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Abstract. Spark plasma sintering (SPS) presents advantages over conventional sintering methods, notably high heating rates and 
reduced residence times. However, SPS suffers from uneven temperature and stress distributions due to suboptimal sintering 
parameters, such as uniaxial pressure and mold dimensions. These inconsistencies can result in microstructural inhomogeneities, 
adversely affecting the mechanical properties of the final products. To mitigate these issues, optimizing the sintering parameters 
is important for achieving a homogeneous polycrystalline material with desired mechanical characteristics. This study focuses on 
the numerical modeling of the thermoelectric and mechanical coupling behavior of alumina during SPS. Simulations were 
conducted using ANSYS software, and the model was integrated into a Box-Behnken Design of Experiment (BBD) to optimize three 
key factors: Factor 1 - uniaxial pressure (5 MPa to 20 MPa), Factor 2 - mold diameter (19 mm to 50 mm), and Factor 3 - mold height 
(4 mm to 8 mm). The results from the BBD optimization were analyzed using surface diagrams and ANOVA. The optimal SPS 
parameters identified for producing homogeneous alumina with desired mechanical properties are: uniaxial pressure of 20 MPa, 
mold height of 8 mm, and mold diameter of 34.5 mm, calculated for a current of 1000 A. This optimization approach effectively 
enhances the quality of SPS-sintered materials. 

Keywords: Spark plasma sintering, Homogeneous alumina, Temperature and stress, Box-Behnken design, ANOVA and optimization. 

1. Introduction 

Sintering is a process in which powdered materials (metals or ceramics) are compacted and sintered by application of heat and 
pressure and the process is carried out at temperatures below the melting points of these materials. Spark Plasma Sintering (SPS) 
is a single-stage processing technique that combines electric field sintering with uniaxial pressure forming. This technique has 
many advantages over other conventional techniques (e.g. hot pressing or hot isostatic pressing), such as high heating rate, 
elimination of sintering aids and short dwell (holding) time, which minimize the grain growth process, leading to materials with 
improved quality properties [1-4]. 

Generally, SPS sintering is characterized by inhomogeneities (gradients) in temperature and stress which can eventually produce 
inhomogeneities in the microstructure of the sample, especially in the case of large samples or near fillet pieces (parts). Therefore, 
a deeper understanding of these gradients is needed; this can be completed by establishing a numerical model. In addition, 
numerical simulation will also minimize the number of experimental runs (trials) required to optimize sintering conditions and 
tooling geometries to produce sintered samples with consistent and improved working properties. In this context, recently, several 
numerical models have been developed using the finite element method to study the thermoelectric and mechanical behavior of 
samples sintered by SPS; and the results of these models contributed to the development of the SPS technique [1, 2]. 

Many research studies have been focused on the study of the thermoelectric and mechanical behavior of samples sintered by 
SPS sintering. The aim of these studies was to understand the technique by considering all the effects, both primary and secondary, 
to perfectly control the process and produce parts (product materials) with the desired characteristics. For example, Wang et al. [5] 
developed a finite element model to simulate thermoelectric and mechanical coupling in SPS sintered samples, studying the 
influence of the nature (properties) of the sample (material) and the parameters control over the temperature and stress 
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distributions in the sample. They found that the displacements and stress distributions depend on the nature of the sample and 
the stress gradients being greater than the thermal gradients. Mechighel et al. [6] performed a numerical study on the effect of key 
SPS parameters (electric current density and applied pressure) on temperature and stress distributions in copper and alumina 
samples. They found that the thermal conductivity of the sample influences the temperature distribution in the sample; while the 
displacements and stress distributions depend on the mechanical properties (mainly Young's modulus and Poisson's ratio) of the 
sample. Wei et al. [7] developed a finite element model to model the thermoelectric and mechanical coupling in a sample during 
its SPS sintering. The model is applied to study temperature and stress distributions in functionally graded materials (FGM) based 
on Ti and TiB materials. The authors found that stresses and stress gradients at the bottom of the sample are significantly greater 
than at the core of the sample and are positively related to the heating rate. Yushin et al. [8] numerically studied spark plasma 
sintering of square plates from aluminum oxide (alumina) and tungsten carbide powder. The objective was to determine the 
temperature and mechanical stress distributions in each sample and in the mold. They found that, for the alumina sample (an 
electrically non-conductive material), the temperature increased as it moved away from the center of the sample. Diatta et al. [9] 
developed a thermoelectric and mechanical model of the SPS process to study the evolution of temperature and stress gradients in 
the alumina powder. Calculations showed that thermally induced stresses are significant, contributing up to two-thirds of the 
hydrostatic pressure experienced by the powder, which promotes densification. Bódis and Károly [10] studied the fabrication of a 
functional gradient microstructure of alumina (Al2O3) by SPS. The objective was to determine the relationship between the 
temperature gradient in the sample and the main operating parameters of the SPS (notably the sintering temperature). They found 
that asymmetric and high value sintering temperature can increase the temperature difference (gradients) between opposite sides 
of the sample. 

Other studies have focused on the microstructure and mechanical properties of SPS-sintered mechanical parts as well as the 
main SPS operating parameters that directly influence the microstructure and mechanical properties of these parts. For example, 
Borkar and Banerjee [11] studied the effect of SPS operating parameters (pressure and temperature) on the microstructure and 
mechanical properties of pure nickel. The results indicated that sintering temperature is the determining factor for the 
microstructure and mechanical properties of SPS-processed pure nickel; while sintering pressure has a limited impact on these 
properties. An optimal combination of temperature (850°C) and pressure (80 MPa) was identified for a pure nickel SPS exhibiting 
the desired microstructure and mechanical properties. Oke et al. [12] explored various SPS process parameters such as sintering 
temperature, dwell time and heating rate to determine the optimum combination to achieve maximum densification and optimum 
hardness. Their results showed that the hardness, density and microstructure of sintered materials are strongly influenced by the 
SPS process parameters. Stuer et al. [13] summarized almost a decade of research on SPS sintering and highlighted that a thorough 
understanding of the mechanisms involved opens new perspectives for future scientific developments and provides a basis for 
effective knowledge for industrial manufacturing.  

However, to fully exploit the advantages of SPS, such as short dwell time and fast densification rate, it is imperative to optimize 
the sample sintering profile (i.e. mold profile) and the applied pressure to avoid undesirable side effects such as microstructural 
defects and thermal instabilities. Indeed, these atomic-scale defects induced by applied pressure can play a crucial role in the 
degradation of many physical properties of the produced ceramic materials as well as in their stability during their subsequent 
thermal exposures. In the context of SPS process optimization, it is noted that a number of researchers have used the response 
surface methodology (RSM) based on Box-Behnken design (BBD) to optimize the system outputs under different input factors. For 
example: Han et al. [14] used the RSM method to identify the optimal SPS parameters, such as sintering temperature, pressure, and 
dwell time, to obtain the titanium-zirconium-molybdenum/graphite (TZM/graphite) seal with a titanium foil interlayer. Khajelakzay 
et al. [15] applied the RSM method to optimize the microstructure and mechanical properties of Si3N4-SiC micro/nano-composites 
during SPS sintering. Jounaki et al. [16] used the RSM method to improve the microstructure and coating properties of Cerium 
oxide/graphene nanoplatelets (CeO2/GNP) composites fabricated by SPS. Further optimization research has used the statistical 
methods of RMS design of experiments (RSM-DOE) and analysis of variance (ANOVA) to reduce material waste and the number of 
experimental runs by optimizing the SPS parameters of NieCreZrO2 composites (Oketola et al. [17]) and Inconel 738LC superalloy 
(Ogunbiyi et al. [18]). On the other hand, Taguchi design of experiments and analysis of variance (ANOVA) statistical methods have 
also been used for example by Ujah et al. [19] to optimize SPS parameters to develop Al-CNT-Nb nanocomposites for high 
transmission conductor networks. And by Kumar et al. [20] to determine the importance of sintering parameters for carbon 
nanotube (CNT) reinforced aluminum composites. Moreover, Ali et al. [21] used the Taguchi method to study the effect of sintering 
parameters, such as temperature, pressure and dwell time of sintering, on the mechanical and physical properties of Mg-2.5TiB2 
composites. It should be noted here that optimization using response surface methodology (RSM) based on Box-Behnken design 
(BBD) has been widely used not only in the field of SPS sintering but in several engineering fields, see for example references [22-
26]. 

Spark plasma sintering (SPS) is an advanced process that combines uniaxial pressure and high-intensity pulsed current to 
densify materials, while significantly reducing cycle time. This process relies on applying a mechanical load using graphite punches, 
while passing an electric current through the sample and the mold, which generates rapid Joule heating [5, 10]. Optimization of 
process parameters is important to improve thermal uniformity and minimize internal mechanical stresses. 

The uniaxial pressure, ranging from 5 to 20 MPa, was chosen to evaluate its influence on densification and porosity formation. 
In addition, the mold diameter, ranging from 19 to 50 mm, as well as the height, ranging from 4 to 8 mm, directly influence the 
current and temperature distribution, thus impacting microstructural homogeneity. These parameter ranges reflect commonly used 
conditions [2-9], ensuring better reproducibility and reliable extrapolation of numerical results to practical applications. 

Numerous studies on spark plasma sintering (SPS) of alumina have been carried out in recent years, highlighting the physical 
phenomena underlying these applications, thus highlighting the importance of this material in the industry [5, 7-10]. Since SPS 
sintering encompasses multiphysical phenomena, the optimization of sintering parameters becomes essential to improve the 
quality of ceramics, by reducing microstructural defects and enhancing their properties. 

The precise control of pressure as well as mold dimensions (diameter and height) is important to ensure a homogeneous 
distribution of temperatures and stresses during the process. The uniaxial pressure has a direct impact on the densification and 
compactness of the material, promoting better grain cohesion and a reduction in pores. At the same time, the mold dimensions 
influence the thermal conduction and the electric field distribution, thus affecting the sintering rate and the uniformity of the 
microstructure [11-14]. 

This study uses a Box-Behnken (BBD) optimization approach and analysis of variance (ANOVA) to highlight the complex 
interaction between these parameters and their effect on the final quality of sintered alumina. The results highlight the importance 
of precise parameter tuning to obtain a homogeneous, dense ceramic with improved mechanical properties. This research 
contributes to a better understanding of the mechanisms involved in SPS sintering, thus paving the way for more efficient processes 
for the manufacture of advanced ceramics. 
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Table 1. This caption is intended for the table and should be centered. 

Test # Applied pressure (MPa) Mold diameter (mm) Mold height (mm) 

1 5 19 6 

2 20 19 6 

3 5 50 6 

4 20 50 6 

5 5 34.5 4 

6 20 34.5 4 

7 5 34.5 8 

8 20 34.5 8 

9 12.5 19 4 

10 12.5 50 4 

11 12.5 19 8 

12 12.5 50 8 

13 12.5 34.5 6 

The present work uses the three-dimensional simulation model developed and presented in the study of Kriba and Mechighel 
[27]. The model uses ANSYS software for the numerical solution of the equations governing the thermoelectric and mechanical 
coupling in the sample and in the SPS machine (device) and thus predicts the distributions of the thermal field, the electric current 
and the stress field in the sample and in the SPS machine. Then, in a second step, we use a design of experiments (RMS-DOE) based 
on the three-factor Box-Behnken (BBD) optimization method. The aim is to determine the optimal values of the key parameters of 
the SPS sintering process (in particular the applied pressure and the geometric characterization of the mold size) in order to obtain 
a polycrystalline solid material with the desired optimal properties from alumina powder. 

2. Methods 
2.1. General considerations 

As previously indicated the present work uses the approach carried out in reference [27] where the model that governs the 
thermoelectric and mechanical coupling was developed. Based on this "starting" model, we will proceed to optimize the SPS 
sintering conditions for an alumina sample and to do this, we must resort to the use of the Box-Behnken optimization method [15-
20] which allows to obtain a continuous three-factor design at three levels (Fig. 1). The principle of this optimization method is to 
create a test plan depending on the number of factors and the intervals between them. In this study, we select the factors as follows: 
Factor 1 - applied pressure in range (5 MPa - 20 MPa), Factor 2 - mold diameter in range (19 mm - 50 mm), and Factor 3 - mold height 
in range (4 mm - 8 mm). 

In the current simulations, we have fixed the value of the electric current applied to the SPS device at (1000 A) for all the tests 
performed; this is due to the following reasons: the first one lies in the objective of this work which is the optimization of the 
mechanical condition (applied pressure) to the SPS device during SPS sintering and the optimization of the dimensions (size) of the 
mold (i.e. sizing of the punch (plunger) and the die of the SPS machine). The second reason is due to the large number of tests to be 
performed if we optimize four factors (i.e. adding the electric current as an additional factor). The last more plausible reason is that 
the current of (1000 A) has proven an increased efficiency for SPS sintering of alumina in previous works, for example [5, 20, 27-29], 
where it is demonstrated that the current of (1000 A) allows to have a rapid densification, a homogeneous microstructure and better 
mechanical properties of the produced alumina materials. 

2.2. Governing equations 

The mathematical model presented below is devoted to model the behavior of the thermoelectric and mechanical coupling in 
the SPS device during the SPS process of a sample (polycrystalline material). In order to simplify the present analysis, the following 
hypotheses [1, 6, 25, 26] have been made in the model: 

- Application of the optimization plan 

Using the Box-Behnken optimization method, the test plan can be determined based on the ranges of the above factors as 
shown in Table 1. 

 
Fig. 1. Box-Behnken design (BBD) for three factors. 
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As previously stated, we will use the same geometric model of the SPS studied in reference [27] with modifications of the 
plunger/die/sample geometry imposed by the obtained Box-Behnken design. Figure 2 shows the geometries of the SPS resulting 
from (corresponding to) all the tests found from the test design by the Box-Behnken method and which will be carried out 
numerically. The numerical simulations were performed keeping the same mesh element size as in [27] to ensure the reliability of 
the study, even if the number of nodes and the computation time will be higher, given that the volume of the SPS device increases 
with the increase in the mold diameter and height (i.e. mold size) imposed by the test design (Fig. 2). Figure 3 shows the exact 
location of the points (called Point (a) and Point (b)) that we have chosen as reference points to discuss and analyze all the simulation 
results obtained in all the tests carried out. 

3. Results and Discussion 
3.1. Thermoelectric behavior 

- Electrical behavior 

Figure 4 shows the cross-sectional electric current density distributions in the plunger/die/sample system, calculated for all 
“tested” configurations at the end of the sintering process (at time t = 600 s). Examination of Fig. 4 shows that the general appearance 
(pattern) of the distribution of the electric current density is almost identical for all the tests carried out. This is due to the electrical 
boundary conditions imposed on the system which are similar for all test cases. The examination also shows that depending on 
the dimensions (diameter and height) of the mold and the "applied" pressure, several current density trends can be identified in 
the plunger/die/sample system and in particular Fig. 4 can be divided into the following three groups of figures. 

 

Fig. 2. The different geometries of the SPS resulting from all the tests found from the Box-Behnken method. 

 

Fig. 3. Schematic representation of the location of Point (a) (placed in the middle of the sample) and Point (b) (placed at the edge of the sample). Note 
that the sintering graphite mold that gives the final shape of the sample (sintered material) is the area between the die and the punch (plunger) of 

the machine. 
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Fig. 4. Cross-sectional electric current density distributions in the SPS machine and in particular in the plunger/die/sample system region, 
calculated for all tested configurations at t = 600 s). 
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(a) 

 
(b) 

Fig. 5. (a) Pairs of tests with the same applied pressure and molds having the same height but having different diameters namely (19 and 50 mm), 
(b) Pairs of tests with the same pressure applied and molds having the same diameter but having different heights namely (4 and 8 mm), (c) Pairs 

of tests with same dimensions of the mold and with different applied pressures (5 and 20 MPa). 
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(c) 

Fig. 5. Continued. 

(i) Effect of increasing mold diameter on electric current distribution 

Figure 5(a) groups the results of the electric current density distribution obtained from pairs of tests carried out with the same 
applied pressure and molds having the same height but different diameters, namely (D = 19 and 50 mm). The pairs of tests are (1 
and 3), (9 and 10), (11 and 12) and (2 and 4), respectively. Comparing the results of each of the two pairs of tests shows that increasing 
the diameter of the mold leads to a significant decrease in the intensity value of the electric current density in the 
plunger/die/sample system [9]. The examination also shows that the patterns of current density distributions in the system for the 
tests carried out with D = 19 mm are almost similar and independent of the value of applied pressure. The same results can be 
observed by comparing the current density distribution patterns in the system for tests carried out with D = 50 mm. Thus, the 
“applied” pressure and the mold height have little effect on the electric current patterns in the system and it is therefore expected 
that these parameters will only cause an insignificant decrease in the electric current values in the system. The effects of pressure 
and mold height are illustrated in the following two subsections. 

(ii) Effect of increasing mold height on electric current distribution 

Figure 5(b) groups the results of the electric current density distribution obtained from pairs of tests carried out with the same 
applied pressure and molds having the same diameter but different heights, namely (H = 4 and 8 mm). The test pairs are (9 and 11), 
(5 and 7), (6 and 8), and (10 and 12), respectively. Comparison of the results obtained for each pair of tests shows that generally the 
increase in the height of the mold leads to a decrease in the intensity value of the current density in the plunger/die/sample system, 
with the exception of the pair of tests (6 and 8) where an increase in the intensity and a change in the direction of the electric 
current are observed. Moreover, the distribution patterns of electric current density are almost similar for each pair of tests 
performed.  
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To show the effect of mold height on electric current, consider the test pair (9 and 11) as an example. Comparing the results, it 
can be seen that an increase in the mold height from 4 mm to 8 mm leads to a decrease in the maximum value of the electric 
current density in the SPS machine from the value –6.86×106 A/m2 for test 9 to the value –6.79×106 A/m2 for test 11, respectively. 
Note that the sign (–) indicates the direction of current movement; and the minus means that the direction is opposite to the 
direction of current movement. Obviously, this increase in the height of the mold increases the value of the current density in the 
sample from 3.43×105 A/m2 for test 9 to 3.8×105 A/m2 for test 11, respectively. It should be noted here that the currents in the non-
conducting sample are obviously almost negligible compared to the average current reached in the SPS machine (with a ratio of 
about 1/18 which is negligible). On the other hand, comparing the pairs of tests (5, 7) and (6, 8) and test 13 between them since they 
were carried out with the same mold diameter, D = 34.5 mm, it can be observed that at the sample level, the highest current density 
is observed in the mold configurations that have the greatest height (i.e. tests 7 and 8) and that it decreases with the reduction of 
the mold height. It can be concluded that the increase in the mold height increases the value of the electric current density in the 
sample. The alumina sample therefore acts as an obstacle to the flow of electric current as shown by the results of reference [27]. 
Thus, increasing the mold height, which results in an increase in the volume of the sintered sample, leads to an increase in the 
current density inside the sample. 

(iii) Effect of increasing the applied pressure on electric current distribution 

Figure 5(c) groups the results of the electric current density distribution obtained from pairs of tests carried out with the same 
dimensions (diameter and height) of the mold and with different applied pressures, namely (5 and 20 MPa). The test pairs are: (1 
and 2), (5 and 6), (7 and 8), and (3 and 4), respectively. Comparison of the results of each of the two pairs of tests shows that the 
increase in the applied pressure affects the distribution of the density of the electric current in the plunger/die/sample system, but 
less significantly compared to the effects of the size (dimensions D and H) of the mold discussed previously. This observation can 
be confirmed for example by the comparison between the pair of tests (1 and 2) where we see that the maximum current density 
value for test 1 is greater than that of test 2 (see Fig. 4c). This inverse relationship (disproportionate ratio) between the value of the 
applied pressure and the intensity of the electric current density is observed for most of the other pairs of tests which were carried 
out with the same mold size (namely (5 and 6), (3 and 4)). This is because increasing the applied pressure (which represents a 
compressive load) causes an increase in mechanical stress and strain, which in turn increases the cross-sectional area (throughout 
the system in our case) as the axial compression causes radial expansion, thus reducing the electric current density in the 
plunger/die/sample system. However, in the case of the pair of tests (7 and 8), it can be seen that despite the same size of the mold, 
it is observed that the increase in the applied pressure increases the maximum value of the current density; this is due to the high 
value of the height of the mold (which is H = 8 mm). This contradiction can be further clarified by comparing the percentage 
difference between the electric current density results from the pair of tests (1 and 2, performed with a mold height of H = 6 mm), 
and the results obtained from the pair of tests (5 and 6, carried out with H = 4 mm). The percentage differences are 3.28% and 4.26%, 
respectively. It can therefore be seen that increasing the mold height decreases the percentage difference in current density between 
tests (1 and 2), although the current density value is higher in tests (1 and 2) than in tests (5 and 6). 

Finally, it can be concluded that increasing the applied pressure value only slightly affects the electric current density results; 
but it is the height and diameter of the mold that are the main parameters controlling the electric current density in the 
plunger/die/sample system and in the whole SPS machine. 

- Thermal behavior 

The graphs in Figs. 6(a) to 6(c) show the time evolutions of the temperature at point (a) (located in the middle of the sample as 
shown in Fig. 3) predicted for all tests during the sintering period. Unlike the previous cases and as is obvious, we have 
divided/grouped and represented together the results of the tests that reached very close temperatures in order to be able to 
compare the tests between them. Indeed, we have grouped (i) in Fig. 6(a) the tests where the maximum temperature reached is of 
the order of [1000 - 1100 K] and having a mold diameter D = 19 mm, namely tests 1, 2, 9 and 11, (ii) in Fig. 6(b) the tests where the 
maximum temperature reached is of the order of [500 - 600 K] and having a mold diameter D = 34.5 mm, namely tests 5, 6, 7, 8 and 
13, and (iii) in Fig. 6(c) the tests where the maximum temperature reached is of the order of [400 - 500 K] and having a mold diameter 
D = 50 mm, namely tests 3, 4, 10 and 12. 

Examination of the curves in Figs. 6(a) to 6(c) shows that increasing the mold diameter significantly reduces the maximum 
temperature reached in the sample for each class of tests [9]. Indeed, if we consider for example Fig. 6(a) which shows as indicated 
above the temporal evolutions of the temperature at point (a) of the sample predicted for tests 1, 2, 9 and 11 (i.e. all the tests carried 
out with a mold diameter D = 19 mm) during the sintering time. It can be noted that the highest temperature is observed in the 
configuration of test 11 and the lowest temperature is observed in that of test 9; while tests 1 and 2 present intermediate 
temperature values. These temperature differences are exclusively due to the increase in the height of the mold since the applied 
mechanical pressure has no significant effect on the temperature [5, 28, 29], which results in an increase in the temperature value 
reached in the sample. 

Furthermore, comparing the curves in Fig. 6(b) (all tests performed with D = 34.5 mm) with each other and the curves in Fig. 6(c) 
(all tests performed with D = 50 mm) with each other, we see the same trends as those shown by the curves in Fig. 6(a). We can 
therefore conclude that the maximum temperature value always occurs in the configurations with the greatest mold height. 
Furthermore, it should be noted on the one hand that for all the mold sizes tested, the maximum temperature in the sample is 
obtained in test 11, with a maximum value of 1105.3 K; this is the test that corresponds to the mold size with the greatest height 
(H = 8 mm) and the smallest diameter (D = 19 mm). Note that this test 11 also recorded the highest current density in the sample. 
On the other hand, the lowest temperature of all the tests is obtained in test 10, with a maximum value of 468.03 K; this test 10 
which corresponds to the mold size (having the smallest height (H = 4 mm) and the largest diameter (D= 50 mm)) also recorded the 
lowest current density in the sample. It can therefore be concluded that the increase in the height of the mold and the decrease in 
its diameter lead to an increase in the temperature reached in the sample. 

3.2. Mechanical behavior 

- Von-Mises stress analysis 

Figure 7 shows the three-dimensional and cross-sectional views of the Von-Mises stress distributions in the sample, calculated 
for all tested configurations at the end of the sintering process (at time t = 600 s). Inspection of this figure shows that depending on 
the applied pressure and the dimensions (diameter and height) of the mold, several mechanical trends can be identified and in 
particular Fig. 6 can be divided into the following three groups of Figs. 8(a)-(c). 
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(a) (b) 

 

(c) 

Fig. 6. (a) Temperature variations over time at point (a) of the sample for tests 1, 2, 9 and 11 (Class of tests performed with diameter D = 19 mm), 
(b) Temperature variations over time at point (a) of the sample for tests 5, 6, 7, 8 and 13 (Class of tests performed with D = 34.5 mm), 

(c) Temperature variations over time at point (a) of the sample for tests 3, 4, 10 and 12 (Class of tests performed with D = 50 mm). 

(i) Effect of increasing the applied pressure on the stress distribution 

Figure 8(a) groups pairs of tests carried out with the same dimensions (diameter and height) of the mold and with different 
applied pressures, namely 5 and 20 MPa. The test pairs are: (1 and 2), (5 and 6), (7 and 8), and (3 and 4), respectively. Comparison of 
the results of each pair of tests shows that the increase in the applied pressure leads to an increase in the value of the Von-Mises 
stress in the sample. This finding has been demonstrated in works [2-5]. 

(ii) Effect of increasing mold diameter on stress distribution 

Figure 8(b) groups pairs of tests carried out with the same applied pressure and molds having the same height but having 
different diameters, namely 19 and 50 mm. The test pairs are (1 and 3), (9 and 10), (11 and 12), and (2 and 4), respectively. Similar 
trends (as above (case “(i)”)) are also observed when comparing each of the pairs of tests. In fact, the trends shown by Figs. 8(a) and 
8(b) due to the effects of increasing applied pressure and mold diameter are expected and justified by the laws of mechanics (namely 
Hooke's Law).  

(iii) Effect of increasing mold height on stress distribution: 

Figure 8(c) groups pairs of tests carried out with the same applied pressure and molds having the same diameter but having 
different heights, namely 4 and 8 mm. The test pairs are (5 and 7), (6 and 8), (10 and 12) and (9 and 11), respectively. Contrary to the 
trends shown by cases “(i)” and “(ii)” above, it is observed here that the increase in the mold height affects the mechanical behavior 
of the sample and consequently the value and distribution of the Von-Mises stress in the sample. Indeed, the increase in height of 
the mold leads to a decrease in the value of the stress in the sample for the test pairs (5 and 7) and (6 and 8) and an increase in the 
value of the stress for the pairs of tests (10 and 12) and (9 and 11). Furthermore, it should be noted that the observed decrease in 
the value of the Von-Mises stress is significant in the test pairs (5 and 7) and (6 and 8); while the observed increase in the value of 
this stress is significant for the test pair (9 and 11) but it is insignificant for the test pair (10 and 12). The difference between these 
three classes of mechanical behavior lies in the value of the mold diameter; therefore, it can be said that the effect of increasing 
the mold diameter affects the increase in the mold height. Therefore, the effect of increasing the mold height is related to the effect 
of increasing the mold diameter. This observation leads us to examine the effect of thermal stresses, which are responsible for 
these results. Take for example the pair of tests (9 and 11) where the mold diameter is 19 mm, the temperature difference observed 
between tests 9 and 11 is of the order of 45 K. This difference has a considerable impact (effect), especially considering the maximum 
temperature value reached in the sample (greater than 1100 K); this generates numerous thermal stresses in the mold which has 
the greater height i.e. test 11. Consequently, the stress value is higher in test 11 than in test 9. However, the maximum temperatures 
reached in the sample for the test pairs (5 and 7) and (6 and 8) are almost identical for the two test pairs and are of the order of 600 
K. Also, the differences temperature in the sample between the two tests of each pair are almost identical and of the order of 16 K. 
The relatively low temperature reached, compared to that reached for test 11, does not cause any significant thermal stress. Thus, 
the decrease in stress due to the increase in height of the mold cannot be compensated by thermal stresses at this temperature 
difference and at this low temperature (600 K), thus explaining why the stress value in test 5 is higher than in test 7; the same is 
true for tests 6 and 8.  
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Fig. 7. Three-dimensional and cross-sectional views of the Von-Mises stress distribution in the sample at time t = 600 s for all tests. 
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On the other hand, it should be noted that although the temperature reached in the sample during the couple of tests (10 and 
12) is low (of the order of 470 K) and the temperature difference between each test is small (of the order of 10 K), the results show 
that the maximum Von-Mises stress reached in test 12 (where H = 8 mm) is slightly higher than that reached in test 10 (where H = 
4 mm). Moreover, the minimum stress value reached in test 12 is lower than that reached in test 10. Thus, it can be concluded that 
although the stresses seem lower in test 12, they are concentrated in the critical areas (the ends of the sample (see distribution of 
Von-Mises stresses for test 12 in Fig. 8(b))); this concentration still leads to an increase in the maximum stress value despite the 
increase in the height of the mold. Finally, it can be concluded that it is crucial to carefully choose the sintering parameter (applied 
pressure) as well as the size (diameter and height) of the mold to obtain a more homogeneous stress distribution leading to more 
homogeneous properties of the samples produced by the SPS process. 

- Axial stress study  

Figures 9(a)–(c) show the predicted axial stress values, σz, along the sample diameter from “point (a)” to “point (b)” up to the die 
tip (see Fig. 3), for “all tests performed” at time t = 600 s. Inspection of these figures shows that the maximum axial stress value is 
at point (b) (i.e. the tip of the sample) for all tests. As with the thermal study above, we have divided/grouped and plotted the results: 
(i) in Fig. 9(a) the tests with a mold diameter of 19 mm (i.e. tests 1, 2, 9 and 11), (ii) in Fig. 9(b) the tests with a mold diameter of 34.5 
mm (i.e. tests 5, 6, 7, 8 and 13), and (iii) in Fig. 9(c) the tests with a mold diameter D = 50 mm (i.e. tests 3, 4, 10 and 12). Comparing 
the curves of tests (9 and 11 of Fig. 9(a)), ((5 and 7) and (6 and 8) of Fig. 9(b)) and (10 and 12 of Fig. 9(c)), it is observed that the increase 
in the mold height decreases the maximum value of the axial stress (at point (b)) for all these tests. However, the axial stress at 
point (a) exhibits a different behavior. Indeed, in tests (9 and 11) and (10 and 12), the increase in the mold height decreases the value 
of the axial stress at point (a); whereas in tests (5 and 7) and (6 and 8), the increase in the mold height increases the value of the 
axial stress at point (a). This behavior justifies our explanations in the previous discussion of the Von-Mises stress results. On the 
other hand, comparing the difference between the maximum and minimum values of axial stress in the sample, calculated for all 
tests in Figs. 9(a), 9(b) and 9(c), it can be observed that the smallest difference appears in test 3, where it is observed that the axial 
stress values obtained for this test are low because the lowest pressure (5 MPa) was applied and the mold diameter was the largest 
(50 mm). While the largest difference appears in test 2, where it is observed that the axial stress values are the highest because the 
highest pressure (20 MPa) was applied and the mold diameter was the smallest (19 mm). Therefore, it can be concluded that the 
applied mechanical pressure increases the difference between the maximum and minimum values of axial stress. 

Furthermore, comparing the curves of all tests (in Fig. 9(a), 9(b) and 9(c)), it is observed that increasing the mold height decreases 
the difference between the maximum and minimum values of axial stress in the sample (this observation is valid for all curves), 
which makes the axial stress values converge (makes them smoother) and therefore ensures greater homogeneity in the axial stress 
distribution in the sample. Thus, increasing the mold height allows to obtain a more homogeneous stress state in the sample. 

Finally, by analyzing the curves of tests 5, 6, 9 and 10, it is observed that a very significant decrease in the value of the axial 
stress at the points close to the end of the sample has taken place; this decrease is followed by a significant increase in the value 
of the axial stress up to point (b). The relationship between these tests is that the height of the mold (H) is equal to 4 mm. This 
confirms the previous observation that the increase in the height of the mold ensures a certain degree of homogeneity in the 
distribution of axial stresses in the sample and therefore allows to have an increased homogeneity in the properties of the alumina 
material produced by the SPS process. 

3.3. Analysis of the results and optimization of the SPS parameter applied pressure and mold size 

The Box-Behnken Design of Experiments (BBD) is an effective statistical method for optimizing experimental processes by 
exploring the interactions between several factors. This design is based on a set of experimental points located at the center of the 
faces of the experimental domain, which allows for an accurate estimation of quadratic effects without requiring experiments at 
the vertices of the cube. This approach reduces the total number of experiments while ensuring reliable modeling of the responses. 

The analysis of the results obtained by the BBD is generally performed using an analysis of variance (ANOVA), which evaluates 
the statistical significance of the main effects and interactions between factors. This analysis compares the variability explained 
by the model to that attributable to experimental errors. A significance test is then applied to identify influential terms, thus 
facilitating the selection of a robust predictive model. In addition, the analysis includes an assessment of the adequacy of the model, 
verifying the consistency between the experimental and predicted values. Thus, the combination of the Box-Behnken experimental 
design and the analysis of variance makes it possible to optimize a process while minimizing errors and guaranteeing a solid 
interpretation of the experimental results [14-20]. Recall here some equations that explain how both the Box-Behnken method and 
ANOVA work: 

- Box-Behnken Design of Experiments (BBD) 

The Quadratic Polynomial Model (Response Surface Model) is expressed as: 
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where � is the predicted response, �� and �� are the factors, k is the number of factors and � is the random error term. In addition, 

the regression coefficients including �0 which is a constant term (the intercept), �� are the coefficients for the linear effects of each 
factor, ���  are the coefficients for the quadratic effects (to capture curvature), ���  are the coefficients for the interaction effects 

between factors. Additionally, the regression coefficients include: �0 , which represents a constant term (the intercept); the �� 
coefficients, representing the linear effects of each factor; the ��� coefficients, which capture the quadratic effects to model the 
curvature; and the ���  coefficients, representing the interaction effects between factors. This equation models the relationship 
between the factors and the response by including both linear, quadratic, and interaction effects, which is essential for optimization 
in BBD. 

- ANOVA Method 

The partitioning of the Total Sum of Squares in ANOVA is expressed as: 

��� = ��� + ��� (2) 

where ���   (total sum of squares) is the total variability of observations relative to the overall mean, ���  (sum of squares for 
regression) is the variability explained by the model (i.e., variation due to factors), and ���  (sum of squares for error) is the 
unexplained variability (i.e., residual or error variation). 
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(a) 

Fig. 8. (a) Pairs of tests with same dimensions of the mold and with different applied pressures (5 and 20 MPa), (b) Pairs of tests with the same 
applied pressure and molds having the same height but having different diameters namely (19 and 50 mm), (c) Pairs of tests with the same pressure 

applied and molds having the same diameter but having different heights namely (4 and 8 mm). 
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(b) 

Fig. 8. Continued. 
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(c) 

Fig. 8. Continued. 
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This relation decomposes the total observed variability into the part explained by the model and the part due to error, thereby 
helping to assess the model's performance. 

- F-statistic in ANOVA 

The F-Statistic is used for testing the significance of the model and it is expressed as: 

� = ���
��� = ��� ���⁄

��� ���⁄  (3) 

Here, the Mean Square Regression (���) is calculated as ��� divided by the degrees of freedom for regression (���), and the 
Mean Square Error (MSE) is calculated as SSE divided by the degrees of freedom for error (���). 

In the ANOVA method, the F statistic is used to test the null hypothesis that the model does not explain a significant portion of 
the variability in the response. A high F value indicates that the model is statistically significant. 

- Application to the optimization of SPS parameters 

The above optimization procedure, which consists of applying the Box-Behnken Plan of Experiments (BBD) and the ANOVA 
Method, allows to determine the sintering parameters of a material from simple SPS experiments. Its main advantage lies in the 
rapidity with which it allows to obtain these parameters, requiring only a few SPS tests, unlike traditional approaches that require 
a large number of mechanical tests and long periods of experimentation and characterization. The modeling of the uniaxial 
compaction of a complex shape reveals an excellent agreement between experimental results and simulations, highlighting the 
problem of differences in shrinkage height, which generate areas with high porosity gradients [1-3]. Many studies have emphasized 
the importance of controlling the sintering parameters to produce a more homogeneous material and obtain a uniform 
microstructure. On the other hand, some experiments have failed due to an inappropriate choice of the sintering parameters of the 
samples [5-9]. 

- Analysis of results 

Figures 10(a)–(c) show the surface diagrams illustrating respectively (a) the effect of applied pressure and selected mold height, 
(b) the effect of applied pressure and selected mold diameter, and (c) the effect of selected mold height and diameter on the value 
of the percentage difference of Von-Mises stresses in the sample. These plots were developed based on the value of the percentage 
difference of Von-Mises stresses in the sample at t = 600 s. In fact, this percentage difference is equal to the difference between the 
maximum value of Von-Mises stress and the minimum value of Von-Mises stress divided by the maximum value of Von-Mises 
stress. The calculated difference must be multiplied by 100 to obtain the percentage value, i.e.  Percentage difference = % difference =
 ∣((σe+,- − σe+�/) σe+,-⁄ )∣ ⨯ 100. The analysis of the percentage difference values was chosen in order to determine the optimal 

values that would guide us towards obtaining the smallest percentage difference value. Thus, our goal is to minimize the maximum 
values and maximize the minimum values of the Von-Mises stress, in order to reduce the difference of stress values in the sample 
and thus converge/smooth and obtain a more homogeneous stress distribution, thus ensuring more homogeneous material 
properties, and ensuring the production of samples of optimal homogeneity by SPS. 

(a) Effect of applied pressure and selected mold height on the percentage difference in Von-Mises stress 

Examination of Fig. 10(a) shows that increasing the mold height decreases the value of the percentage difference in Von-Mises 
stress for the lowest and highest-pressure values; however, it increases the value of the percentage difference for the average 
pressure values. Furthermore, the lowest percentage difference values were found when applying the lowest and highest-pressure 
values using the largest mold height value; these parameters therefore represent the best sintering parameters to select. On the 
other hand, the highest percentage difference values were found when applying the highest and lowest pressure values using the 
lowest mold height; these parameters therefore represent the worst sintering parameters to select. 

(b) Effect of applied pressure and selected mold diameter on the percentage difference in Von-Mises stress 

Examination of Fig. 10(b) shows that increasing the applied pressure value, using the smallest value of the mold diameter, 
increases the percentage difference of the Von-Mises stresses in the sample. Whereas using the average value of the mold diameter, 
it is observed that increasing the pressure has only a small effect (impact) on the value obtained for the percentage difference. 
Finally, using the largest value of the mold diameter, it is observed that increasing the pressure value up to the average value 
increases the value of the percentage difference of the Von-Mises stress in the sample; whereas further increasing the pressure 
above its average value decreases the value of the percentage difference. 

(c) Effect of selected mold height and diameter on the percentage difference in Von-Mises stress 

Examination of Fig. 10(c) shows that increasing the mold height using its “smallest” diameter increases the percentage 
difference of Von-Mises stress in the sample. Furthermore, increasing the mold height using a medium (average) value diameter 
decreases the value of the percentage difference of Von-Mises stress in the sample. However, using a larger value of the mold 
diameter, it is found that increasing the value of the mold height beyond its "average" value decreases the value of the percentage 
difference in the Von-Mises stress in the sample. Further increasing the mold height to its maximum value increases the value of 
the percentage difference in the Von-Mises stress in the sample. 

- Selection of optimal parameters using surface diagrams 

Let us now move on to the analysis of the results presented in each surface diagram of cases (a) to (c) of Figs. 10. In fact, the 
analysis of each diagram allows to select the optimal conditions allowing the obtaining of more homogeneous alumina material as 
follows: 

 From the diagram of Fig. 10(a) 
 The maximum Von-Mises stress difference percentage value is reached when using: (H = 4 mm; P = 5 MPa) and (H = 4 

mm; P = 20 MPa). 
 The optimum Von-Mises stress difference percentage value is reached when applying: (H = 8 mm and P = 5 MPa) and (H 

= 8 mm and P = 20 MPa).  
 From the diagram of Fig. 10(b) 

 The maximum Von-Mises stress difference percentage value is reached when using: (D = 19 mm and P = 20 MPa). 
 The optimum Von-Mises stress difference percentage value is reached when using: (D = 50 mm and P = 5 MPa) and (D = 

50 mm and P = 20 MPa). 
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(a) (b) 

 

(c) 

Fig. 9. (a) Variations in normal axial stress (σz) in the radial direction (r) (from point "a" towards the die wall) at time t = 600s for tests 1, 2, 9 and 
11, (b) Variations in normal axial stress (σz) in the radial direction (r) (from point "a" towards the die wall) at time t = 600 s for tests 5, 6, 7, 8 and 13, 

(c) Variations in normal axial stress (σz) in the radial direction (r) (from point "a" towards the die wall) at time t = 600 s for tests 3, 4, 10 and 12. 

 From the diagram of Fig. 10(c) 
 The maximum Von-Mises stress difference percentage value is reached when using: (D = 19 mm and H = 8 mm) and (D 

= 50 mm and H = 8 mm). 
 The optimum Von-Mises stress difference percentage value is reached when using: (D = 34.5 mm and H = 8 mm).  

From the results and analyses of the previous diagrams, we can finally conclude with the estimation of the optimal values of 
the SPS parameters (valid for our case study) such as (P = 5 MPa or 20 MPa), (H = 8 mm) and (D = 34.5 mm or 50 mm). 

- Optimization of the SPS parameter “applied pressure” and mold size using the ANOVA method 

After having developed the test plan and discussed and analyzed the results obtained by the surface diagrams, we can now 
move on to the optimization of the studied (tested) SPS sintering parameters related to our case study (applied pressure, and size 
(height and diameter) of the mold) allowing to obtain a homogeneous alumina material with the desired properties. To achieve this 
goal, we will set two optimization conditions to converge the maximum value to the minimum value of Von-Mises stress in the 
sample. Accordingly, we will seek the optimal values of the studied parameters to maximize the minimum value of Von-Mises stress 
and minimize the maximum value of Von-Mises (see Table 2). Moreover, the values found for the studied parameters (applied 
pressure and mold size) for our conditions must be validated by another additional test. 

After running the optimization calculations using the ANOVA method, the optimal values of the studied parameters were found 
to obtain a material with the most homogeneous stress distribution and multiple response predictions, as shown in Table 3. These 
parameter values have already been applied to test 8 of our numerical calculation, so it will not be necessary to perform an 
additional validation test. Moreover, the results found by the ANOVA method align well with the values estimated in the previous 
surface plot analysis of the Von-Mises stress difference percentage. 

Finally, Table 4 summarizes the results obtained by the ANOVA method for all the tests carried out in this work. These results 
allow to compare the effects of all the SPS parameters on the thermoelectric and mechanical behavior of the sample. It is clearly 
seen that the parameter values found for test 8 are the best to choose in order to obtain a homogeneous alumina material with the 
desired properties. 

Table 2. Optimized plan found by the Box-Behnken method. 

Response Objective Lower Target Higher 

Stress MIN (MPa) Maximum 10.489 161.170  

Stress MAX (MPa) Minimum  29.402 600.13 

Table 3. ANOVA solution. 

Variable Configuration 

P (MPa) 20 

D (mm) 34.5 

H (mm) 8 
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Table 4. Summary of the results found in this study for the thirteen tests. 

Diameter, D [mm] 

       Height, H [mm] 

Pressure  

[MPa] 

4 6 8 

19 

5  
1083.6 7.043 

 
141.9 40.31 

12.5 
1061.8 6.86 

 
1105.3 6.794 

325.49 96.028 395.91 101.01 

20  
1083.6 6.812 

 
600.13 161.17 

34.5 

5 
590.27 2.555 

 
606.38 2.422 

74.132 19.62 57.582 19.45 

12.5  
598.24 2.394 

 
158.46 47.375 

20 
590.28 2.446 

 
606.43 2.694 

304.87 79.72 231.68 76.34 

50 

5  
472.66 1.215 

 
29.402 10.489 

12.5 
468.03 1.175 

 
477.41 1.219 

89.315 27.56 92.896 25.16 

20  
472.66 1.151 

 
128.59 42.444 

Temperature in [K] predicted at point (a) of the sample at (t = 600s) 
The maximum electric current density (×106) [A/m2] predicted in the system 

at (t = 600s) 

The maximum Von-Mises stress in [MPa] predicted in the sample at 
(t = 600s) 

The minimum Von-Mises stress in [MPa] predicted in the sample at (t = 
600s) 

 

  

(a) (b) 

 

(c) 

Fig. 10. Surface plots showing the effect of the various parameters on the value of the percentage difference in Von-Mises stresses at the sample 
at time t = 600 s. 

4. Conclusion 

In this study, a Box-Behnken experimental design was designed to be used to perform the numerical calculation of the 
thermoelectric and mechanical behavior during SPS sintering of an alumina sample. The objective was to determine the optimal 
values of the tested parameters (applied pressure and mold size (dimensions)) for the fabrication of alumina samples with 
homogeneous properties by the SPS technique. The main conclusions from this study are as follows: 
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 Increasing the mold diameter leads to a significant decrease in the value of the electric current density. 
 Increasing the mold height leads to a significant increase in the value of the electric current density. 
 Increasing the applied pressure slightly affects the electric current density results.  
 Increasing the mold height ensures a more uniform axial stress distribution, contributing to the homogeneity of the final 

material's properties 
 Careful selection of the parameters, particularly the applied pressure, mold diameter, and height, is crucial to achieving a 

more homogeneous stress distribution, thereby ensuring uniform properties in the final sintered material. 
 The optimum values of the parameters of SPS sintering of alumina applying an electric current of 1000 A are: an applied 

pressure of P = 20 MPa and a mold size having a height H = 8 mm and a diameter D = 34.5 mm. 
These results highlight the importance of precise control of sintering parameters to optimize the quality and performance of 

alumina-based materials produced by SPS. Future work could explore the effects of varying other parameters, such as sintering 
time and temperature, to further refine the process and extend its applicability to other advanced ceramic materials. 
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Von-Mises stress [MPa] 
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Applied pressure [MPa] 
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