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ABSTRACT 
This study explores the application of Al2O3-ZnO-Fe3O4/Water ternary 
nanofluids for enhanced thermal management in engineering applications, 
addressing the MHD Darcy–Forchheimer problem with an emphasis on 
optimizing cooling processes in a 2D-wavy cavity under various moving 
boundary conditions. Aimed at surpassing the limitations of conventional 
cooling fluids, the research employs the finite volume method within the 
OpenFOAMVR framework to investigate the impact of nanofluid integration 
on heat transfer efficiency and entropy generation, utilizing partial heating 
and eight distinct boundary scenarios. By comparing the performance of 
ternary nanofluids against that of hybrid and mono nanofluids, we identify 
optimal conditions that significantly enhance cooling effectiveness, as evi
denced by a 37% improvement in heat exchange efficiency over water. 
The findings demonstrate the superior performance of Al2O3-ZnO-Fe3O4/ 
Water nanofluids in achieving higher average Nusselt numbers at low 
Darcy numbers, despite an increase in entropy. Optimal conditions were 
identified for the most favorable scenario involving the movement of cav
ity lids, based on the Nusselt number, specifically in Case 7 (ul1þ and 
ul2−). Decreasing the number of waves in the cavity enhances heat trans
fer and reduces irreversibility. Finally, the study shows that the influence of 
lid motion on skin friction significantly varies with Richardson numbers, 
and the use of nanofluids over pure water notably reduces skin friction.
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1. Introduction

In the field of thermal engineering, the enhancement of heat transfer characteristics in fluids is 
crucial for the advancement and dependability of various systems. A promising approach to this 
challenge is the use of nanofluids. Nanofluids are defined as fluids that contain nanometer-sized 
particles. When these fluids contain three different types of nanoparticles, they are referred to as 
ternary nanofluids. Specifically, the combination of Al2O3-ZnO-Fe3O4 nanoparticles has garnered 
attention due to their unique properties. These nanoparticles have been shown to significantly 
improve the thermal conductivity and heat transfer efficiency of base fluids. The synergistic 
effects of the mixed metal oxides, namely alumina (Al2O3), zinc oxide (ZnO), and magnetite 
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(Fe3O4), contribute to the enhanced performance. Al2O3 and ZnO provide stability (Tan et al. 
[1], Wen et al. [2]), while Fe3O4 imparts magnetic properties (Sahin et al. [3]) that can be utilized 
for magnetic field-assisted heat transfer applications. The incorporation of these nanoparticles 
into base fluids has the potential to revolutionize heat transfer processes in a wide range of engin
eering applications, including the cooling of electronic devices, automotive cooling systems, 
nuclear reactor cooling, thermal energy storage, and solar thermal absorbers (Chamkha et al. [4], 
Korei et al. [5], Oztop et al. [6], Ahmed et al. [7], and Korei and Bengherbia [8]).

Al2O3-ZnO-Fe3O4 ternary nanofluids, along with other varieties of ternary nanofluids, have 
become essential components in modern thermal management systems. For instance, Adun et al. 
[9] carried out an experimental study focusing on the thermal conductivity and dynamic viscosity 
of a ternary hybrid nanofluid composed of ZnO, Fe3O4, and Al2O3. The study investigated the 
effects of temperature, volume concentration, and mixture ratio on the thermophysical properties 
of the ternary nanofluid. Their results indicate significant impacts of temperature and volume 
concentration on the thermal conductivity and dynamic viscosity of the fluid. Also, they deter
mined the optimal conditions for thermal conductivity. The same authors (Adun et al. [10]) uti
lized both experimental methods and machine learning tools to analyze the variation in specific 
heat capacity of Al2O3-ZnO-Fe3O4/water ternary hybrid nanofluid concerning changes in tem
perature, nanoparticle concentration, and mixture ratio. Their findings underscored the signifi
cant dependency of specific heat capacity on temperature and concentration. Fattahi and Karimi 
[11] employed Al2O3-ZnO-Fe3O4 ternary nanofluid to quantitatively evaluate a solar collector 
equipped with a surface coating. Their investigation revealed that this coating led to a significant 
reduction in the drag coefficient, approximately by 45%, while only a slight decrease of 4.5% in 
the Nusselt number was observed. Dezfulizadeh et al. [12] studied the physical properties and 
establishment of correlations of a ternary hybrid nanoliquid. Their results indicated that an 
increase in / leads to improvements in the thermal conductivity and dynamic viscosity of ternary 
nanofluids. Sarangi et al. [13] investigated the impact of low and high Pr on the heat and 

Nomenclature 

B0 Magnetic field strength (T) 
C Specific heat (J kg−1 K−1) 
Da Darcy number 
g Gravity (m s−2) 
Ha Hartmann number 
K Thermal conductivity (W m−1 k−1) 
L Cavity length (m) 
H Cavity high (m) 
NuL Nusselt number (Local) 
NuM Nusselt number (Mean) 
e Porosity 
p Pressure (N m−2) 
P Dimensionless pressure 
Pr Prandtl number 
T Temperature (K) 
Re Reynolds number 
Ri Richardson number 
s Local dimensional entropy (J K−1) 
S Local dimensionless entropy 
Sg Average dimensionless entropy 
V Velocity vector (m s−1) 
x, y Coordinates (m) 
X, Y Dimensionless coordinates 

u, v Dimensional velocities (m.s−1) 
U, V Dimensionless velocities 
v Volume of the domain (m3) 

Greek symbols 
a Thermal diffusivity (m2 s−1) 
b Thermal expansion coefficient (K−1) 
q Density (kg m−3) 
/ Volume fraction 
l Dynamic viscosity (kg m−1 s−1) 
r Electrical conductivity (X−1 m−1) 
h Dimensionless temperature 
w Dimensionless stream function 

Subscripts 
c Cold 
M Mean variable 
f Fluid 
h Hot 
tnf Ternary nanofluid 
0 Reference value 
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rotational characteristics of ternary hybrid nanoliquids. Their quantitative results illustrated a sig
nificant deceleration in the flow of the working fluid. The finite element approach was employed 
by Ahmed et al. [14] to study convective flow within a partially heated odd-shaped chamber, uti
lizing ternary composition. Fetuga et al. [15] performed a numerical study of ternary nanofluid 
flow inside a smooth tube with various inserts. Alshibil et al. [16] investigated the thermal per
formance of ternary and binary nanofluids comprising MWCNTs, MgO, and BN in distilled 
water. A novel instrument measures time to thermal equilibrium, revealing 0.5% volume concen
tration nanofluids achieve the shortest equilibrium and enhanced heat transfer. Studied natural 
convective flow and thermal efficiency in an inclined, partially heated rectangular porous cavity 
filled with electroconductive ternary nanofluid. Thirumalaisamy et al. [17] explored the impacts 
of various factors on heat transfer. Results showed significant improvements in heat transfer rate 
with specific nanoparticle combinations. Mukherjee et al. [18] conducted the heat transport, 
exergy, economic, sustainability, and environmental impact of a ternary nanofluid in a circular 
conduit under constant heat flux. Their results indicate that nanofluid exhibits enhanced thermal 
conductivity and Nusselt number, with improved energy and exergy efficiencies. Rajesh and 
€Oztop [19] analyzed heat transfer behavior in a square enclosure filled with ternary hybrid nano
fluid. The study focused on factors affecting Nusselt number, including nanoparticle volume frac
tion, Rayleigh number, solid wall thickness, and thermal conductivity ratio. Their results 
demonstrated that ternary nanofluid significantly enhances heat transfer, especially at low 
Rayleigh numbers.

Alongside the use of ternary nanofluids, the study of magnetohydrodynamics (MHD) during 
convection mechanisms plays a crucial role in thermal systems. MHD mixed convection involves 
the interaction between magnetic fields and conductive fluids, where both buoyancy-driven and 
forced convection processes are influenced by an external magnetic field. A lot of studies have 
demonstrated the benefits of MHD mixed convection in different thermal systems. Dogonchi 
et al. [20] explored the phenomenon of heat exchange by MHD natural convection in an enclos
ure. The cavity included a circular heating element and the presence of nanoliquid. By employing 
the finite volume approach, the dimensionless governing equations are resolved. The results show 
that the rate of heat exchange exhibits a positive correlation with the Rayleigh number and the /. 
Conversely, the rate of heat transmission demonstrates a negative association with the Ha. 
Utilizing the Galerkin finite element approach, Iftikhar et al. [21] addressed MHD and FHD in a 
chamber under a non-uniform magnetic field. It was determined that the / caused a 31.25% 
increase in fluid velocity and a 48% increase in temperature. In a study employing the 
Runge − Kutta technique, Kodi et al. [22] assessed Maxwell nanoliquid MHD free and forced con
vection flow in a vertical cone subjected to radiation and heat conductivity. According to their 
findings, the fluid’s velocity slows dramatically as the strength of the magnetic field grows. The 
thermal performance of a cavity under the influence of MHD was investigated by Sen et al. [23], 
which utilized Al2O3 water nanofluid for their investigation. They discovered that the enhance
ment of heat transmission rate is substantially affected by the concentration of nanoparticles and 
the Rayleigh number. The research carried out by Ahmed et al. [24] investigated magneto-con
vective problems within an L-shaped cabinet driven by a lid. According to their findings, the Nu 
value exhibits a drop when the Ri and Ha parameters increase. The impact of introducing CuO 
into the base fluid under the impact of MHD in an open cavity was explored numerically by 
Armaghani et al. [25]. According to their findings, the nanofluid effect was evident at low Ri val
ues. Uddin et al. [26] utilized the finite element approach to analyze the flow and heat transfer 
phenomena in a cabinet filled with nanofluid, taking into account the impact of a magnetic field 
on double-diffusive free convection. The results of their investigation revealed a 64.08% reduction 
in the heat transmission rate as the Ha varied from 0 to 40. Furthermore, they observed that the 
heat transmission rate is influenced by the diameter of the nanoparticle. Ali et al., [27] examined 
the mixed convection within a double lid-driven cabinet featuring a heat-conducting obstacle in 
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the presence of a magnetic field. They highlighted improved heat transmission enhancement 
when the lid walls were appropriately oriented. Similarly, many researchers have documented 
studies of MHD convective flow of nanoliquids in the area of heat transmission applications 
[28–31].

Additionally, the presence of porous media can significantly impact heat transfer efficiency. 
Porous media are materials characterized by their high surface area and ability to enhance fluid- 
solid interactions. Numerous studies have demonstrated that integrating porous media with 
advanced nanofluid technology can significantly optimize thermal management in engineering 
applications. Mourad et al. [32] used a 3-D numerical simulation to study the constant laminar 
free convection flow and heat transmission in a cold, porous cabinet with a heated elliptical cylin
der. The process of heat exchange is boosted by dispersing alumina throughout the water. The 
problem is first clarified by using the finite element technique. According to the findings, increas
ing Ra yields a favorable impact on heat transfer. Permeability improvement led to a 12.73% bet
ter heat transfer. In addition, a shift in Ha from 0 to 100 can result in a 22.22% decrease in Nu. 
Miroshnichenko et al. [33] studied the free convection process in a cabinet composed of various 
porous layers using numerical methods. It was discovered that an increase in heat transmission 
was proportional to an increase in the value of /. A numerical analysis was conducted by 
Alomari et al. [34] to investigate the influence of a porous block on mixed convection in a cavity 
filled with nanofluid. The main findings indicated that the average Nusselt number and the 
strength of the streamlines increased with an increase in the Darcy number. Hatami et al. [35] 
conducted a computational study to explore the influence of the Darcy number and nanoparticle 
volume fraction on combined natural and forced convection in a porous cavity filled with nano
fluid. Their findings affirmed previous research, showing that NuM increases with higher Da 
numbers. Additionally, they observed that adding nanoparticles and increasing the velocity 
enhance heat transfer. Barman et al. [36] investigate convective heat transfer and entropy gener
ation in a wavy porous cavity filled with a hybrid nanofluid. Their study highlights that irreversi
bility primarily drive entropy generation due to heat transport at lower Rayleigh numbers. 
Likewise, numerous researchers have documented studies on the impact of porous media on the 
heat exchange process, as evidenced by works from Alipour et al. [37], Korei et al. [38], Gumir 
et al. [39], and Al-Farhany and Abdulsahib [40].

Moreover, the geometry of the enclosure, particularly wavy enclosures, substantially affects 
heat transfer characteristics. The Galerkin Finite Element Method is employed by Hatami et al. 
[41] to model MHD mixed convection and entropy generation in a wavy lid-driven enclosure 
filled with a CNT-water nanofluid. The results reveal that at low Richardson numbers (Ri < 1), 
increasing the inclined angle of the magnetic field decreases the Nusselt numbers. However, at 
larger Richardson numbers (Ri > 1), increasing the inclined angle of the magnetic field improves 
the Nusselt numbers. Rao and Barman [42] investigated natural convection in a wavy porous cav
ity with a partially heated sidewall. They concluded that increasing the amplitude of waves 
resulted in optimal cooling of the heat source. Dogonchi et al. [43] conducted a study on a 
crown-shaped wavy cavity containing a circular cylinder. They concluded that both the Darcy 
number and volume fraction increase heat transfer, and this effect depends on the position of the 
cylinder within the enclosure. Rashed et al. [44] performed simulations on convective flow of 
nanoliquid within a wavy cavity. Their study specifically addressed the effects of waviness, the 
influence of the magnetic field, the /, and other parameters. Alsabery et al. [45] investigated the 
influence of a hybrid nanoliquid on mixed convection within a corrugated chamber featuring a 
block at its center. Their results revealed that increasing Ri and / enhanced heat transmission. 
Raizah et al. [46] studied the influence of free convection of a hybrid nanofluid in a wavy enclos
ure. Their findings highlight that the characteristics of heat transmission and nanofluid motion 
within the undulating cavity are significantly affected by both the length and position of the par
tial heat source. Armaghani et al. [47] numerically investigated the flow and heat transfer 
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characteristics of convection in a hybrid nanofluid-filled enclosure with wavy walls. The flow is 
driven by buoyancy under the influence of a constant inclined magnetic field and thermal radi
ation. The main outcomes reveal that the Nusselt number increases as the wavelength of the 
wavy walls decreases and that the average Nusselt number increases with the volume fraction of 
hybrid nanofluids.

This study aims to optimize and analyze the integration of Al2O3-ZnO-Fe3O4/Water ternary 
nanofluids within a porous enclosure featuring wavy configurations subjected to varying bound
ary conditions in the context of magnetohydrodynamic mixed convection. It focuses on the influ
ences of magnetic fields, porous media dynamics, and waviness. Additionally, irreversibility 
analysis will be discussed, covering gaps in the literature within this kind of problem. To the best 
of the authors’ knowledge, the incorporation of Al2O3-ZnO-Fe3O4/Water ternary nanofluids in 
the context of MHD mixed convection flow is addressed for the first time within a partially 
heated wavy porous cavity under various moving lid conditions. Subsequent sections will eluci
date the physical problem, governing equations, numerical methodology, and coupled interactions 
of the directions of moving lids (8 cases), suspension of three nanoparticles (Al2O3-ZnO-Fe3O4), 
Richardson number (0.1�Ri � 10), Darcy number (10−1� Da � 10−5), Hartmann number 
(0�Ha � 100), and wavy number (1�N� 3) will be highlighted on thermal, flow, and 
irreversibility.

1.1. Research questions

To provide a structured framework for this study and to address the gaps in the existing litera
ture, the following research questions will be highlighted:

� How do the thermal and flow characteristics of Al2O3-ZnO-Fe3O4/Water ternary nanofluids 
vary within a wavy porous enclosure under different MHD mixed convection conditions?

� What are the effects of varying the Hartmann number, Richardson number, Darcy number, 
and wavy number on the thermal performance, flow dynamics, skin friction, and entropy 
generation?

� How does the direction of the moving lids influence the thermal and flow behavior in the 
wavy porous cavity?

� What is the impact of porous media dynamics on the irreversibility within the system?
� How do the interactions of magnetic fields and porous media enhance or mitigate the effi

ciency of heat and momentum transfer?

2. Problem formulation

The graphic representation in Figure 1 illustrates the physical problem associated with the coord
inate system under examination. The structure consists of an impressive enclosure filled with por
ous media featuring two vertical walls with a wavy shape. The right wall is completely corrugated 
and maintained at a cold temperature. However, the left wall is partially wavy and maintained at 
a temperature that activates the heat transfer process. The upper and lower walls of the enclosure, 
which are isolated, play a pivotal role in the dynamics of the heat transfer process. These walls 
are designed to be movable, a feature that introduces a variable aspect to the flow and thermal 
patterns within the enclosure. Depending on the conditions being studied, the movement of these 
walls can be adjusted to simulate various scenarios, offering a more comprehensive understanding 
of how different boundary movements affect the convection currents and temperature distribu
tion (see Figure 1b). The problem is affected by an external magnetic field. The fluid inside the 
cavity is a water-based ternary nanofluid containing three nanoparticles: Al2O3, ZnO, and Fe3O4. 
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It is important to highlight that the correlations employed for the computation of thermophysical 
properties in mono, hybrid, and ternary nanofluids are derived from the work proposed by Adun 
et al. [48], which has been obtained from experimental investigations, enhancing the precision of 
our study.

3. Mathematical formulations

The flow under consideration is assumed to be a 2-D steady-state laminar flow. The ternary 
nanofluid being studied is characterized as Newtonian and incompressible. The determination of 
the buoyancy force is achieved through the use of the Boussinesq approximation. Therefore, the 
magnetic Reynolds number (Rem¼ lru0L�1) is sufficiently small, allowing us to neglect the 
magnetic field produced by the flow in comparison to the applied magnetic field. The Brinkman– 
Darcy–Forchheimer equations are employed to account for the impact of porous media.

Figure 1. a) Problem geometry; b) moving lid cases.
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Based on the preceding assumptions and the established physical definition, the present scen
ario can be mathematically represented by the following equations (Marzougui et al. [49]):

Conservation of mass:

@u
@x
þ
@u
@y
¼ 0 (1) 

Momentum equations:

1
e2 u
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þ

1
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Energy equation:

qcpð Þtnf
U
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V
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@X2 þ

@2T
@Y2

� �

(4) 

where

keff ¼ ektnf þ 1 − eð Þks (5) 

Local entropy generation is defined as follows (Korei et al. [51]):

s ¼
Keff
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where

sht ¼
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In the aforementioned equations, the variables sht, sff , smf represent the entropy production 
resulting from heat transmission, fluid friction, and the presence of a magnetic field, respectively.
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The following variables are used to formulate the non-dimensional equations:

X, Yð Þ ¼
x, yð Þ

L
, U, Vð Þ ¼

u, vð Þ

u0
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p
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s
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The new equations obtained are
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where

aeff ¼
keff

qcpð Þtnf

(16) 

Local entropy generation in dimensionless term:

Sg ¼
Keff
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where: v ¼ lf h0

kf

u0
hh−hc

� �2 
is the irreversibility factor.

The integration of Eq. (17) over the entire volume will result in overall entropy production.

Sg ¼
1
v

ð

s dv (18) 

The Nusselt number (local):

NuL ¼ −
Keff

Kf

@h

@n
(19) 
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The Nusselt number (mean):

NuM ¼
1
Lh

ðLh

0

NuLdn (20) 

The definition of local skin friction is given as Yousefzadeh et al. [50]:

Cf ¼
2sw

qtnf u2
in

(21) 

where: sw is the wall shear stress.
The average skin friction ðCfM Þ is computed by averaging the values of the local skin friction.
The determination of the thermophysical properties of water is achieved through rigorous cor

relations established by reputable sources. Specifically, the equations governing density and spe
cific heat are attributed to Vargaftik’s [52] work, while the assessment of thermal conductivity is 
based on the research of Nieto de Castro et al. [53]. Additionally, the dynamic viscosity is deter
mined based on the results presented in the study conducted by Chon et al. [54]

qf ¼ 2446 − 20:674T þ 0:11576T2 − 3:12895� 10−4T3 þ 4:0505� 10−7T4 − 2:0546� 10−10T5

(22) 

cpf ¼ exp
8:29041 − 0:012557T
1 − 1:52373� 10−3T

� �

(23) 

lf ¼ 2:414� 10−5 � 10
247:8

T−140½ � (24) 

kf ¼ −0:76761þ 7:535211� 10−3T − 0:98249� 10−5T2 (25) 

The correlation equations (see Table 1) proposed by Adun et al. [48], derived from experimen
tal studies, are used to estimate the thermophysical parameters of the enhanced fluids.

The remaining properties, including density, electrical conductivity, and thermal expansion, 
were determined through the utilization of standard correlations due to their unavailability 
[30, 55].

The suitable boundary conditions applied in this study are detailed in Table 2.

Table 1. Thermophysical properties of nanoliquids [48].

Thermo − physical properties

Al2O3/water nanofluid cp ¼ 3:64823214E þ 03þ −4:32857143� Tð Þ þ 9:64285714E − 02� T2ð Þ

k ¼ 6:30375000E − 01þ 3:08000000E − 03� Tð Þ þ −1:50000000E − 05� T2ð Þ

l ¼ 2:54335714E − 02þ −4:84285714E − 04� Tð Þ þ 2:71428571E − 06� T2ð Þ

ZnO/water nanofluid cp ¼ 3571:62500E þ 7:6� Tð Þ þ −0:0250000000� T2ð Þ

k ¼ 0:578307143þ 0:00113142857� Tð Þ þ 0:00000142857143� T2ð Þ

l ¼ 0:0167007143þ −0:000386857143� Tð Þ þ 0:00000214285714T2ð Þ

Al2O3-ZnO/water hybrid nanofluid cp ¼ 3133:91071þ 19:8571429� Tð Þ þ −0:167857143� T2ð Þ

k ¼ 0:607810714þ 0:00465714286� Tð Þ þ −0:0000278571429� T2ð Þ

l ¼ 0:0230028571þ −0:000627428571� Tð Þ þ 0:00000457142857� T2ð Þ

Al2O3-ZnO-Fe3O4/water ternary nanofluid cp ¼ 3727:64286þ 1:92857143� Tð Þ þ 0:0285714286� T2ð Þ

k ¼ 0:688375000þ 0:00158000000� Tð Þ þ 0:000005� T2ð Þ

l ¼ 0:0340642857E þ −0:00125714286� Tð Þ þ 0:0000128571429� T2ð Þ
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4. Methodology and solver validation

In this study, a structured grid has been employed to achieve high quality, as demonstrated in 
Figure 2. This grid configuration is essential to guaranteeing the stability of the solutions.

The equations have been discretized through the application of finite volume procedures avail
able in OpenFOAMVR , as detailed by Moukalled et al. [56]. The SIMPLE algorithm, following the 
semi-implicit approach described by Patankar [57], is used. For the discretization of the Laplacian 
terms in the equations, a precise second-order central differencing method is used. A second- 
order upwind scheme is applied to discretize the convective terms. A convergence criterion of 
10−6 is adopted.

The grid test is performed at Ri ¼ 1 and Ha ¼ 50 for Al2O3-ZnO-Fe3O4/Water ternary nano
fluid. Five grids are examined. Table 3 shows the NuM and Sg for different grids. As can be seen, 
the relative inaccuracy between Grids 4 and 5 is quite low. For this, Grid 4 (204� 204) was 
chosen for all calculations.

Table 3. Grid independence.

No. Number of nodes NuM % Difference Sg % Difference

1 51� 51 6.01005 1.65 5.97942 13.30
2 102� 102 5.98049 1.15 6.32449 8.29
3 153� 153 5.9578 0.77 6.61589 4.07
4 204 3 204 5.91589 0.06 6.88143 0.22
5 255� 255 5.91231 – 6.89632 –

Bold highlights the chosen grid used in the study.

Table 2. Boundary conditions.

h P U V

Up side Zero gradient Zero gradient −1 � U � 1 0
Bottom side Zero gradient Zero gradient −1 � U � 1 0
Cold side 0 Zero gradient No slip No slip
Hot side 1 Zero gradient No slip No slip
Adiabatic side Zero gradient Zero gradient No slip No slip

Figure 2. Grid distribution.
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4.1. Validation

For the case of MHD free convection in an enclosure, a preliminary validation is carried out by 
comparing NuM with several previous studies [58–61]. As a result, the data in Table 4 reveals 
that NuM is in good agreement. In addition, as shown in Figure 3, a secondary validation of 
streamline and isotherm in a wavy cavity operating with nanofluid is performed using data from 
Geridonmez and Atilgan [62]. The findings demonstrate a reasonable level of agreement. 
Furthermore, another validation was performed against the data acquired by Rajarathinam et al. 
[63] at Da ¼ 10−3 and Ri ¼ 1, as shown in Figure 4, where there is a high degree of consistency. 
Finally, a comparison with the experimental findings of Krane and Jessee (Figures 5 and 6) [64].

5. Results and discussion

An examination of the effects of suspending three nanoparticles in a base fluid and moving boun
daries during the MHD convection problem, with thermodynamic analysis in a partially heated 

Figure 3. Comparison of streamlines with previously published data from Geridonmez and Atilgan [62].

Table 4. Validation of the NuM.

Ha ¼ 0 Ha ¼ 30

Water / ¼ 2% Water / ¼ 2%

Ghasemi et al. [58] 4.738 4.820 3.150 3.138
Pordanjani et al. [59] 4.654 4.813 3.147 3.143
Ashorynejad and Shahriari [60] 4.6865 – 3.1203 –
Du et al. [61] 4.746 4.837 3.169 3.238
Present results 4.7383 4.8258 3.1492 3.2013

Bold highlights the chosen grid used in the study.
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porous wavy configuration, has been performed numerically. The impact of multiple factors is 
highlighted: the directions of moving lids, nanoparticle hybridization, Ri, Da, Ha, and wavy num
ber on streamlines, isotherms, Sg, Be, and NuM. It is important to note that the values of Re and 
porosity remain constant at 100 and 0.6, respectively, in this study to observe the impact of the 
aforementioned parameters.

5.1. Analysis of results

5.1.1. Effects of moving lids
In Figure 7, streamlines and isotherms for various moving lids are displayed, with the parameters 
set at Ha ¼ 50, Da ¼ 10−3, and Ri ¼ 1. The data reveals that the direction of lid motion impacts 
nanoliquid circulation and thermal patterns. A vortex, identified by a magnitude of jWj ¼ 0.029, 
forms near each moving lid, aligning with the direction of the lid’s motion. These vortices exhibit 
distinct rotational orientations, leading to the formation of unique thermal patterns. Variations in 
these patterns affect heat exchange rates and entropy generation. According to Animasaun et al. 
[65], moving lids can increase heat transfer by promoting convection currents and enhancing 
heat exchange between the interior and exterior environments. This observation aligns with our 
findings, where the analysis quantifies heat exchange efficiency and entropy generation under dif
ferent conditions: single lid motion (Case 1, ul1þ, shows the highest heat exchange), the lowest 
average Nusselt number and minimum entropy generation (Sg) observed in Case 3 (ul2þ), and 
the effect of activating lid motion in the lower zone increases both the Nusselt number and Sg. A 
combined scenario of Cases 1 (ul1þ) and 4 (ul2−) yields the highest value for heat transfer, 
reaching 8.60316 in case 7 (ul1þ and ul2−).

Figure 4. Comparison of isotherms with previously published data from Geridonmez and Atilgan [62].
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To investigate the effect of moving lids on the global heat exchange mechanism across differ
ent Richardson numbers, Figure 8 showcases the NuM for Ha ¼ 50, Ri ¼ 1, using Al2O3-ZnO- 
Fe3O4/Water ternary nanofluids. The figure documents the influence of activating the second lid 
on the NuM, illustrating a notable enhancement. The analysis also considers the scenario under 
heightened buoyancy forces (Ri ¼ 10), capturing variations in the NuM attributable to the com
bined effects of buoyancy and lid motion.

Figure 9 illustrates the Sg concerning the orientation of moving lids and Richardson numbers 
at Ha ¼ 50, Ri ¼ 1, Da ¼ 10−3, using Al2O3-ZnO-Fe3O4/Water ternary nanofluids. The results 
reveal that, across all Richardson numbers, global entropy generation is higher at low Darcy 

Figure 5. Comparison of streamlines and isotherms with the data of Rajarathinam et al. [63].

Figure 6. Dimensionless temperature for Ra ¼ 105 and Pr ¼ 0.7, comparison with Krane and Jessee [64].
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numbers. Additionally, the figure indicates that at low Da, the growth in Ri has practically no 
impact on global entropy generation. However, at higher Richardson numbers, a noticeable incre
ment in total entropy generation becomes apparent.

Figure 10 displays the Bejan number in relation to the moving lids and Richardson numbers 
at Ha ¼ 50, Ri ¼ 1, Da ¼ 10-3, utilizing Al2O3-ZnO-Fe3O4/Water ternary nanofluids. At low 
Darcy numbers, the Bejan number is notably low. Upon increasing Da, there is a significant boost 
in Be. The depiction shows variations in the Bejan number as influenced by the operational 
dynamics of the system, particularly focusing on configurations with a single-moving lid versus a 

Figure 7. Streamlines and isotherms for various moving lids at Ha ¼ 50, Ri ¼ 1, Da ¼ 10−3, and Al2O3-ZnO-Fe3O4/water ternary 
nanofluids.
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Figure 8. NuM versus moving lids and various Ri at Ha ¼ 50, and Al2O3-ZnO-Fe3O4/water ternary nanofluids.

Figure 9. Total entropy generation versus moving lids and various Ri at Ha ¼ 50, and Al2O3-ZnO-Fe3O4/water ternary nanofluids.
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double-lid setup. Additionally, the impact of the Richardson number becomes apparent at Da ¼
10−1, highlighting the sensitivity of the Be to variations in both Darcy and Richardson numbers 
within this nanofluid system.

Figure 10. Bejan number versus moving lids and various Ri at Ha ¼ 50, and Al2O3-ZnO-Fe3O4/water ternary nanofluids.

Figure 11. Average skin friction versus moving lids and various Ri at Ha ¼ 50, and Al2O3-ZnO-Fe3O4/water ternary nanofluids.
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Figure 11 exhibits the impact of lid motion on skin friction across varying Richardson num
bers. This portion of the study meticulously documents how skin friction’s response to lid motion 
changes with adjustments in Ri. It notes a minimal effect of lid motion on skin friction at lower 
Ri values. In contrast, as Ri increases, the influence of lid motion on skin friction becomes mark
edly more pronounced.

5.1.2. Effects of nanoparticle combinations
The impact of varying nanoparticle hybridization on streamlines and isotherms at Ha ¼ 50, Da 
¼ 10−3, Ri ¼ 1, and Case 7 (ul1þ, ul2−), is shown in Figure 12. The addition of more than one 
type of nanoparticle to the water significantly increases the stream function’s intensity, with a 
recorded value of jWj ¼ 0.029. Despite these changes in the stream function, the thermal pattern 
remains largely unaffected, exhibiting only a minor improvement in the delineation of hot 
regions.

Figure 13 demonstrates the Nusselt number as a function of the Richardson number (Ri) and 
various nanoparticle hybridizations at Ha ¼ 50, Da ¼ 10−3, and Case 7 (ul1þ, ul2−). The figure 
clearly shows that under all conditions tested, Al2O3-ZnO-Fe3O4/water ternary nanofluids outper
form other options for cooling. Furthermore, an increment in Ri is associated with an increase in 
the NuM for this ternary nanofluid. Comparatively, the heat transmission efficiency of the ternary 
nanoliquid surpasses that of the base fluid by 37%. It is worth tracing to Xiu et al. [66], 
Animasaun et al. [67], and Cao et al. [68] that combining nanoparticles with base fluid can sig
nificantly enhance its properties, such as conductivity, viscosity, and thermal conductivity, thereby 
improving its performance in various applications.

Figure 14 showcases total entropy generation as influenced by the Richardson number and 
various nanoparticle hybridizations at Ha ¼ 50, Da ¼ 10−3, in Case 7 (ul1þ, ul2−). The data 
reveals that the base fluid, along with the Al2O3 nanofluid, generates the highest levels of entropy, 
attributed to their higher dynamic viscosity. This trend is consistent across a range of Ri values. 
On the other hand, the ZnO/water nanofluid combination shows the lowest entropy generation, 
achieving a reduction of up to 45%. Additionally, an increase in Ri is associated with a slight rise 
in Sg.

Figure 15 illustrates the Bejan number as influenced by the Richardson number and various 
nanoparticle hybridizations at Ha ¼ 50, Da ¼ 10−3, in case 7 (ul1þ, ul2−). The analysis reveals 
water to have the lowest Bejan number, which is consistent with the expectation of high entropy 
generation from fluid flow. Moreover, the ZnO/Water combination is noted for having the high
est Bejan number, reflecting the significant role of entropy generation from heat transmission. 
The analysis also indicates that for mono, hybrid, and ternary nanofluids, Bejan numbers remain 
below 0.4. It is also noted that an uptick in Ri correlates with an increase in the Bejan number.

Figure 16 presents the effect of different working fluids on skin friction across a range of 
Richardson numbers. The findings detail that pure water exhibits the highest level of skin friction. 
A similar observation has been reported by Hamza et al. [69]. The dataset also reveals that nano
fluid type markedly influences skin friction levels, with Al2O3 nanoparticles showing particular 
efficacy. An observable trend across all types of nanofluids is the escalation of skin friction, corre
sponding with higher Ri values. Instances involving Al2O3-ZnO/water and Al2O3-ZnO-Fe3O4/ 
Water nanofluids demonstrate varied effects on skin friction.

5.1.3. Effects of Darcy number
The impact of the Darcy number on streamlines and isotherms is demonstrated in Figure 17, uti
lizing Al2O3-ZnO-Fe3O4/Water ternary nanofluids at Ha ¼ 50, Ri ¼ 1, and case 7 (ul1þ, ul2−). 
The figure distinctly shows how alterations in Da lead to significant changes in the streamlines 
and isotherms, particularly noting a pronounced transformation with a reduction in Da. 
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Figure 12. Streamlines and isotherms for various types of nanofluids at Ha ¼ 50, Da ¼ 10−3, Ri ¼ 1, and Case 7 (ul1þ, ul2−).
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Concurrently, as Da diminishes, there’s a noticeable decline in the stream function’s strength and 
a shift toward parallel isotherms.

Figure 18 presents the Nusselt number across various Richardson numbers (Ri), utilizing 
Al2O3-ZnO-Fe3O4/Water ternary nanofluids in the context of Ha ¼ 50 and case 7 (ul1þ, ul2−). 
It is observed that at lower Darcy numbers, there is a peak in heat exchange efficiency for certain 
Ri values. The data illustrates a clear influence of Ri, especially notable at reduced Da levels, sug
gesting a direct correlation between these variables and the system’s heat transfer capabilities.

Figure 13. NuM For various types of nanofluids and various Ri at Ha ¼ 50, and Case 7 (ul1þ, ul2−).

Figure 14. Total entropy generation for various types of nanofluids and various Ri at Ha ¼ 50, and Case 7 (ul1þ, ul2−).

Figure 15. Bejan number for various types of nanofluids and various Ri at Ha ¼ 50, and Case 7 (ul1þ, ul2−).
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Figure 19 demonstrates how entropy generation varies with the Darcy number across different 
Richardson numbers, within the framework of Ha ¼ 50, Case 7 (ul1þ, ul2−), and Al2O3-ZnO- 
Fe3O4/Water ternary nanofluids. It is observed that, universally across the Ri spectrum, the mag
nitude of global entropy generation escalates at lower Darcy numbers. The figure also highlights 
a notable aspect at low Da values: the increment in Ri scarcely affects the global entropy gener
ation. Conversely, at elevated Ri values, an evident increase in total entropy generation is 
recorded.

Figure 20 displays the Bejan number as influenced by the Richardson number (Ri) and varying 
Darcy numbers within the framework of Ha ¼ 50, Case 7 (ul1þ, ul2−), and Al2O3-ZnO-Fe3O4/ 
Water ternary nanofluids. It is noted that at lower Darcy numbers, the Bejan number decreases 
significantly, indicating a diminished contribution of entropy generation from heat transmission. 
As Da increases, a notable elevation in the Bejan number is observed. The analysis further reveals 
that the Bejan number’s sensitivity to changes in Ri becomes particularly pronounced at a Darcy 
number of 10−1.

Figure 21 explores the effect of the Darcy number on skin friction. It presents a direct correl
ation between the permeability of the medium, represented by the Darcy number, and the result
ant skin friction. The analysis delineates how variations in permeability affect the flow dynamics 
within the medium. Specifically, it shows that a higher permeability level (Da ¼ 10 − 1) and 
increased buoyancy forces (signified by a higher Richardson number) correlate with an uptick in 
skin friction.

5.1.4. Effects of Hartmann number
Figure 22 depicts the effect of the Hartman number (Ha) on streamlines and isotherms, Case 7 
(ul1þ, ul2−), and Al2O3-ZnO-Fe3O4/Water ternary nanofluids. As Ha increases, a notable 
decrease in the stream function’s intensity is observed, aligning with the expected influence of the 
magnetic field on fluid flow. Additionally, the thermal pattern adjustment toward the left signifies 
a reduction in the temperature gradient alongside an increase in Ha, a trend that is reflected in 
the Nusselt number values. Concurrently, entropy generation experiences an upswing with the 
rising Hartman number, attributing to the magnetic field’s augmenting effect on Sg.

Figure 23 offers an analysis of the Nusselt number, illustrating its correlation with the 
Richardson number and a range of Hartman numbers, Case 7 (ul1þ, ul2−), utilizing Al2O3-ZnO- 
Fe3O4/Water ternary nanofluids. It is observed that an increase in the Hartman number consist
ently leads to a reduction in NuM across all examined Richardson number scenarios. This pattern 
suggests that the magnetic field strength, denoted by Ha, plays a significant role in modulating 
heat transfer efficiency within the system. Our findings are in agreement with the results of 
Guedri et al. [70], showing a similar decrease in NuM with increasing Ha. This alignment suggests 

Figure 16. Average skin friction for various types of nanofluids and various Ri at Ha ¼ 50, and Case 7 (ul1þ, ul2−).
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that the application of a magnetic field introduces a stabilizing effect on the flow, which, while 
beneficial in controlling fluid motion, leads to a decrease in the convective heat transfer rate.

Figure 24 explores entropy generation as influenced by the Richardson number and a range of 
Hartman numbers, Case 7 (ul1þ, ul2−), utilizing Al2O3-ZnO-Fe3O4/Water ternary nanofluids. 
The data reveals that an escalation in the Lorentz force is directly associated with an increase in 
entropy generation for all investigated Richardson number scenarios. Additionally, it is observed 
that the inclusion of porous media tends to diminish the overall contribution of entropy from 

Figure 17. Streamlines and isotherms for various Darcy numbers at Ha ¼ 50, Ri ¼ 1, Case 7 (ul1þ, ul2-), and Al2O3-ZnO-Fe3O4/ 
water ternary nanofluids.

NUMERICAL HEAT TRANSFER, PART A: APPLICATIONS 21



both heat transmission and fluid dynamics, leaving the magnetic field’s entropy as the predomin
ant factor affecting and increasing Sg.

Figure 25 shows the relationship between the Bejan number and both the Richardson number 
and various Hartman numbers within the context of Da ¼ 10−1, Ri ¼ 1, Case 7 (ul1þ, ul2−), 
using Al2O3-ZnO-Fe3O4/Water ternary nanofluids. It is noted that the Bejan number is above 0.5 
at Ha ¼ 0, highlighting the significant influence of entropy generation from heat transfer under 

Figure 18. NuM For various Darcy numbers for various Ri at Ha ¼ 50, Case 7 (ul1þ, ul2−), and Al2O3-ZnO-Fe3O4/water ternary 
nanofluids.

Figure 19. Global entropy generation for various Da and different Richardson numbers at Ha ¼ 50, Case 7 (ul1þ, ul2−), and 
Al2O3-ZnO-Fe3O4/water ternary nanofluids.

Figure 20. Bejan number for various Darcy numbers and various Ri at Ha ¼ 50, Case 7 (ul1þ, ul2−), and Al2O3-ZnO-Fe3O4/water 
ternary nanofluids.
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these conditions. As the Hartman number increases, there is a noticeable decrease in the Bejan 
number, signaling a reduction in the contribution of Sg from heat transfer, a change largely 
ascribed to the impact of the Lorentz force on the fluid’s movement. Additionally, with the escal
ation of Ri, an upward trend in the Bejan number is observed.

Figure 26 highlights the effect of Hartmann number on skin friction within the context of 
varying Richardson numbers. It demonstrates a correlation between Ri and skin friction, noting 
an uptick in friction with increasing Ri. Furthermore, the analysis showcases the pronounced 
influence of magnetic fields on skin friction when dealing with a conducting fluid. It observes 
that both the intensity of the magnetic field, denoted by Ha, and the buoyancy forces, indicated 
by Ri, are pivotal in shaping the skin friction experienced.

5.1.5. Effects of wavy number
Figure 27 examines the effects of wavy patterns on streamlines and isotherms within the context 
of Da ¼ 10−1, Ri ¼ 1, Case 7 (ul1þ, ul2−), utilizing Al2O3-ZnO-Fe3O4/Water ternary nanofluids. 
It is noted that as the wavy number increases, there is a noticeable decline in the strength of the 
stream function. This observation suggests that lower wavy numbers allow for smoother, more 
unrestricted fluid circulation. On the other hand, higher wavy numbers seem to introduce resist
ance to fluid flow, effectively acting as a barrier. Regarding isotherms, an increase in the wavy 
number is associated with denser temperature gradients, indicating a direct relationship between 
the wavy number and thermal distribution within the system.

Figure 28 showcases the correlation between the Nusselt number, wavy number, and various 
Richardson numbers within the context of Da ¼ 10−1, Ri ¼ 1, Case 7 (ul1þ, ul2−), using Al2O3- 
ZnO-Fe3O4/Water ternary nanofluids. The data indicate that increasing wavy numbers correlate 
with lower average Nusselt numbers across all tested Richardson number scenarios. This is 
observed alongside a phenomenon where elevated wavy numbers disrupt the mixing within the 
fluid, which in turn affects the thermal gradient and the resulting Nusselt number. This is con
sistent with the findings of Guedri et al. [70], who reported an inverse relationship between the 
undulation number and the effective heat transfer. Specifically, Guedri et al. [70] noted that an 
increase in the undulation number (from 1 to 4) reduced the Nusselt number by 13%.

Figure 29 provides an examination of entropy generation as it relates to both the wavy number 
and the Richardson number within the context of Da ¼ 10−1, Ri ¼ 1, Case 7 (ul1þ, ul2−) using 
Al2O3-ZnO-Fe3O4/Water ternary nanofluids. The analysis reveals that entropy generation reaches 
its lowest at a wavy number N¼ 1 for all evaluated Richardson number scenarios. This outcome 
is primarily due to the reduced friction encountered in configurations with a single wavy pattern 
compared to those with two or three wavy patterns. Furthermore, the impact of the Richardson 

Figure 21. Average skin friction for various Darcy numbers and various Ri at Ha ¼ 50, case 7 (ul1þ, ul2−), and Al2O3-ZnO- 
Fe3O4/water ternary nanofluids.
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number, when considered at a consistent wavy number, is notably evident, showcasing its signifi
cant role in entropy generation for the given setup.

Figure 30 presents the Bejan number as influenced by both the wavy number and the 
Richardson number for Da ¼ 10−1, Ri ¼ 1, in Case 7 (ul1þ, ul2−) utilizing Al2O3-ZnO-Fe3O4/ 
Water ternary nanofluids. The findings reveal an increase in the Bejan number with an elevated 
wavy number. Specifically, for Ri values of 0.1 and 1, the Bejan number remains below 0.5, indi
cating that entropy generation from fluid flow is predominant. In contrast, at Ri ¼ 10 for wavy 

Figure 22. Streamlines and isotherms for various Hartmann numbers at Da ¼ 10−1, Ri ¼ 1, Case 7 (ul1þ, ul2−), and Al2O3-ZnO- 
Fe3O4/water ternary nanofluids.
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numbers N¼ 2 and N¼ 3, the Bejan number exceeds 0.5, signaling increased irreversibility due to 
heat transfer processes that result in energy losses.

Figure 31 illustrates the effect of the wavy numbers on skin friction across varying Richardson 
numbers. It is noted that at a wavy number of N¼ 1, there’s an observed increase in resistance 
against the flow along the wall, which correlates with elevated skin friction coefficients for all 

Figure 23. NuM As a function of Ri and various Ha numbers at Da ¼ 10−1, Case 7 (ul1þ, ul2−), and Al2O3-ZnO-Fe3O4/water tern
ary nanofluids.

Figure 24. Total entropy generation for various Hartmann numbers and different Richardson numbers at Da ¼ 10−1, Case 7 
(ul1þ, ul2−), and Al2O3-ZnO-Fe3O4/water ternary nanofluids.

Figure 25. Bejan number for various Hartmann numbers and different Richardson numbers at Da ¼ 10−1, Case 7 (ul1þ, ul2−), 
and Al2O3-ZnO-Fe3O4/water ternary nanofluids.
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Richardson numbers considered. The numerical results of Hamza et al. [69] also reported this 
behavior.

5.2. Discussion of results

5.2.1. Effects of moving lids
The key findings revealed by Figure 7 which shows a collection of streamline and isotherm plots 
for various configurations of a moving lid in a cavity, highlight the significant impact of the dir
ection of lid motion on nanoliquid circulation and thermal dynamics within the system. 
Depending on the lid’s direction, the flow can exhibit symmetric or asymmetric patterns. This 
affects how effectively the fluid can mix within the cavity. In addition, the presence of multiple 
moving lids can generate more intricate flow patterns, which intensify fluid turbulence and inter
actions with boundary layers. This enhanced turbulence can significantly improve convective heat 
transfer efficiency, consequently resulting in a higher Nusselt number. This observation aligns 
with findings reported by Wahba and Gadalla [71]. The results in Case 7, the enhanced heat 
transfer, highlight the potential for strategically designing and operating such systems to maxi
mize thermal performance.

The data presented in Figure 8, which explores the impact of moving lids on heat exchange, 
illustrates that activating the second lid significantly enhances the Nusselt number, highlighting 
the crucial role of forced convection in the overall heat exchange process. This increase in heat 
transfer efficiency is consistently observed upon the lid’s activation, although the extent of the 
improvement varies under different conditions. A more detailed analysis shows a notably sharp 
increase in the Nusselt number by up to 40% in Case 7 (ul1þ, ul2−) at a higher Richardson 
number (Ri ¼ 10). This observation points to a complex interaction between the directions of 
buoyancy forces and the movements of the lids, revealing a nuanced response to the changing 
dynamic conditions.

Figure 9 displays the effects of lid orientation and Richardson numbers on the performance of 
moving lids. The results uncover a notable similarity between the behaviors of Sg and the NuM, 
suggesting a coherent and consistent response to the system’s modifications. Specifically, the acti
vation of the second lid, as demonstrated in Figure 9, leads to a significant increase in Sg due to 
increased friction. The increase in the Richardson number, which can introduce greater irreversi
bility in some scenarios, further illustrates the sensitive dynamics within the system. Also, Figure 
9 highlights that the minimum value of Sg, observed in case 3 (ul2þ) at Ri ¼ 10 with a value of 
5.55065, points to the intricate effects of lid orientation and Richardson numbers on efficiency.

Figure 26. Average skin friction for various Hartmann numbers and different Richardson numbers at Da ¼ 10−1, Case 7 (ul1þ, 
ul2−), and Al2O3-ZnO-Fe3O4/water ternary nanofluids.
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Figure 10 presents the Bejan number’s response to various configurations of moving lids. The 
primary finding from these observations is that a single moving lid configuration significantly 
increases the Bejan number, attributed to the dominance of irreversibility due to heat transfer. 
Conversely, employing a double-lid setup results in a lower Bejan number, highlighting the dom
inance of entropy generation due to fluid flow over heat transfer. These results underline the crit
ical influence of the system configuration and the Richardson number on the Bejan number, 

Figure 27. Streamlines and isotherms for various wavy numbers at Da ¼ 10−1, Ri ¼ 1, Case 7 (ul1þ, ul2−), and Al2O3-ZnO- 
Fe3O4/water ternary nanofluids.
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illustrating a complex interplay between heat transfer and fluid dynamics within ternary nanofluid 
systems.

Figure 11 highlights the impact of lid motion on skin friction across varying Richardson num
bers. As detailed in the figure, lid motion’s influence on skin friction heavily depends on the 
Richardson number. This dependency indicates a complex interaction between buoyancy and vis
cous forces, leading to different outcomes in skin friction. Notably, Case 7 demonstrates a distinct 

Figure 28. NuM For various wavy numbers and different Richardson numbers at Da ¼ 10−1, Case 7 (ul1þ, ul2−), and Al2O3- 
ZnO-Fe3O4/water ternary nanofluids.

Figure 29. Total entropy generation for various wavy numbers and different Richardson numbers at Da ¼ 10−1, Case 7 (ul1þ, 
ul2−), and Al2O3-ZnO-Fe3O4/water ternary nanofluids.

Figure 30. Bejan number for various wavy numbers and different Richardson numbers at Da ¼ 10−1, case 7 (ul1þ, ul2−), and 
Al2O3-ZnO-Fe3O4/water ternary nanofluids.
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response pattern to changes in Ri, with a significant increase in skin friction as Ri shifts from 1 
to 10. This marked sensitivity suggests that in Case 7, where lid configurations may differ from 
others, the effects of buoyancy significantly outweigh those of viscous forces as Ri increases.

5.2.2. Effects of nanoparticle combinations
Figure 12 illustrates the effects of varying nanoparticle hybridization on streamlines and iso
therms. The figure reveals that introducing multiple nanoparticles into the water increases the 
stream function, indicating more dynamic fluid motion. Furthermore, the increase in the Nusselt 
number within the ternary nanofluid system suggests improved thermal conductivity. Notably, 
there is significant entropy generation in the Al2O3-water nanofluid, which can be attributed to 
its higher effective viscosity.

The Nusselt number as a function of the Richardson number with various nanoparticle hybrid
izations is given in Figure 13. The data indicate that Al2O3-ZnO-Fe3O4/Water ternary nanofluids 
significantly enhance cooling processes across all tested Richardson numbers, due to improved 
thermal physical properties. There is an observed an increase in the Nusselt number as Ri 
increases. Notably, at Ri ¼ 10, Al2O3-ZnO-Fe3O4/Water is particularly effective, Achieving the 
highest Nusselt number due to the combined effects of buoyancy force and improved thermal 
physical properties. These findings are in good agreement with the results reported by Adun 
et al. [48].

Figure 14 displays total entropy generation influenced by the Richardson number and various 
nanoparticle hybridizations. The results show that both the base fluid and the Al2O3 nanofluid, 
due to their increased dynamic viscosity, generate the most entropy across various Richardson 
numbers. This consistent performance across Ri values highlights the significant role of fluid vis
cosity in entropy generation. In contrast, the ZnO/water nanofluid exhibits the least entropy gen
eration, due to its lower resulting friction.

Figure 15 displays the Bejan number as a function of the Richardson number and various 
nanoparticle hybridizations. The results from Figure 15 showcase the varied behavior of different 
working fluids regarding entropy generation, with water exhibiting the lowest Bejan number due 
to its high friction generation. Conversely, the ZnO/Water mixture, which achieves the highest 
Bejan number, exemplifies reduced friction generation attributed to its lower viscosity.

Figure 16 illustrates the impact of different working fluids on skin friction across various 
Richardson numbers. The data from Figure 16 show that the high dynamic viscosity of working 
fluids, particularly pure water, significantly affects skin friction, especially as the Richardson num
ber increases. This highlights the crucial role of fluid properties in determining flow dynamics 

Figure 31. Average skin friction for various wavy numbers and different Richardson numbers at Da ¼ 10−1, Case 7 (ul1þ, ul2−), 
and Al2O3-ZnO-Fe3O4/water ternary nanofluids.
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and frictional characteristics. Al2O3 nanoparticles are particularly notable for their significant 
influence on skin friction, underscoring the profound impact of nanofluid composition.

5.2.3. Effects of Darcy number
Figure 17 highlights the significant impact of the Darcy number. The primary effect is a suppres
sion of convection as the Darcy number decreases, as shown by the diminished stream function 
and the isotherms’ orientation, which suggests a shift toward conduction-dominated heat transfer. 
Similar behavior was reported by the study of Alomari et al. [34]. Additionally, variations in the 
Nusselt number with Da illustrate the delicate interplay between conduction and convection, 
where higher Da values enhance convection, as reflected by increased Nusselt numbers. However, 
higher entropy generation at elevated Da levels indicates increased friction within the porous 
medium.

Figure 18 illustrates the Nusselt number for various Darcy numbers across different 
Richardson numbers. The findings reveal that the consistent decrease in the Nusselt number with 
lower Darcy numbers suggests that permeability significantly influences heat transfer rates. This 
trend agrees well with the data found by Alomari et al. [34] and Hatami et al. [35]. Higher 
Richardson numbers do not drastically change the heat transfer rate patterns due to the presence 
of a magnetic field (Ha ¼ 50), which can weaken the convection process due to the damping 
effect of the Lorentz force on the fluid motion.

The findings from Figure 19 illuminate the significant influence that both Darcy on entropy 
generation within the ternary nanofluid system. The figure demonstrates that the global entropy 
generation decreases with decreasing Darcy number and slightly varies with the Richardson num
ber. The Darcy number is related to the permeability of the medium. A lower Darcy number 
indicates a medium with lower permeability, leading to higher resistance to fluid flow. This resist
ance likely contributes to reduced entropy generation.

The data presented in Figure 20 represents the Bejan number for various Darcy numbers and 
Richardson numbers. For a given Ri, the Bejan number decreases as Da decreases. This indicates 
that as the permeability of the medium decreases (lower Da), fluid friction irreversibility becomes 
more significant compared to heat transfer irreversibility. The Richardson number has a less pro
nounced effect on the Bejan number, suggesting that the relative contributions of heat transfer 
and fluid friction irreversibilities are more strongly influenced by the Darcy number.

The results shown in Figure 21 display the average skin friction for different Darcy numbers. 
It is highlighted that for all Ri values, as Da decreases, skin friction also decreases. This suggests 
that higher permeability (higher Da) allows more fluid movement, increasing friction. Also, for a 
specific Da, as Ri increases from 0.1 to 10, there is a general increase in average skin friction. 
This trend suggests that as buoyancy forces become more dominant relative to inertial forces, the 
skin friction experienced by the fluid increases.

5.2.4. Effects of Hartmann number
The outcomes presented in Figure 22 show streamlines and isotherms for various Hartmann 
numbers. Ha influences both the flow and thermal fields within the cavity. As Ha increases, the 
magnetic field effect becomes more significant, impacting the fluid motion and heat transfer char
acteristics. The reduction in the stream function’s intensity and the leftward shift of the thermal 
pattern with increased Ha demonstrate the magnetic field’s damping effect on fluid motion and 
the lowering of the quality of the heat transfer process. Kodi et al. [22] observed similar out
comes. Moreover, the increment in entropy generation with a higher Hartmann number high
lights the magnetic field’s substantial role in increasing entropy within the system for this specific 
scenario in the presence of porous media.
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The results in Figure 23, which show the variation of the Nusselt number as a function of the 
Richardson number for various Hartmann numbers, indicate that the increase in NuM with 
increasing Ri is expected because higher buoyancy forces improve heat transfer by convection. 
However, the reduction in NuM with increasing Ha can be attributed to the Lorentz force damp
ing the fluid motion, thereby reducing convective heat transfer.

Figure 24 presents data on total entropy generation for various Hartmann numbers and differ
ent Richardson numbers. As the Richardson number increases, there is a general trend of increas
ing entropy generation for all Hartmann numbers. The increase in entropy generation with 
higher Ri values could be attributed to more intense thermal and velocity gradients induced by 
stronger buoyancy forces, leading to higher irreversibilities in the system. At each Richardson 
number level, increasing the Hartmann number from 0 to 100 generally leads to an increase in 
entropy generation. The magnetic field likely influences the fluid flow patterns, creating more 
complex interactions and energy dissipation mechanisms within the fluid.

The data presented in Figure 25 show the Bejan number for various Hartmann numbers and 
different Richardson numbers. Initially, at Ha ¼ 0, the dominance of Sg from heat transfer is evi
dent, as indicated by Bejan numbers surpassing 0.5. However, as Ha increases, the Bejan number 
declines, reflecting a diminished role of Sg from heat transfer due to the dampening effect of the 
Lorentz force on the convection mechanism. Moreover, at a specific Hartmann number, increas
ing Ri leads to an increase in the Bejan number, which can be interpreted as an increase in 
entropy generation due to heat transfer boosted by buoyancy force.

The average skin friction for various Hartmann numbers and Richardson numbers is given in 
Figure 26. The outcomes show that from Ri ¼ 0.1 to Ri ¼ 10, the graph displays an overall 
increasing trend in skin friction. This indicates that buoyancy forces are becoming more domin
ant, likely increasing the fluid’s mixing and turbulence, which in turn increases skin friction. 
Additionally, the data show that increasing Ha (from 0 to 100) increases the average skin friction 
across all Richardson numbers. This suggests that the magnetic field effectively promotes the 
deterioration of fluid movement, leading to complex flow profiles and consequently higher skin 
friction.

5.2.5. Effects of wavy number
Figure 27 illustrates the impact of wavy patterns on the fluid dynamics and thermal characteris
tics of the ternary nanofluid system. As the wave number changes, there are slight shifts in the 
vortex position and intensity, impacting how fluid circulates within the cavity. The stream func
tion weakens as the wavy numbers increase, indicating that more waves can hinder fluid move
ment by acting as physical barriers. Regarding temperature, the stronger concentration of 
temperature differences at higher wavy numbers highlights how these wave patterns can increase 
thermal resistance and alter the way heat moves through the system.

Figure 28 highlights the effect of wave number on heat transfer, which directly impacts the 
efficiency of heat exchange, as evidenced by variations in the Nusselt number. The decrease in 
the average Nusselt number with higher wave numbers in different Richardson numbers suggests 
that the physical structure imposed by the wave disrupts the thermal performance of the system. 
The outcomes reported by Armaghani et al. [47] showed similar behavior. This reduction is likely 
due to altered fluid mixing, which decreases the temperature gradient and, therefore, negatively 
impacts the Nusselt number. Furthermore, the observation that changes in the Richardson num
ber have a minimal effect on heat transfer in the presence of constant wave numbers highlights 
the dominant influence of physical wavy structure on buoyancy-induced forces.

The outcomes displayed in Figure 29 show the influence of wavy numbers on entropy gener
ation within the ternary nanofluid system. The minimal entropy generation observed at a wavy 
number of N¼ 1 across different Richardson number cases suggests that simpler wavy configura
tions lead to less friction. This might be due to the fact that more complex wavy surfaces lead to 
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more turbulent and complex flow dynamics. As the Richardson number increases from 0.1 to 10, 
the total entropy generation increases for all wavy numbers. This suggests that the buoyancy 
effects, which are more pronounced at higher Richardson numbers, contribute significantly to 
entropy generation.

Figure 30 presents the influence of wavy numbers on the Bejan number. It shows that higher 
wavy numbers result in an increased Bejan number, highlighting a trend where entropy gener
ation from heat transfer becomes more dominant, especially at higher Richardson numbers. 
Furthermore, the Bejan number consistently rises as the Richardson number increases. This pat
tern indicates that when buoyancy forces overpower viscous forces, there is a notable increase in 
entropy generation related to heat transfer.

The outcomes in Figure 31 demonstrate the effects of varying wavy numbers on skin friction 
across different Richardson numbers. The skin friction coefficient decreases as the wavy number 
increases from N¼ 1 to N¼ 3 for each Richardson number. This trend suggests that higher wavy 
numbers reduce the surface-fluid interaction and alter the flow dynamics to minimize friction. 
Additionally, the Richardson number impacts skin friction, with higher Richardson numbers 
showing higher skin friction coefficients. This is particularly noticeable for N¼ 1 due to the 
enhanced convection mechanism that strengthens the contact between the fluid and the surface.

6. Conclusions

In the present investigation, we employ the Finite Volume Method to analyze MHD mixed con
vection within a partially heated wavy porous enclosure subjected to various lid movement scen
arios. The study explores the impact of Al2O3-ZnO-Fe3O4/Water ternary nanofluids, as well as 
their corresponding hybrid and mono nanofluids. Various dimensionless parameters are investi
gated, including streamlines, isotherms, Bejan numbers, Sg, and NuM, to assess fluid flow, heat, 
and second-law aspects.

The obtained numerical results can be summarized as follows:

� Lid motion significantly influences fluid flow, thermal patterns, the average Nusselt number, 
and irreversibility.

� Optimal conditions were identified for the best case of the movement of cavity lids based on 
the Nusselt number, specifically case 7 (ul1þ, ul2−).

� Al2O3-ZnO-Fe3O4/Water ternary nanofluids emerged as the preferred option for the heat 
exchange process, exhibiting a remarkable 37% improvement compared to water.

� The suspension of nanoparticles in water leads to a reduction in irreversibility.
� The highest NuM is recorded at low Darcy numbers but is followed by an increase in entropy 

generation.
� An increase in Ha decreases the quality of heat transfer and escalates irreversibility in prob

lems involving porous media.
� Decreasing the number of waves enhances heat transmission and reduces the energy lost in 

the system.
� The influence of lid motion on skin friction varies significantly with Richardson numbers.
� The use of nanofluids instead of pure water demonstrates a notable impact on reducing skin 

friction.
� The increment in Darcy number and Hartmann number, along with a reduction in wavy 

number, contributes to increased skin friction.
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