bi1 = hf Γ− 1
1 k− 1

f λ
1− 2n
n+1 υ

n
n+1
f x

1− n
n+1,Bi2 = hf Γ− 1

2 k− 1
f λ

1− 2n
n+1 υ

n
n+1
f x

1− n
n+1

Bi3 = hf Γ− 1
3 k− 1

f λ
1− 2n
n+1 υ

n
n+1
f x1− n

n+1b1− nT1− n
ref

⎫
⎪⎪⎪⎪⎪⎪⎪⎬

⎪⎪⎪⎪⎪⎪⎪⎭

(19)

Where M,K,Pr1,Pr2, Pr3,Bi1,Bi2,Bi3 are respectively magnetic param-
eter, buoyancy parameter, first, second and third modified Prandtl
numbers; first, second and third modified Biot numbers respectively.

The skin friction is

Cf =
τw

1
2ρhnf u2

w
(20)

Where the shear stress,

τw = − μhnf

[⃒
⃒
⃒
⃒
∂u
∂y

⃒
⃒
⃒
⃒

n− 1∂u
∂y

+

⃒
⃒
⃒
⃒
∂w
∂y

⃒
⃒
⃒
⃒

− (1− n)∂w
∂y

]

y=0

(21)

In non-dimension,

Cf = − 2

⎛

⎜
⎜
⎝

μhnf
μf
ρhnf
ρf

⎞

⎟
⎟
⎠υ

1
n+1
f λ

n− 2
n+1x

− 2
n+1

(⃒
⃒f ˝(0)

⃒
⃒n− 1f ˝(0)+ |g′(0) |n− 1g′(0)

)
(22)

Here,
⃒
⃒
⃒f˝(0)

⃒
⃒
⃒
n− 1

f˝(0)+|g′(0) |n− 1g′(0) is the local skin friction coefficient.

The Nusselt number is

Nux =
qwx

khnf

[

Γ1

⃒
⃒
⃒
⃒
∂u
∂y

⃒
⃒
⃒
⃒

n− 1

+ Γ2

⃒
⃒
⃒
⃒
∂w
∂y

⃒
⃒
⃒
⃒

n− 1

+ Γ3

⃒
⃒
⃒
⃒
∂T
∂y

⃒
⃒
⃒
⃒

n− 1
]

(Tw − T∞)

(23)

⎛

⎜
⎜
⎜
⎜
⎝

khnf
kf

(ρCp)hnf

(ρCp)f

⎞

⎟
⎟
⎟
⎟
⎠

{
1

Pr1

(⃒
⃒f ˝
⃒
⃒n− 1θ′

)′
+

1
Pr2

(
|g′|n− 1θ′ )′ +

1
Pr3

(
|θ′|n− 1θ′ )′

}

+

(
2n

n + 1

)

f θ′ − η
(

1 − n
n + 1

)

f ′θ′ − MEc

⎛

⎜
⎜
⎜
⎜
⎝

σhnf
σf

(ρCp)hnf

(ρCp)f

⎞

⎟
⎟
⎟
⎟
⎠

{
(f ′)2

+ g2

β2
e + (1 + βeβi)

2

}

= 0 (17)
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Where qw = − khnf

[(

Γ1

⃒
⃒
⃒
⃒
∂u
∂y

⃒
⃒
⃒
⃒

− (1− n)
+ Γ2

⃒
⃒
⃒
⃒
∂w
∂y

⃒
⃒
⃒
⃒

− (1− n)
+ Γ3

⃒
⃒
⃒
⃒
∂T
∂y

⃒
⃒
⃒
⃒

− (1− n)
)

∂T
∂y

]

y=0

is

the surface heat flux.
In non-dimension,

Nux = − λ
2− n
n+1υ

− 1
n+1
f x

2
n+1θ′(0) (24)

Here, − θ′(0) is the local Nusselt number.

3. Numerical technique

The governing equations may well be non-linear and coupled and
accordingly the MATLAB bvp4c utilized to solve the equations (15) –
(17) with the given boundary condition (18). At the initial stage, the
boundary value problem written in the form of the IVP and for this
purpose, a set of new variables introduced as

y = [yi(i = 1..7) ]T = [f , f ′, f ″, g, g′, θ, θ′]T (25)

and developed governing equation into form of matrix as

with

(A1,A2,A3,A4,A5,A6) =

(
μhnf

μf
,

ρhnf

ρf
,

βhnf

βf
,

σhnf

σf
,

khnf

kf
,
(ρcp)hnf

(ρcp)f

)

At η = 0, conditions are written as

y(0) =
[

0, 1, I1, 0, I2, 1 + A5

{
1

Bi1
In− 1

1 I3 +
1

Bi2
In− 1

2 I3 +
1

Bi3
In

3

}

, I3

]

(27)

With unknown constants I1, I2 and I3.
Shooting approach would be utilized to get an initial assumption of

the unknown parameters at the initial guess and then considered
MATLAB’s ODE solver is utilized to solve the matrix in equation (26)
with the initial condition (see Eq. (27).

Defined the convergence criteria with error |Ei| < tolerance = 10− 10
where:

E1 = y3(∞, I1) − f ″(∞),

E2 = y3(∞, I2) − g′(∞),

E3 = y5(∞, I3) − θ′(∞).

(28)

In this work, η(η∞) is assumed to have an utmost amount of 10.

4. Validation

Present outcomes of f″(0) were compared with the work of Bachok

et al. [60] and Si et al. [61] under some constraints and it observed that
the outcomes are significantly similar to their results. Results are
observed in Table 4, and they give us confidence in the accuracy of our
numerical analysis and the outcomes of our current work.

⎛

⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎝

y′
1

y′
2

y′
3

y′
4

y′
5

y′
6

y′
7

⎞

⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎠

=

⎛

⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎝

y2

y3

−

[
2n

2n + 1
y1y3 − y2

2 + A3Ky6 − M
(

A3

A2

)
(1 + βeβi)y2 − βey4

β2
e + (1 + βeβi)

2

]

n
(

A1

A2

)

yn− 1
3

y5

−

[
2n

2n + 1
y1y5 − y2y4 + A3Ky6 − M

(
A3

A2

)
(1 + βeβi)y4 − βey2

β2
e + (1 + βeβi)

2

]

n
(

A1

A2

)

yn− 1
5

y7

−

⎡

⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎣

(
A5

A6

)(
n − 1
Pr1

)

yn− 2
3 y7×

⎧
⎪⎪⎪⎨

⎪⎪⎪⎩

−

2n
2n + 1

y1y3 − y2
2 + A3Ky6 − M

(
A3

A2

)
(1 + βeβi)y2 − βey4

β2
e + (1 + βeβi)

2

n
(

A1

A2

)

yn− 1
3

⎫
⎪⎪⎪⎬

⎪⎪⎪⎭

(
A5

A6

)(
n − 1
Pr2

)

yn− 2
5 ×

⎧
⎪⎪⎪⎨

⎪⎪⎪⎩

−

2n
2n + 1

y1y5 − y2y4 + A3Ky6 − M
(

A3

A2

)
(1 + βeβi)y4 − βey2

β2
e + (1 + βeβi)

2

n
(

A1

A2

)

yn− 1
5

⎫
⎪⎪⎪⎬

⎪⎪⎪⎭

+
2n

2n + 1
y1y7 − η

(
1 − n
1 + n

)

y2y7 − MEc

(
A4

A6

)
y2

2 + y2
4

β2
e + (1 + βeβi)

2

⎤

⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎦

(
A5

A6

){
1

Pr1
yn− 1

3 +
1

Pr2
yn− 1

5 +
n

Pr3
yn− 1

7

}

⎞

⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎠

, (26)
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Fig. 2b. Role of f(η) with K.

Fig. 2c. Role of f(η) with M.

Fig. 2d. Role of f(η) with βi.

Fig. 2e. Role of f(η) with βe.

Fig. 3a. Role of f′(η) with K.

Fig. 2a. Role of f(η) with n.
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5. Results and discussion

In this part, the efficacy of various pertinent parameters on the flow
and thermal behavior of PLF with hybrid nanostructure (Cu + TiO2 +

EG) over a stretched sheet subject to modified Fourier’s law are dis-
cussed. The range of parameters chosen is that power law index
(0.8⩽n⩽1.5), buoyancy parameter (0.3⩽K⩽1.5). magnetic parameter
(1⩽M⩽3), Hall parameter (0.1⩽βi⩽0.5), ion slip parameter
(0.1⩽βe⩽0.3), first modified Prandtl number (1⩽Pr1⩽3), second modi-
fied Prandtl number (1⩽Pr2⩽3), third modified Prandtl number
(1⩽Pr3⩽3), first modified Biot number (1⩽Bi1⩽3), second modified Biot
number (1⩽Bi2⩽3), and third modified Biot number (1⩽Bi3⩽3). The
power-law hybrid nanofluid(PLHNF)(ϕ1 = ϕ2 = 0.01) is represented by
solid line and power-law nanofluid (PLNF)(ϕ1 = 0.01, ϕ2 = 0) is rep-
resented by dotted line in the graphs developed.

5.1. Analysis of velocity profile

Fig. 2a shows the influence of n on the transversevelocity f(η). The
f(η) takes suddenly higher value near the wall and converges slowly with
the increasing value of η. Further, f(η) peters out with rise in n for both
PLHNF and PLNF. Physically, amplification of n indicates the

Fig. 3b. Role of f′(η) with M.

Fig. 4a. Role of g(η) with n.

Fig. 4b. Role of g(η) with βe.

Fig. 4c. Role of g(η) with βi.

Fig. 5a. Role of θ(η) with Pr1.

N. Sultana et al.
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intensification of viscosity of PLHNF thereby enhancing its velocity.
However, at fixed n,f(η) is higher for PLNF than PLHNF in the flow
domain. This is because the viscosity of PLNF is lower than that of
PLHNF. Fig. 2b displays that f(η) takes suddenly higher value near the
wall and after that converges slowly with increasing value of η whatever
the values of buoyancy parameter K. Further, f(η) of both PLHNF and
PLNF ameliorates with rise in K as we recede from the surface of the
stretched sheet. This is because greater K indicates greater buoyancy
force thereby raising the fluid (PLHNF/PLNF) up with greater velocity
against viscous shear. At fixed K, f(η) of PLNF is greater than that of
PLHNF. The f(η) shows whittles down with rise in magnetic parameter
M(M = 1, 2,3) for both PLHNF and PLNF which is exactly opposite to
that of K as illustrated in Fig. 2c. In fact, Lorentz force created by the
applied magnetic field subject to conducting PLHNF and PLNF impedes
their motion. At particular strength of magnetic field (at fixed M), f(η) of
PLNF exceeds than that of PLHNF. Figs. 2d and 2e visualize the influence
of βi and βe on f(η) for both PLHNF and PLNF. Amplification of both βi
and βe accounts for the emaciation of f(η) for both PLHNF and PLNF.
Indeed, the interaction among fluid plasma and applied magnetic field
may well be responsible for the development of Hall and ion forces.
When βi and βe rise, Hall and ion forces increase thereby indicating more

Fig. 5b. Role of θ(η) with Pr2.

Fig. 5c. Role of θ(η) with Pr3.

Fig. 6a. Role of θ(η) with Bi1.

Fig. 6b. Role of θ(η) with Bi2.

Fig. 6c. Role of θ(η) with Bi3.
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applied magnetic field yielding greater Lorentz force. Consequently,
velocity of PLHNF and PLNF diminishes.

The variation of primary velocity,f′(η) for different
K(K = 0.3, 0.8,1.5) for both HNF and MNF is shown in Fig. 3a. It is seen
that f′(η) may peter out with amplification in K for both HNF and MNF.
In fact, rise in K enhances horizontal velocity. As a result the flow would
be decelerated along axial direction. At fixed K(say, K = 0.3), f′(η) for
MNF is slightly greater than that of HNF. Further, f′(η) whittles down
with rise in M(M = 1,2, 3) for both HNF and MNF as illustrated in
Fig. 3b. At fixed M, f′(η) for MNF is slightly greater than that of HNF. It is
due to the Lorentz force that hinders the fluid movement.

The secondary velocity g(η) reduces with rise in power-law-index
n(n = 0.8,1.2, 1.5) for both HNF and MNF (Fig. 4a). At fixed n (say
n = 0.8), g(η) for PLNF is greater than that of PLHNF. Consideration of
HNF leads to the greater viscosity compared to MNF. As a result, g(η)
decays. Amplification in power-law index results in greater viscosity of

PLHNF and HNF thereby emaciating their velocity. Fig. 4b indicates that
rise in βe(βe = 0.1,0.2, 0.3) accounts for the diminution of g(η) for both
PLHNF and PLNF. At fixed βe(say,βe = 0.1), it is visualized that g(η)
attains larger value for PLNF than PLHNF. Exactly same behavior is
envisaged for different βi(βi = 0.1,0.25,0.5) as portrayed in Fig. 4c.
Some overshoots appear nearby the solid boundary. This is because fluid
velocity near the solid boundary is greater than that of ambient fluid.

5.2. Analysis of temperature profile

Figs. 5a–5c indicate that the fluid temperature θ(η) decreases with
rise in first modified Prandtl numberPr1(Pr1 = 1, 2,3), second modified
Prandtl numberPr2(Pr2 = 1,2, 3), third modified Prandtl
numberPr3(Pr3 = 1, 2,3) for both PLHNF and PLNF. The θ(η) variation is
prominent. Physically, amplifying modified Prandtl numbersaccounts
for the diminution of thermal diffusivity thereby decreasing the heat
propagation into the flow domain. As a result, θ(η)gets reduced. Figs. 6a-
6c reveal that θ(η) uplifts effectively due to rise in first modified Biot
number, Bi1(Bi1 = 1, 2,3), second modified Biot number
Bi2(Bi2 = 1, 2,3), third modified Biot number Bi3(Bi3 = 1, 2,3) for both
PLHNF and PLNF. Indeed, rise in Biot number leads to the greater
convective heating below the surface of the stretched sheet thereby
lifting up the fluid temperature within the boundary layer and the cor-
responding thermal boundary layers’ thickness.

5.3. Analysis of Nusselt number and skin friction profiles

The alteration of skin friction coefficient for different values of pa-

Table 2
Impact of local skin friction coefficients for varying parameters with a comparison between PLHNF and PLNF.

M n K Pr1 Pr2 Pr3 Ec βi βe
⃒
⃒
⃒f˝(0)

⃒
⃒
⃒
n− 1

f˝(0) + |g′(0) |n− 1g′(0)

ϕ1 = 0.01ϕ2 = 0.01 ϕ1 = 0.01ϕ2 = 0.0

123 1.2 0.8 1 1 1 0.1 0.2 0.2 − 1.9714761
− 2.3785182
− 2.8256935

− 2.0219993
− 2.3816112
− 2.8679898

0.81.5 − 1.8805028
− 2.0842258

− 1.7257652
− 2.0557487

1.52 − 1.6286608
− 1.3921195

− 1.6734424
− 1.3837419

23 − 1.8655198
− 1.9149459

− 1.8945101
− 1.9726605

23 − 1.9242273
− 1.9537642

− 1.9336412
− 1.9582206

0.10.4 − 1.8880616
− 1.9060930

− 1.8649800
− 1.9530697

0.20.3 − 1.9367585
− 1.8506439

− 1.9383570
− 1.9005737

0.10.5 − 1.9845783
− 1.9521967

− 2.0380438
− 1.9581721

0.10.5 − 2.1733159
− 1.2082555

− 2.1892795
− 1.2785637

Table 3
Impact of local heat transfer rate for varying parameters with a comparison between PLHNF and PLNF.

M n K Pr1 Pr2 Pr3 Ec βi βe − θ′(0)

ϕ1 = 0.01ϕ2 = 0.01 ϕ1 = 0.01ϕ2 = 0.0

123 1.2 0.8 1 1 1 0.1 0.2 0.2 0.502671050.408779530.17748790 0.501282230.407732380.17221110
0.81.5 0.776020860.41306269 0.766235630.40047227

1.52 0.507296830.49114046 0.506170090.49657900
23 0.484041400.37262718 0.476038020.36947580

23 0.507499110.40128883 0.490125890.39427396
0.10.4 0.323892520.31983137 0.319380700.30456065

0.20.3 0.373265310.27134041 0.330525690.23629919
0.10.5 0.288869820.56552985 0.272067350.52802380

0.10.5 0.532080210.36280345 0.529818360.36098439

Table 4
Comparison of f″(0) with the previous works of Bachok et al. [60] and Si et al.
[61] for ϕ2 = 0 = K = M = Ec, n = 1, ε = 1,Pr1 = 6.7,Pr2, Pr3→∞, Bi1, Bi2,
Bi2→∞.

ϕ2 f″(0)

Bachok et al. [60] Si et al. [61] Present

0 − 0.4438 − 0.443762 − 0.44375821
0.1 − 0.5218 − 0.521295 − 0.52129431
0.2 − 0.5405 − 0.540537 − 0.54053682
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rameters M, n,K,Pr1,Pr2,Pr3, Ec, βi&βe is shown In Table 2. It is seen that
amplification of M, n,K,Pr1,Pr2,Pr3,Bi enhances skin friction while
reverse effect is obtained with rise in K,Ec, βe for both PLHNF and PLNF.
The Nu variation for varying amounts of parameters likeM, n,K,Pr1, Pr2,
Pr3,Ec, βi&βe for both PLHNF and PLNF is mentioned in Table 3. It is
visualized that Nu whittles down with rise in M,K,Pr1, Pr2,Pr3,Ec, βe
while opposite trend is obtained with rise in βi.

6. Conclusions

The principal investigation of the this research is to dissect Hall and
ion-slip efficacy on thermo-fluidic flow of magnetic power–law HNF
using modified Fourier’s law featured with velocity and temperature
gradients. The major outcomes are:

• The velocity f′(η) peters out with rise in n,M,K for both PLHNF and
PLNF.

• Amplification of both βi and βe accounts for the emaciation of f(η) for
both PLHNF and PLNF.

• Amplifying modified Prandtl numbers Pr1, Pr2,Pr3 accounts for the
uplift of θ(η)while that of modified Biot numbers Bi1,Bi2,Bi3 exhibits
reverse effect

• Amplification of M, n,K,Pr1, Pr2,Pr3,Bi enhances skin friction while
reverse effect is obtained with rise in K,Ec, βe for both PLHNF and
PLNF.

• Nusselt number whittles down with rise in M,K,Pr1, Pr2,Pr3,Ec, βe
while opposite trend is obtained with rise in βi.

7. Limitation

The sedimentation of hybrid nanoparticles in hybrid nanofluid and
stability issue are the limitations of the present investigation.

8. Future perspective

The current work can be extended by replacing hybrid nanofluid by
ternary hybrid nanofluid (mixture of three different nanoparticles and
base fluid) in order to achieve more stable heat transfer power-law fluid
thereby imparting greater cooling in industrial thermal systems. In
ternary hybrid nanofluid, the choice of nanoparticles should be gra-
phene (very high thermal and electrical conductivities), alumina (more
stability) and TiO2(dielectric properties, high thermal conductivity,
photo catalytic activities, and low cost). Further, Darcy-Forchheimer
medium can be implemented in order to accomplish prominent heat
transfer rate from the desired thermal systems.
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